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Evolution equationsand Wassersteindistance

Let us consider a parabolic equation with the following structure
8
>>><

>>>:

@t u(x; t) + div
�
u(x; t)v (x; t )

�
= 0 x 2 Rm ; t > 0;

v (x; t )= �r
�

� �
� u ( x; t )

�
;

u(x; 0)= u0(x) u0 2 L 1(Rm ); u0 � 0:

Here � is a suitable integral functional and � �
� u is its Euler-Lagrange �rst variation

� (u) :=
Z

L (x; u; r u) dx; � �
� u = L u (x; u; r u) � div L r u (x; u; r u)

OTTO, JORDAN, KINDERLEHRER AND OTTO ['97-'00] showed in many interesting
cases that an equation with this particular structure can be interpreted as

the “gradient �o w” of �
with respect to the so called
“Wasser stein distance”

between probability measures.

Applications: asymptotic behaviour of solutions, Logarithmic Sobolev Inequalities,
approximation algorithms,...
(AGUEH, BRENIER, CARRILLO, MCCANN, GANGBO, OTTO, VILLANI,...)
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r
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s
r
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s � r t

s � r
s � rR

jr � s � r j2u 0 dx
R

jr � s � r j2u0 dx
R

js � r t � x j2u 0 dx
R

js � r t � xj2u0 dx

s
s
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v1
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r 1
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W
U
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Ut = tU + (1 � t)W

Vs = sUn + (1 � s)Un +1

� 0 := 1
2 � (0 ; 0) +
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2 � (2 ; 1)

� 1 := 1
2 � (0 ; 0) +

1
2 � ( � 2 ; 1)

� := 1
2 � (0 ; 0) +

1
2 � (0 ; � 2)

� t L 1(x; u) := u
�

log u +  (x)
�
; � � 1

� u = log u +  + 1,  : Rm ! R

@t u + div (uv ) = 0; v = �r (log u +  + 1) =

@t u � � u � div (ur  ) = 0 (Fokker-Planck equation)
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The Wassersteindistance

S := P 2(Rm ) =
n

� Borel probability measure on Rm :
Z

Rm
jxj2 d� (x) < + 1

o

Plans: 
 2 P 2(Rm � Rm )

Projections: � 1 (x 1 ; x 2 ) = x 1 ; � 2 (x 1 ; x 2 ) = x 2 ;

Marginals: � 1
# 
 = � 1 ; � 2

# 
 = � 2

Transport plans: TransPlan(� 1 ; � 2 ) =
�


 : � 1
# 
 = � 1 ; � 2

# 
 = � 2
	

The (L 2)-Wasser stein distance W (� 1 ; � 2 ) is de�ned by

W 2(� 1 ; � 2 ) := min
n ZZ

jx 1 � x 2 j2 d
 (x 1 ; x 2 ) : 
 2 TransPlan(� 1 ; � 2 )
o

Optimal plans:

OptPlan(� 1 ; � 2 ) :=
n


 2 TransPlan(� 1 ; � 2 ) :
ZZ

jx 1 � x 2 j2 d
 (x 1 ; x 2 ) = W 2(� 1 ; � 2 )
o
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The Wassersteindistance:absolutelycontinuousmeasures
Measures which are

absolutely continuous
w.r.t. the Lebesgue one L m

: S a := P a
2 (Rm ) =

n
� 2 S : � = u�L m << L m

o

Plans induced by a tranport: 
 = Plan[r ] concentrated on the graph of a Borel map r

Transport maps:

8
>>><

>>>:

TransMap(� 1 ; � 2 ) :=
n

r : Rm ! Rm ; r # � 1 = � 2

o

m

Plan[r ] =
�
Id � r

�
#

� 1 2 TransPlan(� 1 ; � 2 )

If � 1 2 S a is a.c. then the Wasser stein distance W (� 1 ; � 2 ) can be expressed
only in terms of transport maps and it is equal to

W 2(� 1 ; � 2 ) = min
n Z

jr (x 1 ) � x 1 j2 d� 1 ( x 1 ) : r # � 1 = � 2

o

If � 1 2 S a there exists a unique optimal transport plan 
 2 OptPlan(� 1 ; � 2 );

 = Plan[r ] is induced by an optimal transpor t map r = OptMap(� 1 ; � 2 );

r is cyclicall y monotone . [BRENIER, KNOTT AND SMITH]
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Gradient �o wsw.r.t. the Wassersteindistance?

How to interpret the evolutionary P.D.E. as gradient �o w?
We are in a convex set of an in�nite dimensional space, but the distance does not
seem compatible with the linear structure: e.g.

linear segments (i.e. the usual convex combinations of two measures in S )
may have in�nite length.

At least four possible approaches are possible:
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Gradient �o wsw.r.t. the Wassersteindistance?

How to interpret the evolutionary P.D.E. as gradient �o w?
We are in a convex set of an in�nite dimensional space, but the distance does not
seem compatible with the linear structure: e.g.

linear segments (i.e. the usual convex combinations of two measures in S )
may have in�nite length.

At least four possible approaches are possible:
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Gradient �o wsw.r.t. the Wassersteindistance?

How to interpret the evolutionary P.D.E. as gradient �o w?
We are in a convex set of an in�nite dimensional space, but the distance does not
seem compatible with the linear structure: e.g.

linear segments (i.e. the usual convex combinations of two measures in S )
may have in�nite length.

At least four possible approaches are possible:
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� t Starting from geometric properties of S , and of the chain rule/energy
identity

d
dt � (u(t)) = �j u0(t)j2 = �jr � (u(t)) j2

we will see how to give a (partial) meaning to velocity and gradient in a
purely metric context:

ju0(t)j  ju0j(t) := “metric derivative” ; jr � (u(t)) j  j@� j(u(t)) := “metric slope” :
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� t We interpret them in the case of the Wasserstein distance and we will see
that they are strictly related to the structure of the equation:

metric velocity, velocity vector, tangent space $ continuity equation
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we can prove uniqueness, regularizing effect, and asymptotic behaviour of
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� t Completeness: S endowed with the Wasserstein distance W is a complete
metric space.
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Absolutely continuouscurvesand metric derivative I

From the energy estimate, we know that a gradient �o w solution should have �nite
quadratic energy, i.e.

E2(u) :=
Z T

0
ju0(t)j2 dt < + 1 : (?)

