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ABSTRACT: In the paper the analytical formulation of frequency domain analysis is reviewed for deterministic and random excitations. It is shown how, in all cases, a complex linear system must be solved at each frequency step; iterative procedures are proposed allowing for the simultaneous solution for a large number of frequencies and some of the problems that arise in applications to “large” systems are solved. Examples are given with particular reference to 3D soil-structure finite-element models.

1 InTroduction

Direct frequency domain (DFD) analysis represents a powerful tool for treating a large class of problems in linear structural dynamics. The possibility of handling frequency dependent mechanical parameters offers unique possibilities to solve many typical interaction problems. At a simpler level, DFD allows, under accepted hypotheses and approximations, for the use of the linear hysteretic damping model; the possibility of using mixed (hysteretic+viscous) damping makes DFD more suitable than modal analysis for treating dynamic models where dissipation is highly non homogeneous. Such situation arises when, in addition to hysteretic damping, viscous-type mechanisms are present, due to the introduction of isolation devices or to linearized interaction effects such as soil-structure (radiation damping) or fluid-structure (aerodynamic or hydrodynamic damping).

In the first part of the paper the analytical formulation of DFD analysis is reviewed for deterministic and stochastic (stationary or evolutionary) loading; by the computational standpoint it is shown how, in all cases, the key step of the frequency analysis is represented by the complex system solution which is necessary at all frequency steps.

The development of iterative procedures aiming to the simultaneous system solution for a large number of frequency values is then addressed. This procedures exploit existing solution strategies, which have been worked out with reference to the “standard shifted form” of the system, i.e. to the form 
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, in which is related to frequency and I is the unit matrix.

In previous research work (Feriani et al 1999, 2000) the problem of casting the frequency solution into the standard form was first treated; it was shown that, for a good overall efficiency of the method, a system solution with the stiffness matrix is necessary at each iteration step. Procedures for the simultaneous solution of a number of frequency steps based on Krylov subspace iterative solvers were subsequently developed; their efficiency was demonstrated for “medium-size” systems (up to 10-20 x103 degrees of freedom).

In the work here presented the analysis of larger systems is considered (see also Simoncini & Perotti 2002); the problem of a more efficient technique for the Krylov subspace generation is addressed, along with an “inner” iterative procedure for solving with the stiffness matrix at each “outer” iteration step. Examples are given, focused on soil-structure interaction problems; within this context, particular attention is devoted to the treatment of singular, or at least ill-conditioned, stiffness matrices which arise from the adoption of viscous boundaries for simulating wave radiation in finite-element models.

2 frequenCY ANALYSIS OF DISCRETIZED linear SYSTEMS

We are interested in the dynamic response of a discretized n-DOF linear, time-invariant system, whose equilibrium equations are, in matrix form
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where M, C, and K are the mass, viscous damping and stiffness (n,n) matrices respectively, while q is the configuration vector, F is a (n,m) load amplitudes matrix and g is a (m,1) load histories vector. For large systems the number of independent load histories m is, in most cases, at least one order of magnitude smaller than n.

In the most general case we can suppose g(t) to be a realization of an m-dimensional non stationary stochastic process; focusing our attention on the case of evolutionary processes (Priestley 1967), the loading histories can be expressed in the Fourier Stieltjes integral form:
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where (t,f) is a diagonal matrix containing m deterministic, slowly varying modulating functions, while dG(f), which must be of the order of
[image: image4.wmf]df

, is a vector listing m realizations of a process having the following orthogonality property:
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In Equation 3 the asterisk denotes conjugation and transposition, E[] is the expectation operator,  is a Dirac delta and Sg(f) is the (m,m) power spectral density matrix of an m-dimensional stationary process whose realizations can be expressed as
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The system response to the above-described dynamic excitation can be computed via the usual time domain convolution:
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where h(t) is the (n,n) matrix of unit-impulse response functions and t0 the time in which initial condition are imposed. Substituting Equation 2, interchanging the order of integration and applying the change of variable 
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Note that the upper limit of the convolution integral (5) can be always extended to infinity for causal systems, since h(t-) = 0 for >t: the lower limit can go to minus infinity whenever the envelope functions are null for t<t0 and in all situations in which the effect of initial condition has vanished.

In Equation 6 a time varying frequency response function (n,m) matrix was defined as:
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It’s worth noting that for a deterministic transient excitation, for which G(f) is differentiable and (t,f) can be omitted, we get the following standard relations for deterministic frequency analysis
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where H(f) is the usual (n,n) matrix of frequency response functions and the G’(f) vector is the Fourier Transform of g(t).

