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Evolution equationsand Wassersteindistance

Let us consider a parabolic equation with the following structure

% @Qu(x;t) + div u(x;t)v(x;t) =0 x2R":t>0;

vix; )= r  —(x;t)
2

u(x; 0)= uo(x) uo 2 LY(R™); ug O
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Evolution equationsand Wassersteindistance

Let us consider a parabolic equation with the following structure

% @Qu(x;t) + div u(x;t)v(x;t) =0 x2R":t>0;

vix; )= r  —(x;t)
2

u(x; 0)= uo(x) uo 2 LY(R™); ug O

Here isa suitzable integral functional and — is its Euler-Lagrange rst variation

(u) = L (x;u;ru)dx; — = Lu(xuru) divyh, y(Xusr u)
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Evolution equationsand Wassersteindistance

Let us consider a parabolic equation with the following structure
% @u(x; t) + div u(x;t)v(x; t) =0 x2R™: t> 0

vix; t)= r  —(xt) ;

2

u(x; 0)= uo(x) uo 2 LY(R™); ug O

Here isa suitzable integral functional and — is its Euler-Lagrange rst variation
(u) = L (x;u;ru)dx; — = Lu(xuru) divyh, y(Xusr u)

OTTO, JORDAN, KINDERLEHRER AND OTTO ['97-'00] showed in many interesting
cases that an equation with this particular structure can be interpreted as

the “gradient o w” of
with respect to the so called
“W asser stein distance”
between probability measures.
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Evolution equationsand Wassersteindistance

Let us consider a parabolic equation with the following structure
% @u(x; t) + div u(x;t)v(x; t) =0 x2R™: t> 0

vix; t)y=r (X t)
3

u(x; 0)= uo(x) uo 2 LY(R™); ug O

Here isa suitzable integral functional and — is its Euler-Lagrange rst variation

(u) = L (x;u;ru)dx; — = Lu(xuru) divyh, y(Xusr u)

OTTO, JORDAN, KINDERLEHRER AND OTTO ['97-'00] showed in many interesting
cases that an equation with this particular structure can be interpreted as

the “gradient o w” of
with respect to the so called
“W asser stein distance”
between probability measures.

Applications: asymptotic behaviour of solutions, Logarithmic Sobolev Inequalities,
approximation algorithms,...
(AGUEH, BRENIER, CARRILLO, MCCANN, GANGBO, OTTO, VILLANI,...)
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Examples

® Li(x;u):=u logu+ (xX); L =logu+ +1, :R™! R

@u + div(uv) = 0O v=r (logu+ + 1)
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Examples

® Li(x;u):=u logu+ (xX); L =logu+ +1, :R"! R
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@u u dv(ur )

0 (Fokker-Planck equation)
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Examples

® Li(x;u):=u logu+ (xX); L =logu+ +1, :R"! R

@u + div(uv) = 0O Y

r (logu+ +1)= —rr

@u u dv(ur )

0 (Fokker-Planck equation)

® Lo(u):=—-2u; —z=——u *forsome 1 1=m
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@u u =20 (Porous media equation)
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Examples

® Li(x;u):=u logu+ (xX); L =logu+ +1, :R"! R

@u + div(uv) = 0O Y

r (logu+ +1)= —rr

@u u dv(ur )=0 (Fokker-Planck equation)

® Lo(u):=—-2u; —z=——u *forsome 1 1=m
@u+div(uw)=0; v=r1 (—u Y= u “ru=s rl:J
@u u =20 (Porous media equation)
L . — jl’ Uj2. 3 — 2 pU
X 3(U) = T T _puT
o)
@u + div(uv) = 0O; vV =2r —pT
D —

@u + 2div ur —pTu = 0 (Quantum drift diffusion)
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#® The ambient space S is an Euclidean vector space R™,
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Gradient Flows

#® The ambient space S is an Euclidean vector space R™,
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Gradient Flows

#® The ambient space S is an Euclidean vector space R™,
or a Riemannian manif old

o .S ! (1 ;+1)isasmooth functional with gradient r
in the tang ent space Tan,S
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Wty = r  (u(t)) 2 TanyS
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Gradient Flows

The ambient space S is an Euclidean vector space R™,
or a Riemannian manif old
or an ini nite dimensional Hilber t space

.S ! (1 ;+1)isasmooth functional with gradient r
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Gradient Flows

#® The ambient space S is an Euclidean vector space R™,
or a Riemannian manif old
or an ini nite dimensional Hilber t space

o .S ! (1 ;+1)isasmooth functional with gradient r
in the tang ent space Tan,S
or a convex functional with subgradient @

® Up 2 S isthe initial datum

We look for the curve u:[0;+1)! S suchthat u(0) = upo and
uw’(t) = r  (u(t)) 2 TanyS or
u(h2 @ (u())
Velocity = “Gradient” of some functional

Chain rule: & (u(t)) = hr (u(®);u%t)i = j 0= jr  (u(t)j?

+
Z - Z .

Energy identity: 1 ju’®)j®dt+ L jr (u(©)j®dt= (uo)  (u(T))
0 0
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The Wassersteirdistange
n
S = P,(R") = Borel probability measure on R™ : ixj°d (x) < +1
Rm

o
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The Wassersteirdistange

n
S = P,(R") = Borel probability measure on R™ : ixj°d (x) < +1
Rm

Plans: 2 P(R" RM)
Projections:  1(X1;X2) = X1; 2(X1;X2) = X2;
Marginals: 5 = 1; & = >
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The Wassersteirdistange

n 0
S = P,(R") = Borel probability measure on R™ : ixj°d (x) < +1
Rm
Plans: 2 P(R" RM)
Projections:  1(X1;X2) = X1; 2(X1;X2) = X2;
Marginals: 5 = 1; & = >
Transport plans: TransPlan 1; »2) = oy =1 i o= 2

The (L?)-Wasserstein distance W ( 1: »)isde ned by

nZZ o)
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VANCOUVER, August 2003 — p.5



The Wassersteirdistange

n
S = P,(R") = Borel probability measure on R™ : ixj°d (x) < +1
Rm

Plans: 2 P(R" RM)
Projections:  1(X1;X2) = X1; 2(X1;X2) = X2;
Marginals: 5 = 1; & = >

Transport plans: TransPlan 1; »2) = L E =1, ¥y = 2

The (L?)-Wasserstein distance W ( 1: »)isde ned by

nZZ o)

W2( 1; 2):= min X1 X2j°d (x1;x2): 2 TransPlan( 1; »)

Optimal plans:
) p p S5 )
OptPlan( 1; ) := 2 TransPlar( 1; »): X1 X2j°d (X1:%X2)= W?2( 1; 2)
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The Wassersteindistance: absolutely continuous measures

Measures which are n 0
absolutely continuous . S*=P3RM) = 29 =ZulL M LM
w.r.t. the Lebesgue one L ™
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The Wassersteindistance: absolutely continuous measures

Measures which are n 0
absolutely continuous . S*=P3RM) = 29 =ZulL M LM
w.r.t. the Lebesgue one L ™