If we want to de�ne an analogous functional for curves with values in a metric
space, we observe that (?) is equivalent to

9 m 2 L 2(0; T ) : ju(t) � u(s)j �
Z t

s
m(� ) d� 8 (s; t) � (a; b) (??)

and the energy can be recovered as

E2(u) = inf
Z T

0
m2(� ) d�; among all the function m satisfying (??).
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Absolutely continuouscurvesand metric derivative II

Therefore we say that a curve t 2 (a; b) 7! � t 2 S has �nite p-energy , or
� 2 AC p(a; b; S ), if there exists m 2 L p(a; b) such that

W (� s ; � t ) �
Z t

s
m(� ) d�; a < s � t < b:

If � 2 AC p(a; b; S ) then the minimal choice for m is provided by its metric
velocity j� 0j which is a.e. de�ned by

lim
s! t

W (� s ; � t )
js � t j

=: j� 0j(t) and satis�es j� 0j(t) � m(t) a.e. in (a; b),

Ep(� ) :=
Z b

a
j� 0jp (t) dt

W (� s ; � t ) �
Z t

s
j� 0j(� ) d� = Lengtht

s (� ); a < s � t < b

�
W (� s ; � t )

jt � sj

� p

�
Z t

s
j� 0jp (� ) d�; a < s � t < b

VANCOUVER, August 2003 – p.11



Absolutely continuouscurvesand metric derivative II

Therefore we say that a curve t 2 (a; b) 7! � t 2 S has �nite p-energy , or
� 2 AC p(a; b; S ), if there exists m 2 L p(a; b) such that

W (� s ; � t ) �
Z t

s
m(� ) d�; a < s � t < b:

p = 1 : absolutely continuous curves

p = 2 : curves with �nite qudratic energy,

p = 1 : Lipschitz curves.

If � 2 AC p(a; b; S ) then the minimal choice for m is provided by its metric
velocity j� 0j which is a.e. de�ned by

lim
s! t

W (� s ; � t )
js � t j

=: j� 0j(t) and satis�es j� 0j(t) � m(t) a.e. in (a; b),

Ep(� ) :=
Z b

a
j� 0jp (t) dt

W (� s ; � t ) �
Z t

s
j� 0j(� ) d� = Lengtht

s (� ); a < s � t < b

�
W (� s ; � t )

jt � sj

� p

�
Z t

s
j� 0jp (� ) d�; a < s � t < b

VANCOUVER, August 2003 – p.11



Absolutely continuouscurvesand metric derivative II
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Velocity and linear transport equation

Let � 2 AC 2(a; b; S ) be a curve with �nite quadratic energy in S ; then there
exists a unique (up to negligible sets) Borel vector �eld v t = _� t 2 L 2(� t ; Rm ) such
that

@t � t + div (� t v t ) = 0 in the sense of distributions (?)

j� 0j2(t) =
Z

jvt ( x ) j2 d� t (x) for a.e. t 2 (a; b) (??)

moreover vt 2 Tan � t S := fr ' : ' 2 C1
c (Rm )g

L 2 ( � t )
for a.e. t 2 (a; b):

Conversely, if � satisfy (?) for some vt 2 L 2(� t ; Rm ) with
Z b

a

� Z
jvt ( x ) j2 d� t (x)

�
dt < + 1 ;

then � 2 AC 2(a; b; S ) and j� 0j2(t) �
Z

jvt ( x ) j2 d� t (x) for a.e. t 2 (a; b)

the equality (??) holds iff v t 2 Tan � t S .
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Additional propertiesof the velocity

Variational selection principle (extension to a.c. curves of BENAMOU-BRENIER

variational characterization of the Wasserstein distance):

E2(� ) = min
n Z b

a

Z
jvt ( x ) j2 d� t (x) dt : @t � t + div (� t v t ) = 0

o

If � 2 AC 2(a; b; S ) then for a.e. t 2 (a; b)
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Additional propertiesof the velocity

Variational selection principle (extension to a.c. curves of BENAMOU-BRENIER

variational characterization of the Wasserstein distance):

E2(� ) = min
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Z
jvt ( x ) j2 d� t (x) dt : @t � t + div (� t v t ) = 0
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Derivativeof the Wassersteindistancealonga.c.curves

Let � 2 AC (a; b; S ) be a curve with velocity vectors v t 2 Tan � t S and let us �x
� 2 S ; the map t 7! W 2(� t ; � ) is absolutely continuous:

how do we calculate d
dt W 2(� t ; � )?

In a Hilbert space d
dt W 2(� t ; � ) = 2hvt ; � t � � i :

In a Riemannian manifold, we should �nd a constant speed geodesic 
 t with

 t (0) = � t ; 
 t (1) = � ; if wt 2 Tan� t S is its initial velocity then we have

d
dt W 2(� t ; � ) = 2hvt ; wt i � t

In the Wasserstein framework, we choose 
 t 2 OptPlan(� t ; � ) obtaining for a.e.
t

d
dt W 2(� t ; � ) = 2

ZZ
hvt ( x 1 ) ; x 1 � x 2 i d
 t (x 1 ; x 2 )

If 
 t = Plan[r t ] we have the simpler formula

d
dt W 2(� t ; � ) = 2

Z
hvt ( x 1 ) ; x 1 � r t (x 1 )i d� t (x 1 ) = 2hvt ; Id � r t i L 2 ( � t )
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Metric slope

The metric slope of a l.s.c. functional � : S ! (�1 ; + 1 ] is de�ned by

j@� j(� ) := lim sup
� ! �

�
� (� ) � � (� )

� +

W (�; � )

It provides a so called “upper gradient ” for � , since for every curve
� 2 AC (a; b; S ) such that � � � is absolutely continuous

�
� d

dt � (� (t))
�
� � j� 0j(t) � j@� j(� (t)) a.e. in (a; b):

� 2 AC 2(a; b; S ) is a cur ve of maximal slope for � if

d
dt � (� (t)) = �j � 0j2(t) = �j @� j2(� (t)) = �j � 0j(t) � j@� j(� (t)) a.e. in (a; b):
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Functionalsgeodesicallyconvex [M CCANN]

A functional  : Rm ! (�1 ; + 1 ] is � - convex, � 2 R, if D 2 � � I , i.e. for every
choice of x 1 ; x 2 2 D ( ), t 2 [0; 1]

 
�
(1 � t ) x 1 + t x 2

�
� (1 � t )  (x 1 ) + t  (x 2 ) � 1

2 � t (1 � t ) jx 1 � x 2 j2

Analogously, we say that � : S ! (�1 ; + 1 ] is � -(displacement) convex if
8 � 1 ; � 2 2 D (� ) a geodesic � 1 ! 2

t exists such that

�
�
� 1 ! 2

t ) � (1 � t ) � (� 1 ) + t � (� 2 ) � 1
2 � t (1 � t )W 2(� 1 ; � 2 ):
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 (x) d� (x) is � -convex iff  is � -convex.
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Functionalsgeodesicallyconvex [M CCANN]
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Metric slopeand subgradientsfor � - convex functionals
If � is a l.s.c. and � -geodesicall y convex functional, its metric slope can be
expressed through a \ sup00instead of a \ lim sup00:

j@� j(� ) = sup
�

�
� (� ) � � (� )

� +

W (�; � )
+ 1

2 � W (�; � );

and therefore is lower semicontinuous.