In the stochastic case Equation 6 says that q(t) is again a multi-dimensional nonstationary process of evolutionary type, having (t,f) as modulating function matrix. Since this matrix is no longer diagonal, each random function qj(t) is actually the sum of m  evolutionary process realizations.

To define the evolutionary spectral density matrix of the q(t) process we can express the time-varying covariance matrix in terms of the response equations derived above, i.e.
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(10)

The last of Equations 10 implicitly defines the (n,n) evolutionary spectral density matrix of q(t) as:
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It’s worth noting that in the stationary case (constant envelope function) Equation 8 holds and the response spectral density matrix takes the usual form
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When the computation of the (f,t) matrix is considered we can note that Equation 7 is the time convolution of two matrix functions, namely F(t,f) and h(t) exp(-i2ft). According to the frequency domain convolution theorem, the Fourier Transform of the (t,f) matrix can thus be computed as
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where
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is the Fourier Transform of the envelope functions matrix and
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is again the frequency response matrix. The time varying frequency response matrix can be thus computed as:
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For the evolutionary case we can note that the envelopes are slowly varying so that their transforms are narrow-banded around the frequency origin. For each frequency f the envelope transforms act, in the integral (14), as bandpass filters centered on f and applied to the frequency response functions.

For the limiting case of a stationary excitation process, i.e. for a unit envelope function, we have
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3 The formulation of the algebraic problem in frequency analysis

By a numerical standpoint the key issue of the performance of frequency domain analysis is represented by the computation of the frequency response function matrix
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. More precisely, as it can be inferred by Equations 9 (deterministic case), 12 (random stationary) and 11-14 (random nonstationary), the product
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must be determined for a large number of frequencies. This amounts to solving the following complex symmetric linear system with m right-end-sides:
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where E(f) is the mechanical impedance matrix
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When mixed damping (hysteretic+viscous) is introduced, the impedance matrix takes the form:
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where CV and CH are the viscous and hysteretic damping matrices respectively.

For exploiting the properties of shifted systems, Equations 15-17 must be transformed into the standard form. As demonstrated in previous research, the performance of the iterative procedures which will be used for the system solution is significantly improved if the system of equations is first re-written by assuming as unknowns the accelerations amplitudes, that is into the following form
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where
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and a “single-input” system (m=1) has been first considered.

To obtain the standard form a two-step approach can be adopted; in the first step the system is transformed into a new one, of twice the size, of the type
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where 
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As a second step B-1 can be collected on the right, to get the standard shifted system in the form
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The formulation obtained, though suitable for the efficiency of iterative solvers, has the obvious disadvantage of requiring the performance of system solutions with the B matrix; for “medium size” systems the matrix can be factored once and stored. For larger systems different strategies must be adopted.

It can be also noted that, though the A and B matrices (20) are symmetric, symmetry is lost in (21). We recall, however that a square matrix X is J-symmetric if JX=XTJ, where J is a symmetric nonsingular matrix; for our case it is easy to verify that the matrix T is both A-1 and B-1 symmetric. This property will be exploited in the solution phase.

4 THE ITERATIVE SOLVERS

4.1 Krylov Subspace methods

The special structure of a standard shifted system can be efficiently exploited by Krylov subspace methods (Saad 1996); these methods approximate the system solution by projecting it on the subspace
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where T is the coefficient matrix and v is a starting vector, which is usually taken as a residual, i.e.
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; this means that the solutions of (22) can be projected onto the same subspace for all values of the  parameter.

4.2 The GMRES method

In previous research work (Feriani et al. 2000) the GMRES solver (Saad & Schultz 1986) was tested; at each iteration the method generates a new vector vj+1 of the Krylov subspace by multiplying the previous vector vj by the T matrix an by orthogonalizing vj+1 with respect to all previous vectors v0,…,vj. 

For a single solution, the approximation zj+1, which is projected on the 
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subspace, is then obtained by minimizing the norm of the residual 
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; this amounts to solving a least square problem of size m(m+1), where m is the subspace dimension.

The main advantage of the method is that monotonic convergence is assured. On the other hand, the subspace grows during the iteration and all vectors must be saved for the orthogonalization process. To face the problem a restart option can be adopted; in this case, when the Krylov subspace reaches a maximum allowable size, a new subspace is generated assuming the last computed residual as a new starting residual. It must be noted that at each iteration a product Tvj=AB-1vj must be performed so that a system solution with the B matrix is necessary.

