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Abstract. We present a quick overview of the general problem to find optimal
a priori and a posteriori error estimates for the approximation of dissipative
evolution equations in Hilbert and metric spaces by means of a variational
formulation of the implicit Euler scheme. We shall discuss what are the in-
trinsic metric arguments which are involved in the derivation of the estimates
and we present an elementary proof in a simplified finite dimensional case.
An application to the porous medium equation in the new framework of the
Wasserstein distance is briefly sketched.

1. Introduction

In this paper we are interested in optimal a priori and a posteriori error estimates
for the approximation of the solution u : [0, T ]→ S of the gradient flow equation{

u′(t) = −∇φ(u(t)) t ∈ [0, T ],
u(0) = u0,

(1)

by means of the implicit Euler scheme

Unτ − Un−1
τ

τn
= −∇φ(Unτ ), n = 1, · · · , N ; U0

τ ≈ u0 given. (2)

Here φ : S → R is a given functional defined in a suitable ambient space S ,
τ := {τn}Nn=1 denotes the variable step sizes induced by a partition Pτ of the time
interval [0, T ] into N subintervals Inτ := (tn−1

τ , tnτ ],

Pτ := {0 = t0τ < t1τ < . . . < tN−1
τ < tNτ = T}, τn = tnτ − tn−1

τ = |Inτ |, (3)

and the equation (2) should be intended as a recursive algorithm which indicates
how to find Unτ once Un−1

τ is known.
The discrete solution Uτ (tnτ ) := Unτ , n = 1, · · · , N, will thus provide an ap-

proximation of the exact solution u at the nodes tnτ of the partition Pτ . We want
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to find estimates of the error Eτ between Uτ and the exact solution u

Eτ := max
t∈Pτ

d(Uτ (t), u(t)), d being a suitable distance defined on S ,

addressing the following fundamental issues.
• The estimates are a posteriori, i.e. they are expressed in terms of com-

putable quantities which depend solely on time-steps, discrete solution,
and data.
• The a posteriori bounds should converge to zero as the maximum of the

time steps
|τ | := max

1≤n≤N
τn (4)

goes to 0 with an optimal rate w.r.t. the regularity of the solution u.
• The estimates should depend on the structural properties (dissipativity) of

S and φ which ensure the well posedness of (1): in particular, they should
not depend on the space dimension of S and they are explicitly deter-
mined without need of solving any auxiliary problem. No extra regularity
assumptions should be assumed.
• No a priori constraints should be imposed between consecutive time-steps,

which could just be tailored to the a posteriori error estimators alone.

Four possible frameworks

We will focus on frameworks where (1) is, in some sense to be better specified,
dissipative and its dependence with respect to (w.r.t.) perturbations of the initial
datum can be explicitly controlled in terms of the distance d.

a) The simplest case: S := R
m, d is the usual Euclidean distance, φ is a (qua-

dratic perturbation of a) C1 convex function: (1) is a system of ODE’s.

b) Infinite dimensional Hilbert spaces S := H , the distance being induced by the
scalar product 〈·, ·〉. The most interesting case in view of applications to nonlinear
evolutionary PDE’s [18] is provided by lower semicontinuous (l.s.c.) convex func-
tionals φ (continuous quadratic perturbations are still allowed), which take their
values in the extended real line (−∞,+∞]. A crucial feature of the convexity of φ is
the variational formulation of both (1) and (2) by means of evolution inequalities.
In fact, the solution of (1) can also be characterized by means of the system

〈u′(t), u(t)− v〉+ φ(u(t)) ≤ φ(v) ∀ v ∈H , (5)

which, at the discrete level, corresponds to

〈τ−1
n (Unτ − Un−1

τ ), Unτ − V 〉+ φ(Unτ ) ≤ φ(V ) ∀V ∈H ; (6)

they both lead to the nonexpansivity property of the continuous (and discrete)
trajectories starting from two initial values u0, v0 (resp. U0