If � is geodesicall y convex or � -geodesicall y convex
we say that w 2 Tan� S belongs to the subgradient @� (� ), for � 2 S a , if

8 � 2 D (� ) r 2 OptMap(� ; � ) : hw ; r � Idi L 2 ( � ) � � (� ) � � (� )� � W 2(� ; � )

In the case � 2 S n S a we suppose that 9
 2 OptPlan(� ; � ) such that
ZZ

hw (x 1 ); x 2 � x 1 i d
 (x 1 ; x 2 ) � � (� ) � � (� )� � W 2(� ; � )

If � is l.s.c. and � -convex, D (j@� j) � S a then

j@� j(� ) = min
n

kw kL 2 ( � ) : w 2 @� (� )
o

:

Closure proper ty: if wn 2 @� (� n ), then

W (� n ; � ) ! 0; � n w n * � w ; supn kw n kL 2 ( � n ) < + 1 ) w 2 @� (� )
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Exampleof subgradients
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Gradient and Chain rule

The previous de�nition of subgradient is well adapted to evaluate the time
derivative of a l.s.c., � -convex functional � : S ! (�1 ; + 1 ] along a curve � .
Suppose that
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Gradient and Chain rule

The previous de�nition of subgradient is well adapted to evaluate the time
derivative of a l.s.c., � -convex functional � : S ! (�1 ; + 1 ] along a curve � .
Suppose that
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Gradient and Chain rule

The previous de�nition of subgradient is well adapted to evaluate the time
derivative of a l.s.c., � -convex functional � : S ! (�1 ; + 1 ] along a curve � .
Suppose that
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The previous de�nition of subgradient is well adapted to evaluate the time
derivative of a l.s.c., � -convex functional � : S ! (�1 ; + 1 ] along a curve � .
Suppose that
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Subdifferential formulation of gradient �o ws

Let � : S ! (�1 ; + 1 ] be a l.s.c., convex functional and � 0 2 D (� ). A curve
� 2 AC 2

loc (0; + 1 ; S ) is a solution of the gradient �o w equation

_� t 2 � @� (� t ); � (0) = � 0 (?)

if lim t #0 � (t) = � 0 and its velocity vector vt 2 Tan� t S belongs to @� (� t ) for a.e.
t > 0.

If � t 2 S a then (?) is equivalent to the continuity equation

@t � t + div (vt � t ) = 0 in D 0(Rm � (0; + 1 ))

and to the variational inequality

h� vt ; r � Idi L 2 ( � t ;Rm ) � � (� ) � � (� t ) � � W 2(� t ; � ); r 2 OptMap(� t ; � );

for every test measure � 2 D (� ).
Recalling the differential formula for the Wasserstein distance, we also have the
purely metric variational formulation

1
2

d
dt W 2(� t ; � ) � � (� ) � � (� t ) � 1

2 � W 2(� t ; � ) 8 � 2 D (� ):
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Main propertiesof gradient �o wsof � -convex functionals
Uniqueness: if � 0 ; � 0 2 D (� ) and � t ; � t are the corresponding solutions, then

W (� t ; � t ) � W (� 0 ; � 0 ) � e� � t ; t > 0:

Regularizing effect: � is locally Lipschitz in time and if D (j@� j) � S a then
� t 2 D (@� ); _� t + = @o� (� t ) 8 t > 0; if � � 0 we have

� (� t ) � � (� ) + 1
2t W 2(� 0; � ); j@� (� t )j

2 � j@� (� )j2 + 1
t 2 W 2(� 0; � ) 8 � 2 D (@� )

Evolution variational inequalities: � is the unique solution of the system
1
2

d
dt W 2(� t ; � ) + 1

2 � W 2(� t ; � ) � � (� ) � � (� t ) 8 � 2 D (� ):

Energy identity and maximal slope form ulation: � is the unique solution of
Z T

0

�
1
2 j� 0j2(t) + 1

2 j@o� j2(t) dt
�

= � (� 0) � � (� T ) 8 T > 0:

Exponential decay: in the case � > 0 � has a unique minimum point �� and

W (� t ; �� ) � e� � t W (� 0; �� );
� (� t ) � � ( �� ) � e� 2� t � � (� 0) � � ( �� )

�
;

j@� j(� t ) � e� � t j@� j(� 0):
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Existence:approximation by the Implicit Euler scheme

In the case of an Hilbert space...
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Existence:approximation by the Implicit Euler scheme

In the case of an Hilbert space...
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The algorithm makessenseeven in a metric framework

Variational algorithm

Find U n
� = J� (Un � 1

� ) which solves
U n

� � Un � 1
�

�
+ r � (U n

� ) = 0

among the minimizers of

DE GIORGI, MARINO, TOSQUES, DEGIO-
VANNI, AMBROSIO... '80� '90

Abstract theory of minimizing move-
ments and curves of maximal slope

LUCKHAUS-STURZENECKER, ALMGREN-
TAYLOR-WANG ... � '90

Geometric evolution problems

LUCKHAUS, VISINTIN, MIELKE-THEIL-
LEVITAS ... '90� '00

Phase transitions, hystheresis

OTTO, JORDAN, KINDERLEHRER, WALK-
INGTON ... '98� '00

Diffusion equations, Wasserstein
distance

In general only convergence results (possibly up to subsequences) are known...