When the simultaneous solution of the system (21) for a number, say s, of values is sought the subspace generation must be performed only once; each solution vector can be subsequently obtained by the residual minimization. Some problems arise when a restart must be performed; to solve them (see again Feriani et al 2000) the true minimization must be sacrificed, so that monotonic convergence is no longer guaranteed.

In (Feriani et al 2000) the performance of the simultaneous solution procedure based upon GMRES and restarted GMRES was compared with the one of the sparse symmetric solver ME47 (AEA 1995) for six prototype systems stemming from civil engineering dynamics problems. The number of degrees of freedom ranged from 327 to 11957; in almost all cases, and especially for the largest systems, the simultaneous iterative procedures based on GMRES outperformed the direct solver. In addition it was observed that the computing time growth as a function of the number of frequencies, which was almost linear for the direct solver, was very limited for the proposed procedures (+6% passing from 11 to 101 solutions for the largest model). Note that the ME47 solver was also used to factorize the B matrix and to solve for B-1vj in the iterative procedures.

4.3 Procedures based on the Lanczos method 

For a non-symmetric matrix T the Lanczos algorithm generates the two Krylov subspaces
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The two vector sequences are biorthogonal, (i.e.
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). The subspaces generation is particularly efficient since each vector vj+1 (or wj+1) can be determined on the basis of the two previous vectors only, i.e. vj and vj-1.
4.3.1 QMR procedures

In the QMR procedure the Lanczos method is applied for the generating the subspace (23); the approximate solution is then obtained by the same criteria as in GMRES. In this case, however, the approximate solution does not minimize the residual norm, so that monotonic convergence is not assured.

A “transpose-free” version of the method (TFQMR) is also available (Freund 1993), allowing for the generation of the subspace (23) by operating on the T matrix only. This version was tested as well in (Feriani et al 2000); computing times were generally higher than for GMRES.

4.3.2 The Simplified Shifted Lanczos (SSL) method

In (Simoncini & Perotti 2002) the Lanczos recurrence is specialized to the case of J-symmetric matrices; the main advantages are that the short-term recurrence is preserved and that only one set of basis vectors need to be recursively computed (see 23-24) while the second set can be recovered at no additional cost.

Once the vector basis is obtained a QMR procedure can be applied to obtain the approximate solution; in the simultaneous solution case the subspace generation is performed only once, while the minimization procedure is carried out for each frequency.

4.4 Application to “large size” systems

As already pointed out, the SSL method solves one of the problems related to the application of Krylov subspace solvers to the analysis of “large” systems, i.e. the generation of the subspace on the basis of a short-term recurrence. 

A second problem is represented by the solution with matrix B, which means solving with
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; it must be observed that, even though this matrix is sparse, its factor can be quite dense, this causing problems in terms of storage and solution at each iteration.

For this reason an iterative scheme for the solution with B has been adopted for the larger cases, leading to an inner-outer iterative procedure. Two main problems must be faced in this field; the first is the influence of the inner system solution accuracy on the overall performance of the method. The second is represented by preconditioning of the inner system. In the experiments here shown the Conjugate Gradient method for complex symmetric matrices was used; preconditioning was performed according to the ICT algorithm by Chow & Saad (1998), adapted for complex systems.

A particular situation arises when the B matrix is singular; for positive definite mass, this happens when the stiffness matrix is singular. This is the case of FE models of soil-structure systems, when viscous dampers only are applied at the mesh boundaries to simulate wave radiation, so that the system can undergo rigid-body modes. This means that, in infinite precision, the matrix has six zero eigenvalues associated to the rigid-body modes. In practice these eigenvalues are some orders of magnitude smaller than the others and the rigid-body modes are close approximations of the associated eigenvectors. Numerically speaking the system behaves as if highly deformable springs were acting in parallel to the viscous boundary elements. In the following we shall call quasi-rigid-body (QRB) modes those associated to the six small natural frequencies.

To avoid the numerical problems due to ill-conditioning, we can exploit the fact that a basis U (n,6) of the invariant subspace of QRB modes can be easily formed. Assuming that all eigenvalues are distinct, a deflation procedure can thus be adopted and the solution of 
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where ( is the following projector:
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The v1 projection onto the QRB modes can be computed exactly, at a low computational cost, as:
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To compute v2, on the other hand, we must solve the deflated symmetric linear system:
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where the components along QRB modes have been removed from the right-end-side as well.

5 numerical experiments

Some of the algorithms described have been applied to a subset of the test cases considered in (Feriani et al 2000). In Table 1 some essential information on the cases are gathered, i.e. the number of DOFs, the number of nonzero coefficients in the stiffness matrix and an estimate of its condition number in the 1-norm. The frequency interval of the analysis is also given.