τ , V
0
τ )

d(u(t), v(t)) ≤ d(u0, v0), d(Unτ , V
n
τ ) ≤ d(U0

τ , V
0
τ ) t ∈ [0, T ], n = 1, · · · , N. (7)

In the framework of this well developed theory (see e.g. [4]) the same approximation
results of case a) can be reproduced. We refer to [14] for a detailed account of the
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various contributions and for a presentation of the estimates and of the related
applications; here we simply quote the optimal a priori estimates of [3], [15], and
the linear theory of [8] (the last of an important series of papers on this subject).

c) S is a Riemannian manifold, endowed with its Riemannian distance d. In this
case equation (1) should be imposed in the tangent space of S at the point u(t)
and we could interpret the notion of convexity as convexity along geodesics.

Conversely, (2) requires more attention, since now the difference Unτ − Un−1
τ

is no more defined. One possible way to circumvent this difficulty is to rewrite (2)
in a variational form, which is already suggested in the Euclidean case. We simply
notice that among the solutions of (2) we can select the minima of the functionals

V 7→ Φnτ (V ) := 1
2τn

d2(V,Un−1
τ ) + φ(V ), (8a)

i.e. Unτ , n = 1, · · · , N, solve recursively the family of minimum problems

Φnτ (Unτ ) = min
V ∈S

Φnτ (V ) n = 1, · · · , N. (8b)

(8a,b) still make sense in a Riemannian manifold and they can be used to ap-
proximate (1). Of course, we expect that the error estimates are affected by the
curvature of S ; nevertheless, it is interesting to note that, at least in the case of
a simply connected manifold with nonpositive sectional curvature, we can repro-
duce the same result of the Euclidean framework. It is one of the most interesting
contribution of [11], [2] to show that, as in the Euclidean case, these estimates do
not directly rely on the finite dimension or on the local differentiable structure of
the manifold, but on simple geometric properties of its Riemannian distance.

d) (S , d) is a metric space. In this case is no more clear what is the meaning
of (1), whereas the recursive variational scheme (8a,b) still applies and provides
a family of (hopefully) approximate solutions to (1). This lead many authors to
use this approximation procedure to define a solution of (1), when the differential
problem does not exhibit a useful linear structure. In an abstract metric framework
the contributions of E. De Giorgi and his collaborators [7], [6], [1], show how to
give a meaning to (1) and provide general conditions for the convergence (up to
an extraction of a subsequence) of the variational scheme with uniform step sizes.

Before discussing the delicate question of convergence estimate in this ab-
stract setting, let us briefly recall a particular example, which was also one of
the main motivation of the present investigation: it arises from the recent papers
of F. Otto [9, 16] on a new variational interpretation of the Fokker-Planck and
the porous medium equations as gradient flows w.r.t. suitable functionals in the
space of probability measures metrized by the so called Wasserstein distance. For
the sake of simplicity, here we will consider only measures which are absolutely
continuous w.r.t. the Lebesgue one, and we will identify them with their densities.
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An example of the metric setting: the porous medium equation and the Wasser-
stein distance.

Let us introduce the set S = P2
a(Rk)

P2
a(Rk) :=

{
u ∈ L1(Rk) : u ≥ 0,

∫
Rk

u(x) dx = 1,
∫
Rk

|x|2u(x) dx < +∞
}
, (9a)

endowed with the Wasserstein distance (we refer to the recent book [17] for a
comprehensive and up-to-date overview of this and related topics)

W 2(v, w) := min
{∫

Rk

|r(x)− x|2 v(x) dx : r : Rk → R
k is a Borel map,∫

Rk

ζ(y)w(y) dy =
∫
Rk

ζ(r(x))v(x) dx for all functions ζ ∈ C0
c (Rk)

}
.