VANCOUVER, August 2003 – p.24



The algorithm makessenseeven in a metric framework

Variational algorithm

Find U n
� = J� (Un � 1

� ) which solves
U n

� � Un � 1
�

�
+ r � (U n

� ) = 0

among the minimizers of

� � (Un � 1
� ; U ) :=

1
2�

�
�U � Un � 1

�

�
�2 + � (U )

DE GIORGI, MARINO, TOSQUES, DEGIO-
VANNI, AMBROSIO... '80� '90

Abstract theory of minimizing move-
ments and curves of maximal slope

LUCKHAUS-STURZENECKER, ALMGREN-
TAYLOR-WANG ... � '90

Geometric evolution problems

LUCKHAUS, VISINTIN, MIELKE-THEIL-
LEVITAS ... '90� '00

Phase transitions, hystheresis

OTTO, JORDAN, KINDERLEHRER, WALK-
INGTON ... '98� '00

Diffusion equations, Wasserstein
distance

In general only convergence results (possibly up to subsequences) are known...

VANCOUVER, August 2003 – p.24



The algorithm makessenseeven in a metric framework

Variational algorithm

Find U n
� = J� (Un � 1

� ) which solves
U n

� � Un � 1
�

�
+ r � (U n

� ) = 0

among the minimizers of

� � (Un � 1
� ; U ) :=

1
2�

W 2�
U ; Un � 1

�

�
+ � (U )

DE GIORGI, MARINO, TOSQUES, DEGIO-
VANNI, AMBROSIO... '80� '90

Abstract theory of minimizing move-
ments and curves of maximal slope

LUCKHAUS-STURZENECKER, ALMGREN-
TAYLOR-WANG ... � '90

Geometric evolution problems

LUCKHAUS, VISINTIN, MIELKE-THEIL-
LEVITAS ... '90� '00

Phase transitions, hystheresis

OTTO, JORDAN, KINDERLEHRER, WALK-
INGTON ... '98� '00

Diffusion equations, Wasserstein
distance

In general only convergence results (possibly up to subsequences) are known...

VANCOUVER, August 2003 – p.24



The algorithm makessenseeven in a metric framework

Variational algorithm

Find U n
� = J� (Un � 1

� ) which solves
U n

� � Un � 1
�

�
+ r � (U n

� ) = 0

among the minimizers of

� � (Un � 1
� ; U ) :=

1
2�

W 2�
U ; Un � 1

�

�
+ � (U )

DE GIORGI, MARINO, TOSQUES, DEGIO-
VANNI, AMBROSIO... '80� '90

Abstract theory of minimizing move-
ments and curves of maximal slope

LUCKHAUS-STURZENECKER, ALMGREN-
TAYLOR-WANG ... � '90

Geometric evolution problems

LUCKHAUS, VISINTIN, MIELKE-THEIL-
LEVITAS ... '90� '00

Phase transitions, hystheresis

OTTO, JORDAN, KINDERLEHRER, WALK-
INGTON ... '98� '00

Diffusion equations, Wasserstein
distance

In general only convergence results (possibly up to subsequences) are known...

VANCOUVER, August 2003 – p.24



The algorithm makessenseeven in a metric framework

Variational algorithm

Find U n
� = J� (Un � 1

� ) which solves
U n

� � Un � 1
�

�
+ r � (U n

� ) = 0

among the minimizers of

� � (Un � 1
� ; U ) :=

1
2�

W 2�
U ; Un � 1

�

�
+ � (U )

DE GIORGI, MARINO, TOSQUES, DEGIO-
VANNI, AMBROSIO... '80� '90

Abstract theory of minimizing move-
ments and curves of maximal slope

LUCKHAUS-STURZENECKER, ALMGREN-
TAYLOR-WANG ... � '90

Geometric evolution problems

LUCKHAUS, VISINTIN, MIELKE-THEIL-
LEVITAS ... '90� '00

Phase transitions, hystheresis

OTTO, JORDAN, KINDERLEHRER, WALK-
INGTON ... '98� '00

Diffusion equations, Wasserstein
distance

In general only convergence results (possibly up to subsequences) are known...

VANCOUVER, August 2003 – p.24



The algorithm makessenseeven in a metric framework

Variational algorithm

Find U n
� = J� (Un � 1

� ) which solves
U n

� � Un � 1
�

�
+ r � (U n

� ) = 0

among the minimizers of

� � (Un � 1
� ; U ) :=

1
2�

W 2�
U ; Un � 1

�

�
+ � (U )

DE GIORGI, MARINO, TOSQUES, DEGIO-
VANNI, AMBROSIO... '80� '90

Abstract theory of minimizing move-
ments and curves of maximal slope

LUCKHAUS-STURZENECKER, ALMGREN-
TAYLOR-WANG ... � '90

Geometric evolution problems

LUCKHAUS, VISINTIN, MIELKE-THEIL-
LEVITAS ... '90� '00

Phase transitions, hystheresis

OTTO, JORDAN, KINDERLEHRER, WALK-
INGTON ... '98� '00

Diffusion equations, Wasserstein
distance

In general only convergence results (possibly up to subsequences) are known...

VANCOUVER, August 2003 – p.24



The algorithm makessenseeven in a metric framework

Variational algorithm

Find U n
� = J� (Un � 1

� ) which solves
U n

� � Un � 1
�

�
+ r � (U n

� ) = 0

among the minimizers of

� � (Un � 1
� ; U ) :=

1
2�

W 2�
U ; Un � 1

�

�
+ � (U )

DE GIORGI, MARINO, TOSQUES, DEGIO-
VANNI, AMBROSIO... '80� '90

Abstract theory of minimizing move-
ments and curves of maximal slope

LUCKHAUS-STURZENECKER, ALMGREN-
TAYLOR-WANG ... � '90

Geometric evolution problems

LUCKHAUS, VISINTIN, MIELKE-THEIL-
LEVITAS ... '90� '00

Phase transitions, hystheresis

OTTO, JORDAN, KINDERLEHRER, WALK-
INGTON ... '98� '00

Diffusion equations, Wasserstein
distance

In general only convergence results (possibly up to subsequences) are known...

VANCOUVER, August 2003 – p.24



The algorithm makessenseeven in a metric framework

Variational algorithm

Find U n
� = J� (Un � 1

� ) which solves
U n

� � Un � 1
�

�
+ r � (U n

� ) = 0

among the minimizers of

� � (Un � 1
� ; U ) :=

1
2�

W 2�
U ; Un � 1

�

�
+ � (U )

DE GIORGI, MARINO, TOSQUES, DEGIO-
VANNI, AMBROSIO... '80� '90

Abstract theory of minimizing move-
ments and curves of maximal slope

LUCKHAUS-STURZENECKER, ALMGREN-
TAYLOR-WANG ... � '90

Geometric evolution problems

LUCKHAUS, VISINTIN, MIELKE-THEIL-
LEVITAS ... '90� '00

Phase transitions, hystheresis

OTTO, JORDAN, KINDERLEHRER, WALK-
INGTON ... '98� '00

Diffusion equations, Wasserstein
distance

In general only convergence results (possibly up to subsequences) are known...