Plans induced by a tranport: = Plan[r ] concentrated on the graph of a Borel map r
n 0
TransMag 1; 2):= r:R™!I R™; ry 1= >

Transport maps:

W AW 00

Z Z
(x2)d 1(x2) = (r(x1))d 1(x1) for every test function
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The Wassersteindistance: absolutely continuous measures

Measures which are n 0
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% TransMag 1; 2):= r:R™!I R™; ry 1= >
Transport maps: 3 m
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The Wassersteindistance: absolutely continuous measures

Measures which are n 0
absolutely continuous . S*=P3RM) = 29 =ZulL M LM
w.r.t. the Lebesgue one L ™

Plans induced by a tranport: = Plan[r ] concentrated on the graph of a Borel map r
8 n 0
% TransMag 1; 2):= r:R™!I R™; ry 1= >
Transport maps: 3 m

Planfr]= I1d r , 12 TransPlar( 1; 2)

If 12 S ®isa.c.then the Wasserstein distance W( 1; 2) can be expressed
only in terms of transport maps and it is equal to
nZ 0
W?2( 1; 2)=min  jr(x1) x1j°d 1(x1):rg 1= 2

If 1 2 S @ there exists a unique optimal transport plan 2 OptPlan( 1; 2);
= Plan[r ] is induced by an optimal transpor t map r = OptMap( 1; 2);
r is cyclically monotone . [BRENIER, KNOTT AND SMITH]
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Gradient o wsw.r.t. the Wassersteirdistance?

How to interpret the evolutionary P.D.E. as gradient o w?
We are in a convex set of an in nite dimensional space, but the distance does not

seem compatible with the linear structure: e.g.

linear segments (i.e. the usual convex combinations of two measuresin S )
may have in nite length.

At least four possible approaches are possible:
# The formal Riemannian interpretation by OTTO.
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Gradient o wsw.r.t. the Wassersteindistance?

How to interpret the evolutionary P.D.E. as gradient o w?
We are in a convex set of an in nite dimensional space, but the distance does not
seem compatible with the linear structure: e.g.

linear segments (i.e. the usual convex combinations of two measuresin S )
may have in nite length.

At least four possible approaches are possible:
# The formal Riemannian interpretation by OTTO.

#® Time discretization [OTTO]: approximation by the variational formulation of
the Euler implicit scheme.

# Find suitable notions of velocity and gradient in the space of probability
measures.

# Curves of maximal slope in metric spaces.
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Plan

# Starting from geometric properties of S , and of the chain rule/energy
a W)= ju)=jr  (u)))]

we will see how to give a (partial) meaning to velocity and gradient in a
purely metric context:

ju’@)j  jul) = “metric derivative”; jr (u(t))j j@j(u(t)) := “metric slope”:
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Plan

# Starting from geometric properties of S , and of the chain rule/energy
a W)= ju)=jr  (u)))]

we will see how to give a (partial) meaning to velocity and gradient in a
purely metric context:

ju’@)j  jul) = “metric derivative”; jr (u(t))j j@j(u(t)) := “metric slope”:

This formulation is strictly related to the DE GIORGI's notion of curves of
maximal slope

wW=r (u , ju’+r (Wj*=0
o ju¥t+ g (iF+ 2ne®r (wi=o

C U (Wit 28 (=0

, £ W=jur=g
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# We interpret them in the case of the Wasserstein distance and we will see
that they are strictly related to the structure of the equation:

metric velocity, velocity vector, tangent space $  continuity equation
metric slope, subgradient $  nonlinear condition

VANCOUVER, August 2003 —p.8



Plan

# Starting from geometric properties of S , and of the chain rule/energy
a W)= ju)=jr  (u)))]

we will see how to give a (partial) meaning to velocity and gradient in a
purely metric context:

ju’@)j  jul) = “metric derivative”; jr (u(t))j j@j(u(t)) := “metric slope”:

# We interpret them in the case of the Wasserstein distance and we will see
that they are strictly related to the structure of the equation:
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#® We end up with rigorous notions of vector velocity and (sub)gradient in
S , thus of gradient o w; in the case of geodesicall y convex functionals
we can prove uniqueness, regularizing effect, and asymptotic behaviour of
the solution.
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Plan

Starting from geometric properties of S , and of the chain rule/energy
identity ; oo -
a W)= ju)=jr  (u)))]

we will see how to give a (partial) meaning to velocity and gradient in a
purely metric context:

ju’@)j  jul) = “metric derivative”; jr (u(t))j j@j(u(t)) := “metric slope”:

We interpret them in the case of the Wasserstein distance and we will see
that they are strictly related to the structure of the equation:

metric velocity, velocity vector, tangent space $  continuity equation
metric slope, subgradient $  nonlinear condition

We end up with rigorous notions of vector velocity and (sub)gradient in
S , thus of gradient o w; in the case of geodesicall y convex functionals
we can prove uniqueness, regularizing effect, and asymptotic behaviour of
the solution.

Finally, we study the existence of such a solution by proving the convergence
and the related error estimates for the time discretization method.
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(Geo)Metric propertiesof S

® Completeness: S endowed with the Wasserstein distance W is a complete
metric space.
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#® Convergence: A sequence , convergesto inS Iiff

Z V4
0 ¥ in the sense of distributions; ixj°d o ! jixj°d:
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(Geo)Metric propertiesof S

Completeness: S endowed with the Wasserstein distance W is a complete
metric space.

Convergence: A sequence , convergesto inS iff

Z V4
0 ¥ in the sense of distributions; ixj°d o ! jixj°d:

Geodesics: Ifr 2 OptMap( 1; 2), the curve
PPz 0r)s 1 re(X)= (1 t)x+tr(x); t2[0:1]:

IS a constant speed geodesic connecting 1 to ».
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(Geo)Metric propertiesof S

® Completeness: S endowed with the Wasserstein distance W is a complete
metric space.

#® Convergence: A sequence , convergesto inS Iiff

Z V4
0 ¥ in the sense of distributions; ixj°d o ! jixj°d:

® Geodesics: Ifr 2 OptMap( 1; 2), the curve
PPz 0r)s 1 re(X)= (1 t)x+tr(x); t2[0:1]:

IS a constant speed geodesic connecting 1 to ».
More generally, if 2 OptPlan( 1; 2), denoting by

H2=1 1) Yx1)+t ?(x2); t2][0;1]

the geodesic is given by Bl )

and every geodesic admits this representation for some
2 OptPlan( 1; 2).
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Absolutely continuous curvesand metric derivative |

From the energy estimate, we know that a gradient o w solution should have nite
guadratic energy, i.e.
VA T

E(u) = jul()j°dt< +1 : ?)
0
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Absolutely continuous curvesand metric derivative |

From the energy estimate, we know that a gradient o w solution should have nite
guadratic energy, i.e.

VA T
E(u) = jul)jcdt < +1 : ?)
0

If we want to de ne an analogous functional for curves with values in a metric
space, we observe that (?) is equivalent to
VA t
Om 2 LA0;T): ju(t) u(s)] m()d 8(sit) (&b  (??