(9b)

The map r that realizes the minimum in (9b) is usually called the optimal trans-
portation between v and w. For m > 1 we also introduce the functional on P2

a(Rk)

ϕ(u) :=
1

m− 1

∫
Rk

um(x) dx. (9c)

In [16] F. Otto showed that the nonlinear (porous medium) diffusion equation{
∂tu−∆(um) = 0 in Rk × (0, T ),
u(x, 0) = u0(x) in Rk, u0 ∈P2

a(Rk),
(9d)

can be considered as the gradient flow of the functional ϕ in P2
a(Rk) w.r.t. the

distance W : here the meaning of “gradient flow” has to be intended exactly as the
limit of the discrete solutions Uτ obtained by the recursive minimization algorithm
(8a,b) with the choice d := W and φ := ϕ corresponding to (9a,b).

Even if P2
a(Rk) is a convex subset of L1(Rk), the segments do not provide

the shortest path (w.r.t. W ) connecting two elements, since they do not have even
finite length. However, it is worth mentioning that the functional ϕ defined by (9c)
is still convex along the (constant speed) geodesics of P2

a(Rk), as showed by [12].

Geodesic convexity is not enough for error estimates in metric spaces.

Let us recall that the well posedness (and therefore also the problem to find optimal
error estimates) for gradient flows of convex functionals in general Banach spaces
(even finite dimensional) is still completely open. This remark indicates, at least
euristically, that severe restrictions should be imposed to the general metric setting,
and that the geometric properties of the distance should play a crucial role.

A first step in this direction has been obtained by U. Mayer [11], who
considered gradient flows of geodesically convex functionals on nonpositively curved
metric spaces: these are length spaces where the distance from any given point
w ∈ S satisfies the inequality

d2(vt, w) ≤ (1− t)d2(v0, w) + td2(v1, w)− t(1− t)d2(v0, v1) t ∈ [0, 1], (10)

along any constant speed geodesic curve {vt}t∈[0,1] connecting two arbitrary points
v0, v1 ∈ S . This property, which was introduced by Aleksandrov on the basis of



Optimal Error Estimates 5

the analogous inequality satisfied in Euclidean spaces (in fact an equality) and in
Riemannian manifolds of nonpositive sectional curvature [10, §2.3], allows to prove
(7), and to obtain the convergence of the approximation scheme (and a suboptimal
a priori error estimate) by following the same ideas of the celebrated Crandall-
Liggett generation Theorem [5]. It is interesting to note that if d is induced by a
norm in a vector space and it satisfies (10), then the norm obeys the parallelogram
rule (simply choose t = 1/2 in (10)) and therefore it is induced by a scalar product.

These assumptions, however, do not cover the case of the Wasserstein distance
(9a,b). In fact, it is possible to prove (cf. [2]) that the distance of this space satisfies
the opposite inequality of (10), thus providing a positively curved space, as formally
suggested also by [16].

A new geometric condition

The main idea to overcome this difficulty and to derive better error estimates is
to allow more flexibility to the choice of the connecting curves, which do not need
to be geodesics but could depend on the distance and on the functional. This
approach relies on a careful analysis of the techniques of [14] and is completely
developed in an intrinsic metric framework in [2], where a particular attention to
the case of the Wasserstein distance and its applications is devoted. It is surprising
that all the estimates are based only on the following geometrical property:
for every triple w, v0, v1 ∈ S there exists a curve {vt}t∈[0,1] connecting v0 to v1

which satisfies
φ(vt) ≤ (1− t)φ(v0) + tφ(v1) t ∈ [0, 1], (11a)

d2(w, vt) ≤ (1− t)d2(w, v0) + td2(w, v1)− t(1− t)d2(v0, v1). (11b)
In the next section, following the ideas of [2], we will present a new elementary
derivation of the estimates of [14] in the easiest finite dimensional framework (thus
avoiding any technical tools related to the theory of maximal monotone operators),
trying to use only the metric properties of the Euclidean spaces related to (11a,b).
We shall obtain estimates independent of the dimension and of the vectorial struc-
ture, which therefore will be immediately appliable to general Hilbert and metric
spaces. An application to the porous medium equation will be briefly sketched at
the end of the paper.