VANCOUVER, August 2003 – p.24



Main problem

Is it possible to prove the convergence of the the approximation scheme in S to a
solution of the Gradient �o w equation, by invoking simple metric proper ties of �
and of the Wasserstein distance W ?

Two steps:

1. we look for suf�cient conditions on
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in order to prove the convergence of the algorithm;

2. we will try to apply them to the Wasserstein space.
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Discreteestimatesin Hilbert spaces

In an Hilbert space, if � is convex , then for each t 2 P � , U� ; V� discrete
solutions starting from � 0 ; � 0 ,

�
�U � ( t ) � V� ( t )

�
�2 �

�
� � 0 � � 0

�
�2 (discrete contraction)

where
� � (� 0 ) = � (J� [� 0 ]) +

1
2�

�
� � 0 � J� [� 0 ]

�
�2 � 0

is the Yosida approximation of � .
This optimal error estimate (BAIOCCHI, RULLA, NOCHETTO-S.-VERDI '90� '00), is
independent of the regularity of � and can be extended to non uniform partitions
with an a posteriori control of the error.

It can also be slightly modi�ed to show that f U � g� > 0 is a Cauchy family and thus
provides the existence of the solution via the convergence and exponential
form ula

� t = St [� 0 ] = lim
� #0

U� ( t ) = lim
n ! + 1

(Jt=n )n [� 0 ] for each � 0 2 D (� )
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The contraction property in Hilbert spaces
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In general Banach space the variational algorithm corresponds to

and the gradient �o w equation becomes

J(u0) + @� (u) = 0 which is doub ly nonlinear

Contraction proper ty , J� 1 � @� is accretive:
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A geometriccharacterization of an admissibledistance

Hilbert vs. Banach: Parallelogram rule
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The roleof curvature (Aleksandrov)

Positivel y Curved (PC) Spaces , curvature � 0 :

d2(u t ; w ) � (1 � t )d2(u0; w ) + t d2(u1; w ) � t (1 � t )d2(u0; u1)
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Geodesicallyconvex functional in NPC spaces

If
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The Wassersteindistanceyieldsa PC space

Besides the formal computation by OTTO, we can directly prove that if t 7! � t is a
geodesic connecting � 0 to � 1

W 2(� t ; � ) � (1 � t )d2(� 0; � ) + t W 2(� 1; � ) � t (1 � t )d2(� 0; � 1)

Moreover, in this situation
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Curvature inequality
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A newgeometriccondition

Main idea: we add more �e xibility to the choice of the connecting cur ves, which
do not need to be geodesics but could also depend on the functional

For each triple w ; u0; u1 2 D (� ) there exists a curve u t such that

� (u t ) � (1 � t ) � (u0) + t � (u1) � 1
2 � t (1 � t )d2(u0; u1) (� -convexity along u t )

d2(u t ; w ) � (1 � t )d2(u0; w ) + t d2(u1; w ) � t (1 � t )d2(u0; u1) (cur vature inequality)
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A newgeometriccondition

Main idea: we add more �e xibility to the choice of the connecting cur ves, which
do not need to be geodesics but could also depend on the functional
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Main result

If the previous absract condition holds then all the generation properties are
satis�ed:
Convergence and exponential form ula For each u0 2 D (� )

u(t) = St [u0] = lim
� #0

U� ( t ) = lim
n ! + 1

(Jt=n )n [u0]

The map t 7! St [u0] is a contin uous contraction semigr oup on D (� ), i.e.
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�
� d
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In the Wassersteincase...

We introduce the family of “generaliz ed geodesics”: for each triple
� 2 S a ; � 0; � 1 take r 0 2 OptMap(� ; � 0); r 1 2 OptMap(� ; � 1) and de�ne

� t = (r t )# w ; where r t (x ) = (1 � t ) r 0(x ) + t r 1(x );
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Convexity alonggeneralizedgeodesics

We say that � is � -convex along generaliz ed geodesics if for every triple
� ; � 0 ; � 1 2 S there exists a generalized geodesic � t connecting � 0 to � 1 such
that

� (� t ) � (1 � t ) � (� 0) + t � (� 1) � 1
2 � W 2(� 0; � 1):

The three main examples of displacement convex functionals are also
convex along generaliz ed geodesics.

The abstract generation result can be applied and in particular it provides

Convergence and exponential form ula For each u0 2 D (� )

� t = lim
� #0

U� ( t ) = lim
n ! + 1

(Jt=n )n [� 0 ]

Optimal error estimate

W 2�
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�
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�
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�
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� 2

2
j@� j2(� 0):

E.g., in the Fokker-Planck case � (� ) :=
R �

log u + 1
2 jxj2

�
u(x) dx, � = u � L m ,

we obtain

W 2�
� t ; U� ( t )

�
�

� 2

2

Z �
�
�
r u0

u0
+ x

�
�
�
2
u0(x) dx:
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Stepsof the “metric” proof:

1. The role of the metric variational inequality

2. A discrete variational inequality for the approximate solution

3. A continuous formulation for the discrete inequality

4. A comparison result

5. Cancellation effects and optimal error bounds
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The roleof the metric variational inequality

Let u be a continuous solution of the E.V.I.

d
dt

1
2 d2(u ( t ) ; v) + � (u ( t ) ) � � (v) 8 v 2 S ; t > 0

Let w be another continuous solution of the same E.V.I., depending on the new
variable s

d
ds

1
2 d2(w (s) ; v) + � (w (s) ) � � (v) 8 v 2 S ; s > 0

We choose v := w (s) in the �rst equation and v := u ( t ) in the second one:
summing up

@
@t

1
2 d2(u ( t ) ; w (s) ) + @

@s
1
2 d2(u ( t ) ; w (s) ) � 0 s; t > 0

Evaluating this relation for t = s = t we obtain the contraction property

d
dt

1
2 d2(u (t); w (t)) � 0 i.e. d(u (t); w (t)) � d(u 0 ; w 0 ) t > 0
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Two possiblestrategiesfor the error estimate

Discrete strategy: try to compare two different discrete solutions through a
combinatorial argument (CRANDALL-LIGGETT)

Contin uous strategy: write a true differential evolution inequality instead of a
discrete one... up to per turbation terms and use a comparison estimate
between continuous solutions.
Use some (linear, geodesic, : : :)
interpolation between the con-
secutive values of the discrete
solution.