S

and the energy can be recovered as

Z ;

E>(u) = inf m?( )d: among all the function m satisfying (??).
0
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Absolutely continuous curvesand metric derivative ll

Therefore we say thata curvet 2 (a;b) 7! 2 S has nite p-energy, or
2 ACP(a;b;S), if there exists m 2 LP(a;b) such that
VA t
W( s; t) m()d; a<s t<bh:

S
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Therefore we say thata curvet 2 (a;b) 7! 2 S has nite p-energy, or
2 ACP(a;b;S), if there exists m 2 LP(a;b) such that

Zt
W( s; t) m()d; a<s t<bh:

S

p = 1: absolutely continuous curves

p = 2:curves with nite qudratic energy,

p= 1 : Lipschitz curves.
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Absolutely continuous curvesand metric derivative ll

Therefore we say thata curvet 2 (a;b) 7! 2 S has nite p-energy, or
2 ACP(a;b;S), if there exists m 2 LP(a;b) such that
VA t
W( s; t) m()d; a<s t<bh:

S

p = 1: absolutely continuous curves

p = 2:curves with nite qudratic energy,

p= 1 : Lipschitz curves.

If 2 ACP(a;b;S ) then the minimal choice for m is provided by its metric
velocity j 9 which is a.e. de ned by

lim Wjis;tjt) = j %(t) andsatises j %(t) m(t) a.e.in(a;b),

VANCOUVER, August 2003 - p.11



Absolutely continuous curvesand metric derivative ll

Therefore we say thata curvet 2 (a;b) 7! 2 S has nite p-energy, or
2 ACP(a;b;S), if there exists m 2 LP(a;b) such that
VA t
W( s; t) m()d; a<s t<bh:

S

p = 1: absolutely continuous curves

p = 2:curves with nite qudratic energy,

p= 1 : Lipschitz curves.

If 2 ACP(a;b;S ) then the minimal choice for m is provided by its metric
velocity j 9 which is a.e. de ned by

lim Wjis;tjt) = j %(t) andsatises j %(t) m(t) a.e.in(a;b),

—

Ly

Eo( ):= j JP(t)dt

a

VANCOUVER, August 2003 - p.11



Absolutely continuous curvesand metric derivative ll

Therefore we say thata curvet 2 (a;b) 7! 2 S has nite p-energy, or
2 ACP(a;b;S), if there exists m 2 LP(a;b) such that
VA t
W( s; t) m()d; a<s t<bh:

S

p = 1: absolutely continuous curves

p = 2:curves with nite qudratic energy,

p= 1 : Lipschitz curves.

If 2 ACP(a;b;S ) then the minimal choice for m is provided by its metric
velocity j 9 which is a.e. de ned by

lim Wjis;tjt) = j %(t) andsatises j %(t) m(t) a.e.in(a;b),

—

Ly

Eo( ):= j JP(t)dt

a
Z VANCOUVER, August 2003 — p.11




Velocity and linear transport equation

Let 2 AC?(a;b;S) be a curve with nite quadratic energy in S ; then there

exists a unique (up to negligible sets) Borel vector eld vi = ; 2 L?( {;R™) such
that
@ ¢ + div( (v¢) = 0 inthe sense of distributions (?)

i 9% = jvix)j°d ((x) fora.e.t2 (a;b) (??)
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that
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that
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Velocity and linear transport equation

Let 2 AC?(a;b;S) be a curve with nite quadratic energy in S ; then there

exists a unique (up to negligible sets) Borel vector eld vi = ; 2 L?( {;R™) such
that
@ t + div( tv¢) = 0 inthe sense of distributions (?)
i %)= jvi(x)j°d ¢(x) fora.e.t2 (a;b) (??)
| 2
moreover vi 2 Tan ,S :=fr ' : ' 2C! (RM)g O forae.t2 (a;b):

Conversely, if satisfy (?) for some v¢ 2 L?( {;R™) with
zZ, Z
jvi(x)j%d ((x) dt< +1;
a

Z
then 2 AC%(a;bS) and j %°(t) jvi(x)j°d ((x) fora.e.t2 (a;h)

the equality (??) holds iffv; 2 Tan | S .
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Additional propertiesof the velocity

Variational selection principle (extension to a.c. curves of BENAMOU-BRENIER
variational characterization of the Wasserstein distance):
nfpZ ) 0
Ex( ) = min jvi(x)j°d ((x)dt: @ ¢+ div( (vi)=0

a
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Additional propertiesof the velocity

Variational selection principle (extension to a.c. curves of BENAMOU-BRENIER
variational characterization of the Wasserstein distance):

nZ,Z 5
E2( ) = min Vi(x)j2d (x)dt: @ ¢+ div( (vi)=0

a

If 2 AC?%(a;b;S ) thenfora.e.t 2 (a;b)
o If (2S%andry, 2 OptMap( ; t+n) then

. rp(x) Xx
r!l!mo h

= vi(x) inL?%( ;R™):
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Additional propertiesof the velocity

Variational selection principle (extension to a.c. curves of BENAMOU-BRENIER
variational characterization of the Wasserstein distance):
nfpZ 0
Ex( )= min Vi(x)ji2d ((x)dt: @ ¢+ div( (v¢) =0
a
If 2 AC?%(a;b;S ) thenfora.e.t 2 (a;b)
o If (2S%andry, 2 OptMap( ; t+n) then

jim (X)X

— : 2 .pMmy.
lim H = Vvi(x) InL°( ¢;R"):

® Ingeneral,if , 2 OptPlan( t; t+n) then the rescaled plans
~ = Shi(C? Y, , convergeto (Id vi)z ¢ inP?*R™ RM)

W +;|d+hV
lim ten; (4 Ave)s

ht 0 jhj =0
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Derivative of the Wassersteindistancealong a.c. curves

Let 2 AC(a;lyS ) be a curve with velocity vectors vy 2 Tan .S andletus X
2 S:themap t7! W2( ; ) isabsolutely continuous:

how do we calculate ~ TW?( (; )?
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Let 2 AC(a;b;S ) be a curve with velocity vectorsvy 2 Tan ,S andletus x
2 S:themap t7! W2( ; ) isabsolutely continuous:

how do we calculate ~ TW?( (; )?

In a Hilbert space  SW?( ¢; )= 2hv¢; i:
In a Riemannian manifold, we should nd a constant speed geodesic , with
(0= +; (1)= ;ifw 2 Tan S isitsinitial velocity then we have

SW?2( ;) = 2w wi

In the Wasserstein framework, we choose , 2 OptPlan( ; ) obtaining for a.e. t

27
L

%WZ( (; )= 2 hvi(x1);x1 Xoid t(Xl;XZ)
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Derivative of the Wassersteindistancealong a.c. curves
Let 2 AC(a;b;S ) be a curve with velocity vectorsvy 2 Tan ,S andletus x
2S:themap t7! W?( ¢; ) is absolutely continuous:
how do we calculate ~ TW?( (; )?

