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Theproblem

Approximationofsomeoftheeigenpairsof

Ax=λxn×nn�1000

usingKrylovsubspacetypemethods

Km(A,v1)=span{v1,Av1,...,A
m−1

v1}‖v1‖=1

whenAiseither:

•Notknownexactly

•Computationallyexpensivetodealwith(e.g.shift-and-invert,

Generalizedeigenproblem)
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Exactvs.Inexact

Ateachiteration,

y=Av
︸︷︷︸

exact

⇒y=Av+f
︸︷︷︸

inexact

‖f‖=?

⇒StillgetRitzpairs(θ,x̃)

Questions:

•Do(θ,x̃)stillapproximateeigenpairsofA?

•Canweacton‖f‖tomakecomputationcheaper?

(Bouras&Frayssé,2000)
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Theexactapproach

AssumeAcanbeappliedexactly.

KeyrelationinKrylovsubspacemethods:

AVm=VmHm+hm+1,mvm+1e
∗
mv1=Vme1

(λ,x)≈(θ,Vmu)whereHmu=θuRitzpairs

———————————

Forrm=AVmu−θVmu:

rm=vm+1hm+1,me
∗
mu
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A:Lϕ=−∆ϕ+100((x+y)ϕ)x+100((x+y)ϕ)yn=900
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Thekeyrelationintheinexactcase

AVm+Fm
︸︷︷︸

[f1,...,fm]

=VmHm+hm+1,mvm+1e
∗
mV

T
mVm=I

———————————————-

HowlargecanFmbeallowedtobe?

AVmu−θVmu=VmHmu−θVmu+hm+1,mvm+1e
∗
mu+Fmu

=hm+1,mvm+1e
∗
mu

︸︷︷︸
rm

+Fmu

‖(AVmu−θVmu)−rm‖=‖Fmu‖

(AVmu−θVmu):trueresidual|rm:computedresidual
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Thetrueresidualandtheresidualgap

‖(AVmu−θVmu)−rm‖=‖Fmu‖

‖AVmu−θVmu‖≤‖(AVmu−θVmu)−rm‖+‖rm‖
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Therightquestionis:HowlargeisFmuallowedtobe?

‖(AVmu−θVmu)−rm‖=‖Fmu‖=‖[f1,...,fm]u‖

≤
m∑

k=1

‖fk‖|e
∗
ku|

Note:Aftermiterations,

uisgiven(eig.ofHm)whereas‖fk‖,k=1,...,miscontrollable
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Dynamicaccuracy

AVmu−VmHmu=hm+1,mvm+1e
∗
mu+Fmu

Intheerrorvector

Fmu=[f1,f2,...,fm]u=
m∑

k=1

fkuk

�Thetermsfkukneedtobesmall:

If‖fkuk‖<
1

m
ε∀k⇒‖Fmu‖≤

m∑

k=1

‖fkuk‖<ε

�Ifuksmall⇒fkisallowedtobelarge
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Thecomponentsoftheeigenvectoru

Undercertainconditions,

|e
∗
k+1u|≤2‖rk‖

δm,k

where

‖rk‖residualofcertaineigenpairofHk(kthiteration)

δm,kmeasureofeigen-sensitivity(closeto“reduced”resolvent)

Wenextprovidemoreprecisestatements
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Thecomponentsoftheeigenvectoru(cont’d)

?Hku
(k)

=θ
(k)

u
(k)

,k<mand

[(
u(k)

0

)
,Y

]
∈C

m×m
unitary

?δm,k=σmin(Y
∗
HmY−θ

(k)
I)>0

?rk=vk+1hk+1,ke
∗
ku

(k)
computedresidualkthit.smleftresidual

————————-

If‖rk‖≤
δ
2
m,k

4‖sm‖
,thereexistsu=

[
u1

u2

]
,u1∈C

k
,eigvecofHms.t.

‖u2‖≤
τ

√
1+τ2

with0≤τ<2‖rk‖
δm,k

⇒
[

u(k)

0

]
perturbationofuStewart&Sun(1990)
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Thecomponentsoftheeigenvectoru(cont’d)

Thereexistsu=

[
u1

u2

]
,u1∈C

k
,eigvecofHms.t.

‖u2‖≤
τ

√
1+τ2

with0≤τ<2‖rk‖
δm,k

Fromwhich

|e
∗
ju|≤

τ
√

1+τ2≤τ≤2‖rk‖
δm,k

,j=k+1,...,m

⇒Ofspecialinterest:j=k+1
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A:Lϕ=−∆ϕ+100((x+y)ϕ)x+100((x+y)ϕ)y
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FlexibleAccuracyofA

Ateachiterationk=1,...,m,v̂=Avk+fk

———————

Variableaccuracyresult(simplifiedversion):

Let(θ,u)beaneigenpairofHmandε∈R,ε>0

If,foranyk=1,...,m,‖rk−1‖≤
δ
2
m,k−1

4‖sm‖
and

‖fk‖≤
δm,k−1

2m‖rk−1‖
ε

then‖(AVmu−θVmu)−rm‖≤ε
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Empirically(BouraseFrayssé,2000):

‖fk‖≤
10

−α

‖rk−1‖
ε,α=0,1,2

Newcomputablebound:

‖fk‖≤
min{1,δ

(k−1)
}

2m‖rk−1‖
ε

where

δ
(k−1)

:=min
θj∈Λ(Hk−1)\{θ(k−1)}|θ

(k−1)
−θj|
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Example1
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Example1
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Example2
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InvertedArnoldi

Ateachiteration:

y←S
−1

v

IterativesolutionwithS⇒Inner-Outerprocedure

Innerstoppingcriterion:

‖v−Syi‖≤
min{1,δ

(k−1)
}

2m‖rk−1‖/|θ(k−1)|ε,ε=10
−10
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Example2
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TheinexactArnoldirelation

(A+Em)Vm=VmHm+hm+1,mvm+1e
∗
m,Em=

m∑

k=1

fkv
∗
k

Emperturbstheprobleminaspecialmanner!

Inparticular:

inexactRitzvaluetotargeteigenvalueisclosetoexactRitzvalue

butotherRitzvalueschange!
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Example1

m=100

eigenvaluesArnoldiFlexibleaccuracy

ofARitzvalues||f100||=9.3810
−5

6.5289635286.5012+0.7235i6.5010+0.7208i

6.5538086316.5012–0.7235i6.5010–0.7208i

6.7145512086.6933+0.3818i6.6949+0.3793i

6.8258848136.6933–0.3818i6.6949–0.3793i

6.8632205046.8832+0.1068i6.8846+0.1070i

7.1221984786.8832–0.1068i6.8846–0.1070i

7.1857029597.1235325217.123544655

7.5126962627.5126959007.512695904
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Generalizations

•Invariantsubspaces

•HarmonicRitzvalues

•InexactNon-HermitianLanczosmethod

•AcommentonAHermitian

Openproblems

•Moreaccurateestimateforδm,k−1

•(Implicitly)restartedmethods?

•Convergencebehaviorintheinexactcase
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1.A.BourasandV.Frayssé,ArelaxationstrategyfortheArnoldi

methodineigenproblems,Tech.Rep.16,CERFACS,Toulouse,

France,2000.

2.V.Simoncini.Variableaccuracyofmatrix-vectorproductsin

inexacteigencomputation.March2004.

http://www.imati.cnr.it/~val/list.html

24