Interpolate the values of the func-
tions on U n

� instead of interpolating
the arguments (NOCHETTO-SAVARÉ

'03): this does not even require an
underlying linear structure.

We set

� � (s) := “the linear interpolant of � (Un � 1
� ) and � (Un

� )” if s 2 (tn � 1 ; tn ]

=
t n � s

�
� (Un � 1

� ) +
s � t n � 1

�
� (Un

� )

d2
� (s; V ) :=

t n � s
�

d2(Un � 1
� ; V ) +

s � t n � 1

�
d2(Un

� ; V ) s 2 (tn � 1 ; tn ]:
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discrete one... up to per turbation terms and use a comparison estimate
between continuous solutions.
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A continuousevolution inequality for the discretesolution

Starting from

1
�

�
1
2 d2(U n

� ; V ) � 1
2 d2(U n � 1

� ; V )
�

+ 1
2� d2(U n

� ; U n � 1
� ) + � (U n

� ) � � (V ):

since

d
ds d2

� (s; V ) = 1
� n

�
d2(U n

� ; V ) � d2(U n � 1
� ; V )

�
s 2 (tn � 1 ; tn ];

we have
d

ds
1
2 d2

� (s; V ) + 1
2� d2(U n

� ; U n � 1
� ) + � (U n

� ) � � (V );

and therefore

d
ds

1
2 d2

� (s; V ) + � � (s) � � (V ) + � � (s) � � (U n
� ) � 1

2� n
d2(U n

� ; U n � 1
� )

= � (V ) +
t n � s

�

�
� (U n � 1

� ) � � (U n
� )

�
� d2(U n

� ; U n � 1
� )

2� n

= � (V ) + R � (s) (residual quantity)
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A comparisonresult

Discrete E.V.I.:

choose V := u ( t )

d
ds

1
2 d2

� (s; V ) + � � (s) � � (V ) + R � (s) 8 V 2 S ; s > 0 t ; s > 0;

Contin uous E.V.I.: choose v := U n � 1
� , v := U n

� , and take a convex
combination w.r.t. s 2 (tn � 1 ; tn ]

d
dt

1
2 d2(u ( t ) ; v) + � (u ( t ) ) � � (v) 8 v 2 S ; t > 0

Summing up

@
@t

1
2 d2

� (s; u ( t ) ) + @
@s

1
2 d2

� (s; u ( t ) ) � R � (s); t ; s > 0

Choosing t = s = t we eventually �nd

d
dt

1
2 d2

� (t; u(t)) � R � (t) t > 0

and, for U 0
� = u0; d� (0; u0) = d(U 0

� ; u0) = 0,

d2
� (T; u(T )) � 2

Z T

0
R � (t) dt T > 0:
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� )
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�

�
@
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CancellationeffectsI

Since d� (T; V ) = d(U� (T ) ; V ) if T = N � 2 P� and

2
Z t n +1

t n

R � (t ) dt = 2
Z t n +1

t n

� tn +1 � t
�

�
� (U n

� ) � � (U n +1
� )

�
�

d2(U n
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� t Wassersein distance on Riemannian manifolds

PSfrag replacements

0
1

+ 1
I (� )

�
�

@F �
@�

~U� ( t n � 1 + � )
min U

1
2 � kU � U n � 1 k2

H + �( U )
�
�

� (e)
e

= e � �
H � 1(� )

� + H � 1(� )

W (� )
W (� )

W 0(� )
�

tn � 1

tn

U0
� = U n � U n � 1

�

0

�
2�

::: tn � 1

tn

tn +1

tn � 1

U 0
�

U 1
�

U 2
�

U n � 1
�

U n +1
�

U n
�

U n +1
�

U�

P �

U� (t)
U� ( t )

� 1

� 2

:::
� n

:::
� N

t
u

Vs = sUn + (1 � s)V
V
v0

u0

� 0

U n
�

V
Vt

U n � 1
�

u t

u1

� 1

� 0

� 1

w
d(u t ; w ) = d(u0; w ) = d(u1; w )R

jr � sj2w dx

r
r 0

r 1

r t

s
r

s � r t

s � r t

s � r
s � rR

jr � s � r j2u 0 dx
R

jr � s � r j2u0 dx
R

js � r t � x j2u 0 dx
R

js � r t � xj2u0 dx

s
s

r 0

v1

vs

r 1

u
W
U
V

Vs = sU + (1 � s)V
Ut = tU + (1 � t)W

Vs = sUn + (1 � s)Un +1

� 0 := 1
2 � (0 ; 0) +

1
2 � (2 ; 1)

� 1 := 1
2 � (0 ; 0) +

1
2 � ( � 2 ; 1)

� := 1
2 � (0 ; 0) +

1
2 � (0 ; � 2)

� t ...

VANCOUVER, August 2003 – p.44



CancellationeffectsII

d2(U� (T ) ; u(T )) �
N � 1X

n =0

�
�

� (U n
� ) � � (U n +1

� )
�

� d2(U n
� ; U n +1

� )

Optimal estimate: write the discrete inequality and choose V := U n +1
�

1
�

�
1
2 d2(U n

� ; V ) � 1
2 d2(U n � 1

� ; V )
�

+ 1
2� d2(U n

� ; U n � 1
� ) + � (U n

� ) � � (V ):

Summing up the contributions from n = 1 to N
N � 1X

n =0

�
�

� (U n
� ) � � (U n +1

� )
�

� d2(U n
� ; U n +1

� )

� �
�
� (U 0

� ) � � (U 1
�

�
� d2(U 0

� ; U 1
� ) +

N � 1X

n =1

1
2 d2(U n

� ; U n � 1
� ) � 1

2 d2(U n
� ; U n +1

� )

� �
�
� (U 0

� ) � � (U 1
� )

�
� 1

2 d2(U 1
� ; U 0

� )

VANCOUVER, August 2003 – p.45



CancellationeffectsII

d2(U� (T ) ; u(T )) �
N � 1X

n =0

�
�

� (U n
� ) � � (U n +1

� )
�

� d2(U n
� ; U n +1

� )