In a Hilbert space  SW?( ¢; )= 2hv; i:
In a Riemannian manifold, we should nd a cpnstant speed geodesic , with
(0= +; (1)= ;ifw 2 Tan | S isits iNtial velocity then we have

SW?2( ;) = 2w wi

In the Wasserstein framework, we choose , 2 ORtPlan( ; ) obtaining for a.e. t
paya
AW?( ;5 )=2  hvi(x1);xa XZN1;Xz)
If . = Plan[r] we have the simpler formula

—
yAs

. v
W20 )= 2 we(xa)ixa re(xa)id o(xa) = 2w ld  reipe
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Metric slope

The metric slope ofal.s.c. functional :S ! (1 ;+1 ]Jisdened by

+

() ()
W(; )

J@j( ) = lim sup
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Metric slope

The metric slope ofal.s.c. functional :S ! (1 ;+1 ]Jisdened by

+

() ()
W(; )

J@j( ) = lim sup

It provides a so called “upper gradient ” for , since for every curve
2 AC (a;b; S ) such that Is absolutely continuous

4@ 9 j@i (1) ae.in(a;b):
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Metric slope

The metric slope ofal.s.c. functional :S ! (1 ;+1 ]Jisdened by

+

() ()
W(; )

J@j( ) = lim sup

It provides a so called “upper gradient ” for , since for every curve
2 AC (a;b; S ) such that Is absolutely continuous

4@ 9 j@i (1) ae.in(a;b):

2 AC?%(a;b;S ) is a curve of maximal slope for if

g (=17 TO=je@ift =] IO j@i () ae.in(ab:
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Functionals geodesicallycorvex [ M CCANN]

Afunctional :R™! (1 :+1]is -convex, 2R,ifD? |, I.e. for every
choice of x1;x2> 2 D( ),t 2 [0; 1]

(1  t)x1+txy (1 t) (x1)+1t (x2) %t(l t)jx1 Xaj°
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choice of x1;x2> 2 D( ),t 2 [0; 1]

(1  t)x1+txy (1 t) (x1)+1t (x2) %t(l t)jx1 Xaj°

Analogously, we saythat :S ! (1 ;+1]is -(displacement) convex if

8 1: »2D( )ageodesic {' ? existssuch that

CY) @ ) (ot () 3ot HWA( 1 o)
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Analogously, we saythat :S ! (1 ;+1]is -(displacement) convex if
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#® The functional () = (x)d (x) is -convex iff IS -convex.
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Analogously, we saythat :S ! (1 ;+1]is -(displacement) convex if

8 1: »2D( )ageodesic {' ? existssuch that

CY) @ ) (ot () 3ot HWA( 1 o)

Z
#® The functional () = (x)d (x) is -convex iff IS -convex.

Z
® Thefunctional ( ):= L (u(x))dx; where =u L™+ 7;

is convex ifthemap s7! s"L (s ™) isconvex, nonincreasing in (0;+ 1 )

Examples: L (u) = ulogu; L (u)= —;u for 1 1=m.
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Functionals geodesicallycorvex [ M CCANN]

Afunctional :R™! (1 :+1]is -convex, 2R,ifD? |, I.e. for every
choice of x1;x2> 2 D( ),t 2 [0; 1]

(1  t)x1+txy (1 t) (x1)+1t (x2) %t(l t)jx1 Xaj°

Analogously, we saythat :S ! (1 ;+1]is -(displacement) convex if

, 2 D( ) ageodesic ;' ? exists such that
11 2 1 2 . .
o) @) )+t (2) 3 Wl OW 15 2):
Z
The functional () := (x)d (x) is -convex iff IS -convex.

Z
The functional ( ):= L (u(x))dx; where =u L™+ °;

is convex ifthemap s7! s"L (s ™) isconvex, nonincreasing in (0;+ 1 )

Examples: L (u) = ulogu; L (u)= —;u for 1 1=m.
/7

The functional () := W(x vy)d (x)d (y) is convex iff W is convex:
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Metric slopeand subgradientsfor - corvexfunctionals

If isal.s.c.and -geodesicall y convex functional, its metric slope can be
expressed through a \ sup®™instead of a \ lim sup™

O O,

@i( )= sup— ey —* 3 W( )

and therefore is lower semicontinuous.
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and therefore is lower semicontinuous.
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we say thatw 2 Tan S belongs to the subgradient @( ),for 2 S @, if

8 2D() r20ptMap( ; ): |hw;r Idi2cy () ()
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we say thatw 2 Tan S belongs to the subgradient @( ),for 2 S @, if

8 2D() r20ptMap( ; ): |hw;r Idi2cy () ()

In the caseZZZ S nS ? we suppose that9 2 OptPlan( ; ) such that
I’W(Xl);Xz Xlid (X1;X2) ( ) ( )

VANCOUVER, August 2003 — p.17



Metric slopeand subgradientsfor - corvexfunctionals

If isal.s.c.and -geodesicall y convex functional, its metric slope can be
expressed through a \ sup®™instead of a \ lim sup™

() O .
W(; ) ’

J@j( ) = sup W( )

and therefore is lower semicontinuous.
If is geodesicall y convex or -geodesicall y convex

we say thatw 2 Tan S belongs to the suﬂ{adient @ ( ), for m\

8 2D() r20ptMap( ; ): |hwir Ididy () () W2( ;)

In the casg ., 2 S nS @ we suppose that 9 2 OptPlan( ;)}‘vhat

hw(xi);x,  xgid (xi;x2) () () W?2( ;)

VANCOUVER, August 2003 — p.17



Metric slopeand subgradientsfor - corvexfunctionals

If isal.s.c.and -geodesicall y convex functional, its metric slope can be
expressed through a \ sup®™instead of a \ lim sup™

() O .

Wi ) 5 W(; )i

J@j( ) = sup

and therefore is lower semicontinuous.
If is geodesicall y convex or -geodesicall y convex
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Metric slopeand subgradientsfor - corvexfunctionals

If isal.s.c.and -geodesicall y convex functional, its metric slope can be
expressed through a \ sup®™instead of a \ lim sup™

() O .

Wi ) 5 W(; )i

J@j( ) = sup

and therefore is lower semicontinuous.
If is geodesicall y convex or -geodesicall y convex
we say thatw 2 Tan S belongs to the subgradient @( ),for 2 S @, if

8 2D() r20ptMap( ; ): |hw;r Idigzcy, () () WA ;)

If isl.s.c.and ﬁconvex,D(j@j) S aEpen
j@j( )=min kwk 2 y,:w2@( ) :

Closure property: ifw, 2 @ ( n), then

W(n; )8 0 awn *  w; sup,kwpnkize y<+1 ) w2@()
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Example of subgradients

(x)d (x) with

w2@()

-convex;

w(x) 2 @ (x)

for

ae. x2R™:
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Example of subgradients

Z
= (x)d (x) with -convex;
w2@()
Z
= ulog(u)dx, =u L ™;then
w2@() u2 WHHR™);

w(x)2 @ (x) for ae.x2R™:

w(x) = "% 2 L% ;R™)
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():

():

Example of subgradients

(x)d (x) with -convex;

w2@() , w(x)2@ (x)

Z
ulog(u)dx, =u L ™;then

for ae.x2R™:

w2@() , u2WU(RT); w(x)= G217 ;RM)

—— udx, =u L™ | >1

w2@() |, u 2 WHHR™):  w(x)

: then

u

— r.u 2L2(.