2. Main result

In this section we shall deal with the simplest situtation, which is provided by a

convex C1 functional φ defined in a finite dimensional space S := R
m,

endowed with the usual euclidean distance d(u, v) := |u− v|.
Since the elementary proof of this result will be based only on the fact that

for each w, v0, v1 ∈ S

the segment vt := (1− t)v0 + tv1, t ∈ [0, 1], satisfies (11a,b),
we will keep the notation d(u, v) instead of |u− v| for the distance.
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Theorem 2.1 (Optimal error estimate). Let u be the solution of (1), let Uτ be the
discrete solution obtained by solving (2) or, equivalently, (8a,b). Then

E2
τ = max

t∈Pτ
d2(Uτ (t), u(t)) ≤ d2(u0, U0

τ ) +
N∑
n=1

τ2
nE n
τ , (12)

where E n
τ is the a posteriori error estimator defined by

E n
τ :=

φ(Un−1
τ )− φ(Unτ )

τn
− d2(Un−1

τ , Unτ )
τ2
n

≥ 0. (13)

Moreover, if φ is bounded from below, then
N∑
n=1

τ2
nE n
τ ≤ |τ |

(
φ(U0

τ )− inf
S
φ
)
. (14)

Finally, the following optimal apriori bound in terms of the gradient of φ holds
N∑
n=1

τ2
nE n
τ ≤ 1

2 |τ |
2 |∇φ(U0

τ )|2. (15)

We will divide the proof in some steps.
A “metric variational inequality” for u. Our first remark is that (5) can also be
written as

d
dt

1
2d

2(u(t), v) + φ(u(t)) ≤ φ(v) ∀ v ∈ S , t ∈ [0, T ]. (16)

Observe that, being u regular, (16) contains all the information of (1); in particular
it is easy to derive from (16) the contraction property for continuous trajectories
(7). In fact, if w is another solution of (16), which we rewrite by introducing
another variable s

d
ds

1
2d

2(w(s), v) + φ(w(s)) ≤ φ(v) ∀ v ∈ S , t ∈ [0, T ], (17)

then choosing v := w(s) in (16), v := u(t) in (17), and summing up the two
inequalities, we find

∂
∂t

1
2d

2(u(t), w(s)) + ∂
∂s

1
2d

2(u(t), w(s)) ≤ 0 s, t ∈ [0, T ]. (18)

Evaluating this relation for s = t we obtain
d
dt

1
2d

2(u(t), w(t)) ≤ 0 i.e. d(u(t), w(t)) ≤ d(u0, w0) t ∈ [0, T ]. (19)

A “metric variational inequality” for Unτ . The second step consists in writing an
analogous variational inequality for the discrete solution: here we will use in a
crucial way (11a) and (11b). In fact, choosing w := Un−1

τ , it is easy to see that
they yield the following strong convexity property for the functionals Φnτ (·):

Φnτ (vt) ≤ (1− t)Φnτ (v0) + tΦnτ (v1)− 1
2τn

t(1− t)d2(v0, v1). (20)

Starting from the minimum property (8b) and applying (20) with v0 := Unτ , v1 :=
V , we get

Φnτ (Unτ ) ≤ Φnτ (vt) ≤ (1− t)Φnτ (Unτ ) + tΦnτ (V )− 1
2τn

t(1− t)d2(Unτ , V ) ∀V ∈ S .
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The minimum condition says that the right derivative at t = 0 of the right hand
side is nonnegative; thus we find

Φnτ (V )− Φnτ (Unτ )− 1
2τ d

2(Unτ , V ) ≥ 0 ∀V ∈ S , (21)

which can also be written as
1
τn

(
1
2d

2(Unτ , V )− 1
2d

2(Un−1
τ , V )

)
+ 1

2τn
d2(Unτ , U

n−1
τ ) + φ(Unτ ) ≤ φ(V ). (22)

A continuous formulation of (22). We want to write (22) as a true differential
evolution inequality for the discrete solution Uτ , in order to compare it with the
continuous one (16) and to try to reproduce the same comparison argument which
we used for (18) and (19). A first idea, which was exploited in [14], is to use a linear
interpolation between the consecutive values of the discrete solution. But an even
simpler choice is possible (as in [13]): we interpolate the values of the functions
on Unτ instead of interpolating the arguments, since this does not even require an
underlying linear structure. Therefore, we set

φτ (s) := “the linear interpolant of φ(Un−1
τ ) and φ(Unτ )” if s ∈ (tn−1

τ , tnτ ], (23)

i.e.