Optimal estimate: write the discrete inequality

and choose V := U n +1
�

1
�

�
1
2 d2(U n

� ; V ) � 1
2 d2(U n � 1

� ; V )
�

+ 1
2� d2(U n

� ; U n � 1
� ) + � (U n

� ) � � (V ):

Summing up the contributions from n = 1 to N
N � 1X

n =0

�
�

� (U n
� ) � � (U n +1

� )
�

� d2(U n
� ; U n +1

� )

� �
�
� (U 0

� ) � � (U 1
�

�
� d2(U 0

� ; U 1
� ) +

N � 1X

n =1

1
2 d2(U n

� ; U n � 1
� ) � 1

2 d2(U n
� ; U n +1

� )

� �
�
� (U 0

� ) � � (U 1
� )

�
� 1

2 d2(U 1
� ; U 0

� )

VANCOUVER, August 2003 – p.45



CancellationeffectsII

d2(U� (T ) ; u(T )) �
N � 1X

n =0

�
�

� (U n
� ) � � (U n +1

� )
�

� d2(U n
� ; U n +1

� )

Optimal estimate: write the discrete inequality and choose V := U n +1
�

1
�

�
1
2 d2(U n

� ; V ) � 1
2 d2(U n � 1

� ; V )
�

+ 1
2� d2(U n

� ; U n � 1
� ) + � (U n

� ) � � (V ):

Summing up the contributions from n = 1 to N
N � 1X

n =0

�
�

� (U n
� ) � � (U n +1

� )
�

� d2(U n
� ; U n +1

� )

� �
�
� (U 0

� ) � � (U 1
�

�
� d2(U 0

� ; U 1
� ) +

N � 1X

n =1

1
2 d2(U n

� ; U n � 1
� ) � 1

2 d2(U n
� ; U n +1

� )

� �
�
� (U 0

� ) � � (U 1
� )

�
� 1

2 d2(U 1
� ; U 0

� )

VANCOUVER, August 2003 – p.45



CancellationeffectsII

d2(U� (T ) ; u(T )) �
N � 1X

n =0

�
�

� (U n
� ) � � (U n +1

� )
�

� d2(U n
� ; U n +1

� )

Optimal estimate: write the discrete inequality and choose V := U n +1
�

1
�

�
1
2 d2(U n

� ; U n +1
� )� 1

2 d2(U n � 1
� ; U n +1

� )
�

+ 1
2� d2(U n

� ; U n � 1
� )+ � (U n

� ) � � (U n +1
� )

Summing up the contributions from n = 1 to N
N � 1X

n =0

�
�

� (U n
� ) � � (U n +1

� )
�

� d2(U n
� ; U n +1

� )

� �
�
� (U 0

� ) � � (U 1
�

�
� d2(U 0

� ; U 1
� ) +

N � 1X

n =1

1
2 d2(U n

� ; U n � 1
� ) � 1

2 d2(U n
� ; U n +1

� )

� �
�
� (U 0

� ) � � (U 1
� )

�
� 1

2 d2(U 1
� ; U 0

� )

VANCOUVER, August 2003 – p.45



CancellationeffectsII

d2(U� (T ) ; u(T )) �
N � 1X

n =0

�
�

� (U n
� ) � � (U n +1

� )
�

� d2(U n
� ; U n +1

� )

Optimal estimate: write the discrete inequality and choose V := U n +1
�

1
�

�
1
2 d2(U n

� ; U n +1
� )� 1

2 d2(U n � 1
� ; U n +1

� )
�

+ 1
2� d2(U n

� ; U n � 1
� )+ � (U n

� ) � � (U n +1
� )

�
�

� (U n
� ) � � (U n +1

� )
�

� 1
2 d2(U n � 1

� ; U n +1
� ) � 1

2 d2(U n
� ; U n +1

� ) � 1
2 d2(U n

� ; U n � 1
� )

Summing up the contributions from n = 1 to N
N � 1X

n =0

�
�

� (U n
� ) � � (U n +1

� )
�

� d2(U n
� ; U n +1

� )

� �
�
� (U 0

� ) � � (U 1
�

�
� d2(U 0

� ; U 1
� ) +

N � 1X

n =1

1
2 d2(U n

� ; U n � 1
� ) � 1

2 d2(U n
� ; U n +1

� )

� �
�
� (U 0

� ) � � (U 1
� )

�
� 1

2 d2(U 1
� ; U 0

� )

VANCOUVER, August 2003 – p.45



CancellationeffectsII

d2(U� (T ) ; u(T )) �
N � 1X

n =0

�
�

� (U n
� ) � � (U n +1

� )
�

� d2(U n
� ; U n +1

� )

Optimal estimate: write the discrete inequality and choose V := U n +1
�

1
�

�
1
2 d2(U n

� ; U n +1
� )� 1

2 d2(U n � 1
� ; U n +1

� )
�

+ 1
2� d2(U n

� ; U n � 1
� )+ � (U n

� ) � � (U n +1
� )

�
�

� (U n
� ) � � (U n +1

� )
�

� 1
2 d2(U n � 1

� ; U n +1
� ) � 1

2 d2(U n
� ; U n +1

� ) � 1
2 d2(U n

� ; U n � 1
� )

� 1
2 d2(U n

� ; U n +1
� ) + 1

2 d2(U n
� ; U n � 1

� )

Summing up the contributions from n = 1 to N
N � 1X

n =0

�
�

� (U n
� ) � � (U n +1

� )
�

� d2(U n
� ; U n +1

� )

� �
�
� (U 0

� ) � � (U 1
�

�
� d2(U 0

� ; U 1
� ) +

N � 1X

n =1

1
2 d2(U n

� ; U n � 1
� ) � 1

2 d2(U n
� ; U n +1

� )

� �
�
� (U 0

� ) � � (U 1
� )

�
� 1

2 d2(U 1
� ; U 0

� )

VANCOUVER, August 2003 – p.45



CancellationeffectsII

d2(U� (T ) ; u(T )) �
N � 1X

n =0

�
�

� (U n
� ) � � (U n +1

� )
�

� d2(U n
� ; U n +1

� )

Optimal estimate: write the discrete inequality and choose V := U n +1
�

1
�

�
1
2 d2(U n

� ; U n +1
� )� 1

2 d2(U n � 1
� ; U n +1

� )
�

+ 1
2� d2(U n

� ; U n � 1
� )+ � (U n

� ) � � (U n +1
� )