R™)
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Example of subgradients

Z
():= (x)d (x) with -convex;
w2@() w(x)2 @ (x) for ae.x2R™:
Z
( ):= ulog(u)dx, =u L ™;then
w2@() u2 WHHR™); w(x) = "% 2 L% ;RM)
1 Z
()::—1 u dx, =u L™ > 1| then
w2@() u 2W YR w(x) = 42 L% ;R™M)
1 Z
()Z=—1 ud, =ulL™+ 7,1 1=m < 1 then
w2@() u 2WEYR™): | P =0 w(x)= “4—2L% ;RM)
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Gradient and Chain rule

The previous de nition of subgradient is well adapted to evaluate the time
derivative of al.s.c., -convex functional :S ! (1 ;+1 ]Jalonga curve
Suppose that

2 AC?(a;b; S ) with velocity vector v; := ; 2 Tan , S
Z, Z
ow: 2 @ ( ) a.e., with jwi(x)j®d ((x) dt< +1 :

a
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Gradient and Chain rule

The previous de nition of subgradient is well adapted to evaluate the time
derivative of al.s.c., -convex functional :S ! (1 ;+1 ]Jalonga curve
Suppose that

2 AC?(a;b; S ) with velocity vector v; := ; 2 Tan , S
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ow: 2 @ ( ) a.e., with jwi(x)j®d ((x) dt< +1 :
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Thenthe mapt 7! ( ) is absolutely continuous and

—
yAn
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Gradient and Chain rule

The previous de nition of subgradient is well adapted to evaluate the time
derivative of al.s.c., -convex functional :S ! (1 ;+1 ]Jalonga curve
Suppose that

2 AC?(a;b; S ) with velocity vector v; := ; 2 Tan , S
Z, Z
ow: 2 @ ( ) a.e., with jwi(x)j®d ((x) dt< +1 :

a

Thenthe mapt 7! ( ) is absolutely continuous and

—
yAn

& (0= (X)) ;we(x)id o(x) = tve;weipz ) aein(a;b):

Therefore, if is a curve of maximal slope, for the selection
wi =@ (t)2 @ ( t)of minimal norm, we have

. . o . .2 . .2
tiswelpzeo )= 5 ()= ] Vidizg ) = 1 Wiz
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Gradient and Chain rule

The previous de nition of subgradient is well adapted to evaluate the time
derivative of al.s.c., -convex functional :S ! (1 ;+1 ]Jalonga curve
Suppose that

2 AC?(a;b; S ) with velocity vector v; := ; 2 Tan , S
Z, Z
ow: 2 @ ( ) a.e., with jwi(x)j®d ((x) dt< +1 :

a

Thenthe mapt 7! ( ) is absolutely continuous and

—
yAn

& (0= (X)) ;we(x)id o(x) = tve;weipz ) aein(a;b):

Therefore, if is a curve of maximal slope, for the selection
wi =@ (t)2 @ ( t)of minimal norm, we have

. . o . .2 . .2
tiswelpzeo )= 5 ()= ] Vidizg ) = 1 Wiz

Vi= W2 @( t)
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Subdifferential formulation of gradient o ws

let :S ! (1 ;+1 ]beals.c., convexfunctionaland o2 D( ). Acurve
2 ACZ.(0;+1 ;:S) is a solution of the gradient o w equation

12 @(C+); O)= o (?)

ifimio (t) = o andits velocity vectorv; 2 Tan ;S belongsto @ ( ) for a.e.
t> 0.
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Subdifferential formulation of gradient o ws

let :S ! (1 ;+1 ]beals.c., convexfunctionaland o2 D( ). Acurve
2 ACZ.(0;+1 ;:S) is a solution of the gradient o w equation

12 @(C+); O)= o (?)

ifimio (t) = o andits velocity vectorv; 2 Tan ;S belongsto @ ( ) for a.e.
t> 0.
If 2 S @ then (?) is equivalent to the continuity equation

@ (+div(vi ()=0 inDR™ (0;+1))
and to the variational inequality
h vior ddigag mmy () () W?( ¢ ); r 2 OptMap( «; );

for every test measure 2 D( ).
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Subdifferential formulation of gradient o ws

let :S ! (1 ;+1 ]beals.c., convexfunctionaland o2 D( ). Acurve
2 ACZ.(0;+1 ;:S) is a solution of the gradient o w equation

22 @(+); O)= o (?)
ifimio (t) = o andits velocity vectorv; 2 Tan ;S belongsto @ ( ) for a.e.

t> 0.
If 2 S @ then (?) is equivalent to the continuity equation

@ :+div(vi )=0 inDAR™ (0;+1))
and to the variational inequality
h vesr Idiga emy () () W?( ¢ ), r 2 OptMap( «; );
for every test measure 2 D( ).

Recalling the differential formula for the Wasserstein distance, we also have the
purely metric varigtional formulation

FaW () () () 3 W) 8 2D():
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Main propertiesof gradient o wsof -cornvexfunctionals

Uniqueness: if o; 02 D( )and ; : arethe corresponding solutions, then
W( ¢; ¢) W( o; 0) € Lt >0
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Evolution variational inequalities: IS the unique solution of the system
FEWA( G )+ 3 W () () (v 8 2D():
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Evolution variational inequalities: IS the unique solution of the system
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0

VANCOUVER, August 2003 - p.21



Main propertiesof gradient o wsof -cornvexfunctionals

Uniqueness: if o; 02 D( )and ; : arethe corresponding solutions, then
W( ¢; ¢) W( o; 0) € Lt >0

Regularizing effect: is locally Lipschitzintime andif D(j@j) S ? then
i 2D(@); 4+ =@ (+) 8t>0;if 0 we have

() ()+ A2W?( o ) J@( )i° J@()i°+ FW?(0; ) 8 2D(@)

Evolution variational inequalities: IS the unique solution of the system
FEWA( G )+ 3 W () () (v 8 2D():

Energy identity and maximal slope formulation: is the unique solution of
T

L 9+ 3@ F(t)dt = (o) (1) 8T>0:
0

Exponential decay: inthecase > 0 has a unique minimum point and
W(¢ ) e "W( o );

(0 () e?" (o) ();
@i 1) e 'j@j( o):
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Existence:approximation by the Implicit Euler scheme

In the case of an Hilbert space...
Choose atime step > Oand

a partition P = fty; ty; ity g ofthe timeinterval (O;+1 ), t, :=n ;
#<r ------- |>i<r ------- |>‘ ‘<r ------- |>i<r ------- |>i ‘ t,
P 0 2 th 1 th th+1
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a partition P = fty; ty; ity g ofthe timeinterval (O;+1 ), t, :=n ;
#<r ------- |>i<r ------- |>‘ ‘<r ------- |>i<r ------- |>i ‘ t,
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Starting from the initial datum U° := o solve recursively the equation w.r.t.
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Existence:approximation by the Implicit Euler scheme