φτ (s) :=
tnτ − s
τn

φ(Un−1
τ ) +

s− tn−1
τ

τn
φ(Unτ ) s ∈ (tn−1

τ , tnτ ]. (24)

Analogously, for any V ∈ S we set

d2
τ (s;V ) :=

tnτ − s
τn

d2(Un−1
τ , V ) +

s− tn−1
τ

τn
d2(Unτ , V ) s ∈ (tn−1

τ , tnτ ]. (25)

Since
d
dsd

2
τ (s;V ) = 1

τn

(
d2(Unτ , V )− d2(Un−1

τ , V )
)

s ∈ (tn−1
τ , tnτ ],

(22) becomes
d
ds

1
2d

2
τ (s;V ) + φτ (s) ≤ φ(V ) + 1

2Rτ (s) ∀ s ∈ (0, T ) \ Pτ , (26)

where we set for s ∈ (tn−1
τ , tnτ ], tn−1/2

τ := 1
2 (tnτ + tn−1

τ ),
1
2Rτ (s) := φτ (s)− φ(UNτ )− 1

2τn
d2(Unτ , U

n−1
τ )

=
tnτ − s
τn

(
φ(Un−1

τ )− φ(Unτ )
)
− d2(Unτ , U

n−1
τ )

2τn

= (tnτ − s)E n
τ + (tn−1/2

τ − s)d
2(Unτ , U

n−1
τ )

τ2
n

.

(27)

The comparison argument. Taking a convex combination w.r.t. the variable s ∈ Inτ
of (16) written for v := Un−1

τ and v := Unτ , we easily get
∂
∂t

1
2d

2
τ (s, u(t)) + φ(u(t)) ≤ φτ (s) t, s ∈ [0, T ], (28)

whereas choosing V := u(t) in (26) we find
∂
∂s

1
2d

2
τ (s;u(t)) + φτ (s) ≤ φ(u(t)) + 1

2Rτ (s) t ∈ [0, T ], s ∈ [0, T ] \ Pτ . (29)
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Summing up (28) and (29) we end up with
∂
∂td

2
τ (s, u(t)) + ∂

∂sd
2
τ (s;u(t)) ≤ Rτ (s) t ∈ [0, T ], s ∈ [0, T ] \ Pτ . (30)

Choosing s = t we eventually find
d
dtd

2
τ (t, u(t)) ≤ Rτ (t) t ∈ [0, T ] \ Pτ , (31)

and therefore, being t 7→ dτ (t, u(t)) continuous,

d2
τ (T, u(T )) ≤ d2

τ (0, u0) +
∫ T

0

Rτ (t) dt. (32)

Since dτ (t, V ) = d(Uτ (t), V ) if t ∈ Pτ , a simple evaluation through (27) of the
contribution of each subinterval Inτ to the integral gives

d2(Uτ (T ), u(T )) ≤ d2(U0
τ , u

0) +
N∑
n=1

τ2
nE n
τ . (33)

Cancellation effects and rate of convergence. Choosing V := Un−1
τ in (22) we find

1
τn
d2(Unτ , U

n−1
τ ) + φ(Unτ ) ≤ φ(Un−1

τ ); (34)

this shows that E n
τ ≥ 0 and that n 7→ φ(Unτ ) is decreasing; we get

N∑
n=1

τ2
nE n
τ ≤

n∑
n=1

τn

(
φ(Un−1

τ )− φ(Unτ )
)
≤ |τ |

(
φ(u0

τ )− φ(UNτ )
)

(35)

which proves (14). (15) requires a more refined argument. We start by writing (22)
at the time step n− 1 with the choice V := Unτ

φ(Un−1
τ )− φ(Unτ )

≤ 1
2τn−1

(
d2(Un−2

τ , Unτ )− d2(Un−1
τ , Unτ )− d2(Un−1

τ , Un−2
τ )

)
.