Table 1. Numerical properties of the test cases.

Pb.
Pb. Size
#(K)
Cond(K)
Freq. int. (Hz)

B
3627
102378
9.7 x 104
0.1-60.1

C
2472
23340
3.6 x 107
0.1-60.1

F
11957
419160
2.6 x 1012
10-50

F1
11907
416855
2.0 x 107
10-50

In case B a reinforced concrete foundation is modeled by means of 8-node brick elements resting on a Winkler-type spring bed. In case C a reinforced concrete structure is considered, composed of an upper deck, which is modeled with shell elements and is connected to a lower massive foundation beam by means of column elements; soil-structure interaction is considered by a lumped parameter approach.

In case F a simple 3-D FE soil-structure model is analyzed, encompassing a rigid slab (2 x 2 m) centered on a ground parallelepiped (10 x 10 x 4 m) which is modeled via 8-node brick elements. According to (Lysmer & Kuhlemeyer 1969) viscous dampers are used as absorbing boundaries at nodes located on the outer faces of the ground mesh. To avoid strict singularity of the stiffness matrix highly deformable spring are put in parallel to the quoted dampers, this leading to the very unfavorable condition number (2.6 x 1012) listed in Table 1.

In case F1 the springs stiffness was multiplied by 103, to achieve a condition number of 2 x 107.

The scope of the experiments was to evaluate the performance of the proposed procedures in view of their application to systems having a large number of DOFs. In this light and given the results obtained in (Feriani et al 2000) it was judged that this performance should be compared to the one of efficient iterative solvers, applied at the original system (15), separately for each frequency. 

The algorithm chosen for the comparison is the complex symmetric QMR (Freund 1992). Two preconditioners were tested; in the first one (PQMR-ME47) the exact factorization of the impedance matrix at f=30Hz was applied. In the second (PQMR-ICT), the system was preconditioned by an incomplete factorization performed at each frequency.

In the comparison the SSL method was run in two versions; in the first (SSL) the ME47 routine was used to solve for B at each iteration. In the second (ISSL) the inner-outer iteration scheme was adopted.

In figure 1 the results of the comparison are given; note that for case F the ill-conditioning of 
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 resulted in very poor performance of the inner-outer method, so that the ISSL curve is out of the plot. Examination of the curves in figure 1 suggests the following considerations.

· Computing time grows very little with the number of frequencies for both SSL and ISSL.

· The SSL method is the most competitive in all cases, when a very limited number of solutions (45 for the most unfavorable case F) is exceeded.

· The ISSL method becomes competitive, with respect to the independent solutions via PQMR, for a number of frequency steps ranging from about 50 (case B) to about 180 (case C).

Given the influence of the condition properties of 
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 on the performance of the inner-outer method, some tests have been subsequently performed in order to assess the efficiency of the deflation procedure described in section 4.4. The tests were performed on a modified version of model B, in which the Winkler springs were taken out, so that the foundation model could undergo rigid-body modes. With a single-precision computation of 
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, the first six eigenvalues of the matrix were of the order of 10-1, while all others were between 103 and 107.

Figure 2 is relative to a single system solution with the complex stiffness matrix of the modified case B: the dotted line shows lack of convergence of the original system, compared to the favorable behavior of the deflated system (continuous line).

In figure 3 the ISSL method was applied by adopting the deflation procedure in the inner solution with 
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; the convergence curve was compared  to the one of SSL for different values of the inner tolerance (10-7, 10-5, 10-4). The plots clearly show that the ISSL method is not very sensitive to the inner tolerance when deflation is applied.

6 conclusions

A numerical procedure, based on Krylov subspace iterative solvers with Lanczos recurrence, was proposed and tested for the efficient performance of direct frequency domain analysis.

The procedure requires a solution with the stiffness matrix at each iteration; for “medium-size” models this can be done with a direct solver. For “large” models an inner-outer iterative method was considered; particular attention was devoted, in its development and testing, to the influence of the inner system tolerance and of the stiffness matrix condition properties on the overall performance of the numerical analysis.

Examples were given with particular reference to 3D finite-element soil-structure systems having ill-conditioned stiffness matrices.
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Figure 1.
Total elapsed time vs. number of frequencies for cases (from top to bottom) B, C, F and F1.
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Figure 2. Norm of relative residual vs. number of iterations for original (dotted) and deflated (continuous) inner system. 
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Figure 3. Norm of relative residual vs. number of SSL iterations for direct (dotted) and iterative (continuous) inner soln.
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