�
�

� (U n
� ) � � (U n +1

� )
�

� 1
2 d2(U n � 1

� ; U n +1
� ) � 1

2 d2(U n
� ; U n +1

� ) � 1
2 d2(U n

� ; U n � 1
� )

� 1
2 d2(U n

� ; U n +1
� ) + 1

2 d2(U n
� ; U n � 1

� )

Summing up the contributions from n = 1 to N
N � 1X

n =0

�
�

� (U n
� ) � � (U n +1

� )
�

� d2(U n
� ; U n +1

� )

� �
�
� (U 0

� ) � � (U 1
�

�
� d2(U 0

� ; U 1
� ) +

N � 1X

n =1

1
2 d2(U n

� ; U n � 1
� ) � 1

2 d2(U n
� ; U n +1

� )

� �
�
� (U 0

� ) � � (U 1
� )

�
� 1

2 d2(U 1
� ; U 0

� )

VANCOUVER, August 2003 – p.45



CancellationeffectsII

d2(U� (T ) ; u(T )) �
N � 1X

n =0

�
�

� (U n
� ) � � (U n +1

� )
�

� d2(U n
� ; U n +1

� )

Optimal estimate: write the discrete inequality and choose V := U n +1
�

1
�

�
1
2 d2(U n

� ; U n +1
� )� 1

2 d2(U n � 1
� ; U n +1

� )
�

+ 1
2� d2(U n

� ; U n � 1
� )+ � (U n

� ) � � (U n +1
� )

�
�

� (U n
� ) � � (U n +1

� )
�

� 1
2 d2(U n � 1

� ; U n +1
� ) � 1

2 d2(U n
� ; U n +1

� ) � 1
2 d2(U n

� ; U n � 1
� )

� 1
2 d2(U n

� ; U n +1
� ) + 1

2 d2(U n
� ; U n � 1

� )

Summing up the contributions from n = 1 to N
N � 1X

n =0

�
�

� (U n
� ) � � (U n +1

� )
�

� d2(U n
� ; U n +1

� )

� �
�
� (U 0

� ) � � (U 1
�

�
� d2(U 0

� ; U 1
� ) +

N � 1X

n =1

1
2 d2(U n

� ; U n � 1
� ) � 1

2 d2(U n
� ; U n +1

� )

� �
�
� (U 0

� ) � � (U 1
� )

�
� 1

2 d2(U 1
� ; U 0

� )

VANCOUVER, August 2003 – p.45



CancellationeffectsII

d2(U� (T ) ; u(T )) �
N � 1X

n =0

�
�

� (U n
� ) � � (U n +1

� )
�

� d2(U n
� ; U n +1

� )

Optimal estimate: write the discrete inequality and choose V := U n +1
�

1
�

�
1
2 d2(U n

� ; U n +1
� )� 1

2 d2(U n � 1
� ; U n +1

� )
�

+ 1
2� d2(U n

� ; U n � 1
� )+ � (U n

� ) � � (U n +1
� )

�
�

� (U n
� ) � � (U n +1

� )
�

� 1
2 d2(U n � 1

� ; U n +1
� ) � 1

2 d2(U n
� ; U n +1

� ) � 1
2 d2(U n

� ; U n � 1
� )

� 1
2 d2(U n

� ; U n +1
� ) + 1

2 d2(U n
� ; U n � 1

� )

Summing up the contributions from n = 1 to N
N � 1X

n =0

�
�

� (U n
� ) � � (U n +1

� )
�

� d2(U n
� ; U n +1

� )

� �
�
� (U 0

� ) � � (U 1
�

�
� d2(U 0

� ; U 1
� ) +

N � 1X

n =1

1
2 d2(U n

� ; U n � 1
� ) � 1

2 d2(U n
� ; U n +1

� )

� �
�
� (U 0

� ) � � (U 1
� )

�
� 1

2 d2(U 1
� ; U 0

� )

VANCOUVER, August 2003 – p.45



Optimal error estimate

Since U 0
� = u0

d2(U� (T ) ; u(T )) � �
�
� (U 0

� ) � � (U 1
� )

�
� 1

2 d2(U 1
� ; U 0

� )

� � j@� j(u0)d(u0; U 1
� ) � 1

2 d2(u0; U 1
� )

�
� 2

2
j@� j2(u0)

d2(U� (T ) ; u(T )) �
� 2

2
j@� j2(u0) T > 0

VANCOUVER, August 2003 – p.46



Optimal error estimate

Since U 0
� = u0

d2(U� (T ) ; u(T )) � �
�
� (U 0

� ) � � (U 1
� )

�
� 1

2 d2(U 1
� ; U 0

� )

� � j@� j(u0)d(u0; U 1
� ) � 1

2 d2(u0; U 1
� )

�
� 2

2
j@� j2(u0)

d2(U� (T ) ; u(T )) �
� 2

2
j@� j2(u0) T > 0

VANCOUVER, August 2003 – p.46



Optimal error estimate

Since U 0
� = u0

d2(U� (T ) ; u(T )) � �
�
� (U 0

� ) � � (U 1
� )

�
� 1

2 d2(U 1
� ; U 0

� )

� � j@� j(u0)d(u0; U 1
� ) � 1

2 d2(u0; U 1
� )

�
� 2

2
j@� j2(u0)

d2(U� (T ) ; u(T )) �
� 2

2
j@� j2(u0) T > 0

VANCOUVER, August 2003 – p.46



Optimal error estimate

Since U 0
� = u0

d2(U� (T ) ; u(T )) � �
�
� (U 0

� ) � � (U 1
� )

�
� 1

2 d2(U 1
� ; U 0

� )

� � j@� j(u0)d(u0; U 1
� ) � 1

2 d2(u0; U 1
� )

�
� 2

2
j@� j2(u0)

d2(U� (T ) ; u(T )) �
� 2

2
j@� j2(u0) T > 0

VANCOUVER, August 2003 – p.46


	Evolution equations and Wasserstein distance
	Examples
	Gradient Flows
	The Wasserstein distance
	The Wasserstein distance: absolutely continuous measures
	Gradient flows w.r.t. the Wasserstein distance?
	Plan
	(Geo)Metric
properties of $AmbientSpace $
	Absolutely continuous curves and metric derivative I
	Absolutely continuous curves and metric derivative II
	Velocity and linear transport equation
	Additional properties of the velocity
	Derivative of the Wasserstein distance along a.c. curves
	Metric slope
	Functionals geodesically convex 	extsc {[McCann]}
	Metric slope and subgradients for $llambda $- convex functionals