(36)

Now we observe that the triangle and the Young inequalities yield

d2(Un−2
τ , Unτ ) ≤

(
d(Un−2

τ , Un−1
τ ) + d(Un−1

τ , Unτ )
)2

≤
(
1 + τn

τn−1

)
d2(Un−2

τ , Un−1
τ ) +

(
1 + τn−1

τn

)
d2(Un−1

τ , Unτ ).
(37)

By substituting this inequality in (36), we obtain after a division by τn
φ(Un−1

τ )− φ(Unτ )
τn

≤ d2(Un−1
τ , Unτ )
2τ2
n

+
d2(Un−1

τ , Un−2
τ )

2τ2
n−1

. (38)

If we insert (38) into the expression of E n
τ we get

E n
τ ≤

d2(Un−1
τ , Un−2

τ )
2τ2
n−1

− d2(Un−1
τ , Unτ )
2τ2
n

(39)

and therefore, by (13) and the positivity of E n
τ , we eventually find

N∑
n=1

τ2
nE n
τ ≤ |τ |2

N∑
n=1

E n
τ ≤ |τ |2

(φ(U0
τ )− φ(U1

τ )
τ1

− d2(U1
τ , U

0
τ )

2τ2
1

)
. (40)
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The modulus of the gradient of a convex function. For convex functions the mod-
ulus of the gradient can also be characterized as

|∇φ(w)| = sup
{φ(w)− φ(v)

d(w, v)
: v ∈ S , v 6= w, φ(v) ≤ φ(w)

}
; (41)

thus, since φ(U1
τ ) ≤ φ(U0

τ ), we get
φ(U0

τ )−φ(U1
τ )

τ1
− d2(U1

τ ,U
0
τ )

2τ2
1

≤ |∇φ(U0
τ )|d(U1

τ ,U
0
τ )

τ1
− d2(U1

τ ,U
0
τ )

2τ2
1

≤ 1
2 |∇φ(U0

τ )|2.

General metric space and the application to the porous medium equation

It should be clear from the above proof that

Corollary 2.2. The statement of Theorem 2.1 holds even if (S , d) is a metric
space, φ is a l.s.c. (extended) real functional defined on S whose gradient norm
is defined by (41), u is a solution of the “metric evolution inequality” (20), Uτ
solves the variational algorithm (8a,b), and (11a,b) hold.

If we want to apply the previous result to the example of (9a,b,c,d), for
a triple w, v0, v1 ∈ P2

a(Rk) we should exhibit a connecting curve vt, t ∈ [0, 1],
which satisfies (11a,b). Let us denote by r0, r1 the optimal transportation maps
between w and v0, v1 respectively (cf. (9b)); we define the curve vt by duality with
continuous functions∫

Rk

ζ(y)vt(y) dy :=
∫
Rk

ζ((1− t)r0(x) + tr1(x))w(x) dx ∀ ζ ∈ C0
c (Rk), (42)

and it is possible to prove [2] that (11a,b) are satisfied. Thus we obtain

Corollary 2.3. Let u be the solution of the porous medium equation (9d) and let
Uτ be the discrete solution obtained by solving the recursive minimization scheme
(8a,b) with the choices of d, φ corresponding to (9b,c). Then the a posteriori esti-
mates of Theorem 2.1 hold; in particular, if U0

τ = u0

sup
t∈Pτ

W 2(u(t), Uτ (t)) ≤ |τ | 1
m− 1

∫
Rk

(u0(x))m dx, (43)

and, if um−1/2 ∈ H1(Rk),

sup
t∈Pτ

W 2(u(t), Uτ (t)) ≤ |τ |
2

2
m2

(m− 1/2)2

∫
Rk

∣∣∣∇[(u0(x))m−1/2]
∣∣∣2 dx. (44)
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