In the case of an Hilbert space...
Choose atime step > Oand

a partition P = fty; ty; ity g ofthe timeinterval (O;+1 ), t, :=n ;
#<} ------- |>i<} ------- |>‘ ‘<} ------- |>i<} ------- |>i ‘ t,
P 0 2 - th 1 th th+1
Starting from the initial datum U° := o solve recursively the equation w.r.t.
U, n=1;2;:::;
Un Un 1
=1 (U")

Resolvent map
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Existence:approximation by the Implicit Euler scheme

In the case of an Hilbert space...
Choose atime step > Oand

a partition P = fty; ty; ity g ofthe timeinterval (O;+1 ), t, :=n ;
f<} ------- |>i<} ------- |>‘ ‘<} ------- |>i<} ------- |>i ‘ t,
P 0 2 - th 1 th th+1
Starting from the initial datum U° := o solve recursively the equation w.r.t.
U, n=1;2;:::;
Un Un 1
=1 (U")

Resolvent map and Discrete exponential formula:

J Ut oun; U™ = (J )"[uol:
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The “Discr etesolution”

Approximation algorithm: U"; n = 1;2; ; solves
n n 1
J J +r (U")=0
u
UO
g T
0 2 tn 1 tn 1:n+1
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The “Discr etesolution”

Approximation algorithm: U"; n = 1;2; ; solves
n n 1
J J +r (U")=0
u
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UO
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The “Discr etesolution”

Approximation algorithm: U"; n = 1;2; ; solves
n n 1
J J +r (U")=0
u
.Ul Un 1
UO o

o
U2

e T

0 2 tn 1 tn 1:n+1
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Approximation algorithm: U"; n = 1;2;

The “Discr etesolution”

' solves
n
J +r (U")=0
u
U 1 U n 1
U 0 ° [ )
* 2

U .U n

========== ey T
O 2 tn 1 tn 1:n+1
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The “Discr etesolution”

Approximation algorithm: U"; n = 1;2; ; solves
n n 1
J J +r (U")=0
u . ) . Un+1
o U U ®
UO o
[
o
U2 .Un
e S o T
0 2 tn 1 tn 1:n+1
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The “Discr etesolution”

Approximation algorithm: U"; n = 1;2; ; solves
n n 1
J J +r (U")=0
U () ‘
\ Sunt
yn . —~— o
UO : J
—e
—_—e
u*® —
g T
0 2 th 1ty th+1

U (t) is the piecewise constant interpolant of fU" g, o.
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The “Discr etesolution”

Approximation algorithm: U"; n = 1;2; ; solves
U n Un 1
+r (U")=0
U (t) 77777777777777 //‘ U n+1
o oyn 1 <o
U 0 : @
—e
—_—e
u*® —
e S o T
0 2 it 1ty th+1
U (t) is the piecewise constant interpolant of fU" g, o.
We look for convergence results of U to the continuous solution as

# 0.
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The algorithm makessensesvenin a metric framework

Variational algorithm

um u"

1

Findu" = J (U" ') which solves

among the minimizers of

+

r

(U")=20
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The algorithm makessensesvenin a metric framework

Variational algorithm

Findu" = J (U" ') which solves

n

Un

1

among the minimizers of

(U™ tu) = Zi U

u" tf+ (U)

+

r

(U")=20
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The algorithm makessensesvenin a metric framework

Variational algorithm

n n 1
Findu" = J (U" ') which solves v J +r (U")=0

among the minimizers of

(u" LU = Ziw2 u;u™ t + (U)
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The algorithm makessensesvenin a metric framework

Variational algorithm

n n 1
Findu" = J (U" ') which solves v J +r (U")=0

among the minimizers of

(u" LU = Ziw2 u;u™ t + (U)

DE GIORGI, MARINO, TOSQUES, DEGIO- Abstract theory of minimizing move-
VANNI, AMBROSIO... ‘80 '90 ments and curves of maximal slope
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The algorithm makessensesvenin a metric framework

Variational algorithm

n n 1
Findu" = J (U" ') which solves v J +r (U")=0

among the minimizers of

(u" LU = Ziw2 u;u™ t + (U)

DE GIORGI, MARINO, TOSQUES, DEGIO- Abstract theory of minimizing move-
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The algorithm makessensesvenin a metric framework

Variational algorithm

n n 1
Findu" = J (U" ') which solves v J +r (U")=0

among the minimizers of

(u" LU = Ziw2 u;u™ t + (U)

DE GIORGI, MARINO, TOSQUES, DEGIO- Abstract theory of minimizing move-
VANNI, AMBROSIO... ‘80 '90 ments and curves of maximal slope

LUCKHAUS-STURZENECKER, ALMGREN- Geometric evolution problems
TAYLOR-WANG ... '90

LUCKHAUS, VISINTIN, MIELKE-THEIL- Phase transitions, hystheresis
LEVITAS ... '90 '00

OTTO, JORDAN, KINDERLEHRER, WALK- Diffusion equations, Wasserstein
INGTON ... '98 '00 distance

In general only convergence results (possibly up to subsequences) are known...
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Main problem

Is it possible to prove the convergence of the the approximation scheme in S to a
solution of the Gradient o w equation, by invoking simple metric properties of
and of the Wasserstein distance W ?

VANCOUVER, August 2003 — p.25



Main problem

Is it possible to prove the convergence of the the approximation scheme in S to a
solution of the Gradient o w equation, by invoking simple metric properties of
and of the Wasserstein distance W ?

Two steps:

1. we look for suf cient conditions on
the functional
the distance d of a metric space S
In order to prove the convergence of the algorithm;

2. we will try to apply them to the Wasserstein space.
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Discreteestimatesin Hilbert spaces

In an Hilbert space, if Is convex,thenforeacht2 P ,U ;V discrete
solutions starting from o¢; o,

U (t) V (t) ? 0 0’ (discrete contraction)
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Discreteestimatesin Hilbert spaces

In an Hilbert space, if Is convex,thenforeacht2 P ,U ;V discrete
solutions starting from o¢; o,

U (t) V (t) ? 0 0’ (discrete contraction)

¢ U (t)° ( o)
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Discreteestimatesin Hilbert spaces

In an Hilbert space, if Is convex,thenforeacht2 P ,U ;V discrete
solutions starting from o¢; o,

U (t) V (t) ? 0 0’ (discrete contraction)

ut) U (1) ° (o) (o)

where 1 2
( 0)= (J[O])+2—03[0] 0

IS the Yosida approximation of
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where 1 2
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Discreteestimatesin Hilbert spaces

In an Hilbert space, if Is convex,thenforeacht2 P ,U ;V discrete
solutions starting from o¢; o,

U (t) V (t) ? 0 0’ (discrete contraction)

ut) U (t) (o) (o) —i@ ( o)

where 1 2
( 0)= (J[O])+2—03[0] 0

IS the Yosida approximation of
This optimal error estimate (BAIOCCHI, RULLA, NOCHETTO-S.-VERDI '90 '00), Iis
independent of the regularity of and can be extended to non uniform partitions

with an a posteriori control of the error.
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Discreteestimatesin Hilbert spaces

In an Hilbert space, if Is convex,thenforeacht2 P ,U ;V discrete
solutions starting from o¢; o,

U (t) V (t) ? 0 0’ (discrete contraction)

ut) U (t) (o) (o) —i@ ( o)

where 1 2
( 0)= (J[O])+2—03[0] 0

IS the Yosida approximation of

This optimal error estimate (BAIOCCHI, RULLA, NOCHETTO-S.-VERDI '90 '00), Iis
independent of the regularity of and can be extended to non uniform partitions
with an a posteriori control of the error.

It can also be slightly modi ed to show thatfU g - is a Cauchy family and thus
provides the existence of the solution via the convergence and exponential
formula

t = St[ o] = IigCI)U (t) = n!Iirpl (Jien )"[ o] foreach o2 D( )
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The contraction property in Hilbert spaces

Convexity of , monotonicity of @
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The contraction property in Hilbert spaces

Convexity of , monotonicity of @

Linearity of the duality map J:S ! S (the differential of the squared
norm)
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The contraction property in Hilbert spaces

Convexity of , monotonicity of @

Linearity of the duality map J:S ! S (the differential of the squared
norm)

In general Banach space the variational algorithm

U" = argminy Zi u u" '+ (U)
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The contraction property in Hilbert spaces

Convexity of , monotonicity of @
Linearity of the duality map J:S ! S °(the differential of the squared
norm)

In general Banach space the variational algorithm corresponds to

n n 1
U”:argminuziu u Y+ (U) J Y Y +@U")=0
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The contraction property in Hilbert spaces

Convexity of , monotonicity of @
Linearity of the duality map J:S ! S °(the differential of the squared
norm)

In general Banach space the variational algorithm corresponds to

n n 1
U”:argminuziu u Y+ (U) J Y Y +@U")=0

and the gradient o w equation becomes

Ju)+ @(u)=0  whichis doubly nonlinear

VANCOUVER, August 2003 — p.27



The contraction property in Hilbert spaces

Convexity of , monotonicity of @
Linearity of the duality map J:S ! S °(the differential of the squared
norm)

In general Banach space the variational algorithm corresponds to

n n 1
U”:argminuziu u Y+ (U) J Y Y +@U")=0

and the gradient o w equation becomes

Ju)+ @(u)=0  whichis doubly nonlinear

1

Contraction property , J @ is accretive:

J @) J H@w);Ju v) o0
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The contraction property in Hilbert spaces

Convexity of , monotonicity of @
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The contraction property in Hilbert spaces

Convexity of , monotonicity of @ Convexity along geodesics...
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The contraction property in Hilbert spaces

Linearity of the duality map J:S ! S° 2?2
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A geometriccharacterization of an admissibledistance

Hilbert vs. Banach: Parallelogram rule

VANCOUVER, August 2003 - p.28



A geometriccharacterization of an admissibledistance

Hilbert vs. Banach: Parallelogram rule

2

t(L t)up uzp
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A geometriccharacterization of an admissibledistance

Hilbert vs. Banach: Parallelogram rule

1 1.2 _ 1 2 .1 2 1 1 2
pUoF U =35 U F 353U 5 35U WU
1. 1 . . I I
51 5 (1 t); t; (convex combination)

2

(1 fuo+tur°=(L t)up +tu (1 t) uo

U1

2

Uniform modulus of convexity—J
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A geometriccharacterization of an admissibledistance

Hilbert vs. Banach: Parallelogram rule

(1 tuo+tup ° = (1

Uo

(1 t)up+ tuy w ?

Uo

(1

t) uo >+t Ui

W, Uz

t) Uo

U1

w

2

t(1

t) uo

2
U1

w (translation)

2
+ 1t U

w

2

t(1

t) Uo Ui
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A geometriccharacterization of an admissibledistance

Hilbert vs. Banach: Parallelogram rule

2 2

(1  t)ug+ tug ? = (1 t) uo >+t Ui t(L t)up uzp

Up Up W;ur up w (translation)

2 2

(1 t)up+tur w =(1 t)uo wlHtu w t(L t) uo up 2

| j d(;); convexcombination geodesic u:

d*(u;w)R(L  t)d*(uo;w) + td*(ui;w)  t(1  t)d*(uo;ur)
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A geometriccharacterization of an admissibledistance

Hilbert vs. Banach: Parallelogram rule

N[
-
o
+
N[
c
H
I
N[
-
o
+
N[
-
|_\
N[
N[
-
o
c
H

2 2

(1 t)Uo+tU12: (1 t) U02+t Ui t(L t)up uzp

Up Up W;ur up w (translation)

2 2

(1 t)up+tur w =(1 t)uo wlHtu w t(L t) uo up 2

| j d(;); convexcombination geodesic u:

d*(u;w)R(L  t)d*(uo;w) + td*(ui;w)  t(1  t)d*(uo;ur)

The “curvature” of S determines the direction of the inequality above
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The role of curvature (Aleksandrov)

Positivel y Curved (PC) Spaces, curvature 0 [

d(u;w)l |1 t)d*(uo;w) + td*(ug;w) (1 t)d*(uo;us)
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The role of curvature (Aleksandrov)

Positivel y Curved (PC) Spaces, curvature

d*(ui;w)

(1

t)d?(uo;w) + td*(us;w)

wW

O

t(1  t)d*(uo;us)

d(u:;w) = d(up;w) = d(uz;w)
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The role of curvature (Aleksandrov)

Positivel y Curved (PC) Spaces, curvature 0 [

d(u;w)l (1 t)d*(uo;w) + td*(ur;w)

wW

t(1

Non Positivel y Curved (NPC) Spaces, curvature

d(u;w)l |1 t)d*(uo;w) + td*(ur;w)

t(1

t)d?(uo; uz)

d(u:;w) = d(up;w) = d(uz;w)

t)d?(uo; uz)
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Geodesicallycorvex functional in NPC spaces

S is acomplete “length” metric space, i.e. each couple of point up; u;
can be connected by a constant speed geodesics,
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can be connected by a constant speed geodesics,

S is NPC, i.e. for every geodesict 7! u;
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S is NPC, i.e. for every geodesict 7! u;
d(ui;w) (1 t)d*(uo;w) + td®(uy;w)  t(1  t)d*(uo; u1)

IS convex along constant speed geodesics

VANCOUVER, August 2003 — p.30



Geodesicallycorvex functional in NPC spaces

S is acomplete “length” metric space, i.e. each couple of point up; u;
can be connected by a constant speed geodesics,

S is NPC, i.e. for every geodesict 7! u;
d(ui;w) (1 t)d*(uo;w) + td®(uy;w)  t(1  t)d*(uo; u1)

IS convex along constant speed geodesics

then JOST, MAYER (‘93 '98) proved that the variational algorithm is
convergent and generates a contraction semigroup onD( ).
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Geodesicallycorvex functional in NPC spaces

S is acomplete “length” metric space, i.e. each couple of point up; u;
can be connected by a constant speed geodesics,

S is NPC, i.e. for every geodesict 7! u;
d(ui;w) (1 t)d*(uo;w) + td®(uy;w)  t(1  t)d*(uo; u1)

IS convex along constant speed geodesics

then JOST, MAYER (‘93 '98) proved that the variational algorithm is
convergent and generates a contraction semigroup onD( ).
Crucial arguments:

Theresolventmap J isacontraction ; d(J u;J v) d(u;v) 8u;v2 S
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Geodesicallycorvex functional in NPC spaces

S is acomplete “length” metric space, i.e. each couple of point up; u;
can be connected by a constant speed geodesics,

S is NPC, i.e. for every geodesict 7! u;
d(ui;w) (1 t)d*(uo;w) + td®(uy;w)  t(1  t)d*(uo; u1)

IS convex along constant speed geodesics

then JOST, MAYER (‘93 '98) proved that the variational algorithm is
convergent and generates a contraction semigroup onD( ).
Crucial arguments:

Theresolventmap J isacontraction ; d(J u;J v) d(u;v) 8u;v2 S

CRANDALL-LIGGETT generation argument and (sub)optimal error estimate

du(t);U (1) 2@i(uo) T :
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The Wassersteirdistanceyields a PC space

Besides the formal computation by OTTO, we can directly prove thatift 7! ; is a
geodesic connecting o to 1

W2 )l | 0d* o )+ tWA( 15 )t )d( o5 1)
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The Wassersteirdistanceyields a PC space

Besides the formal computation by OTTO, we can directly prove thatift 7! ; is a
geodesic connecting o to 1

W2 )l | 0d* o )+ tWA( 15 )t )d( o5 1)

Moreover, in this situation

1= % 00t 5 ( 21 1 L1
2 20202 ’ 0-.—2(0;0) 5 (2:1)
L)
'6)‘ t
_ 1 !
— 2 0;0%% (0; 2
o

t 7 W?( ; )hasaconcave cusp att = 1=2 and therefore it is not -convex
forany 2 R.

VANCOUVER, August 2003 - p.31



The Wassersteirdistanceyields a PC space

Besides the formal computation by OTTO, we can directly prove thatift 7!  isa
geodesic connecting o to 1

W2 )l | 0d* o )+ tWA( 15 )t )d( o5 1)

Moreover, in this situation

1= L o+t — 1 1
2 0:0 72 ( 21 0-‘— 5 0:0%3% @:1)
L)
© ‘ t
-1 1
— 2 0072 (0; 2
®
t 7 W?( ; )hasaconcave cusp att = 1=2 and therefore it is not -convex

forany 2 R.
In general the resolvent map J is not a contraction
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Curvature inequality

By an extension of Dudley's lemma, we can nd tri-plan , 2 P 4(R™ R™ R™)
such that

Y%, (20ptPlan( 1; 2); (1 t) f+t % 2 OptPlan( ¢; )
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Curvature inequality

By an extension of Dudley's lemma, we can nd tri-plan , 2 P 4(R™ R™ R™)
such that

Y%, (20ptPlan( 1; 2); (1 t) f+t % 2 OptPlan( ¢; )

2727
Wz(t; ) = X3 (1 t)x1 tx2j2d ((X1:X2;X3)
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Curvature inequality

By an extension of Dudley's lemma, we can nd tri-plan , 2 P 4(R™ R™ R™)
such that

Y%, (20ptPlan( 1; 2); (1 t) f+t % 2 OptPlan( ¢; )

7727
X3 (1 t)x1 thjzdt(Xl;Xz;Xg)
Z Z Z

(1 t) jxs x1j°d .+t jxz x2j°d ., t(1 t) jx1i x2j°d .

W2( ;)
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Curvature inequality

By an extension of Dudley's lemma, we can nd tri-plan , 2 P 4(R™ R™ R™)
such that

Y%, (20ptPlan( 1; 2); (1 t) f+t % 2 OptPlan( ¢; )

7727
X3 (1 t)x1 thjzdt(Xl;Xz;Xg)
Z Z Z

= (1 t) jxs x1j°d +t jxz x2j°d . t(1 t) jx1 x2j°d .

W2( ;)

—
(1 HW?( o; )
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Curvature inequality

By an extension of Dudley's lemma, we can nd tri-plan , 2 P 4(R™ R™ R™)
such that

Y%, (20ptPlan( 1; 2); (1 t) f+t % 2 OptPlan( ¢; )

7727
X3 (1 t)x1 thjzdt(Xl;Xz;Xg)
Z Z Z

(1 t) jxs x1j°d .+t jxz x2j°d ., t(1 t) jx1i x2j°d .

W2( ;)

(1 OW?( o5 )+ tW?( 1; )/
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Curvature inequality

By an extension of Dudley's lemma, we can nd tri-plan , 2 P 4(R™ R™ R™)
such that

Y%, (20ptPlan( 1; 2); (1 t) f+t % 2 OptPlan( ¢; )

7727
X3 (1 t)x1 thjzdt(Xl;Xz;Xg)
Z Z Z

(1 t) jxs x1j°d .+t jxz x2j°d ., t(1 t) jx1i x2j°d .

W2( ;)

(1 OW?( o; )+ tW?( 15 ) t(1  t)W?( o; 1)<—/
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A newgeometriccondition

Main idea: we add more e xibility to the choice of the connecting curves, which
do not need to be geodesics but could also depend on the functional
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do not need to be geodesics but could also depend on the functional

For each triple w; up;u; 2 D( ) there exists a curve u: such that
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A newgeometriccondition

Main idea: we add more e xibility to the choice of the connecting curves, which
do not need to be geodesics but could also depend on the functional

For each triple w; up;u; 2 D( ) there exists a curve u: such that

(uy) (1 t) (up)+t (u) % t(1 t)d*(uo;ui) ( -convexity along u;)

d(uc;w)| (1 t)d*(uo;w) + td*(uz;w)  t(1  t)d*(uo;u1) (curvature inequality)

Ui
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Main result

If the previous absract condition holds then all the generation properties are
satis ed:
Convergence and exponential formula Foreachug2 D( )

u(t) = Stfuol = MU (1) = lim (Jien )" [uo]

The mapt 7! S;[up] is a contin uous contraction semigroup onD( ), i.e.

St+nlUo] = Sh[St[uo]l; d St[uol;St[vo] d uo; Vo

Regularizing effect: u is locally Lipschitz withu(t) 2 D(@ ) fort > 0
()  t(uo); J@j*(u(t) j@j*(v) + Fd*(v;u) 8v2D(@)

Evolution variational inequalities u is the unique solution of

sad®(u(t)v)+ (ut)  (v) 8v2D():
Optimal error estimate

2
d* u(t); U (1) (Uo) (Uo) 7J@JZ(U0)1
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In the Wassersteincase...

We introduce the family of “generaliz ed geodesics”. for each triple
2S? o 1takerg 2 OptMap( ; o);r1 2 OptMap( ; 1) and de ne

t = (re)aw; where ri¢(x)= (1 t)ro(x)+ tra(x);
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In the Wassersteincase...

We introduce the family of “generaliz ed geodesics”. for each triple
2S? o 1takerg 2 OptMap( ; o);r1 2 OptMap( ; 1) and de ne

t = (re)aw; where ri¢(x)= (1 t)ro(x)+ tra(x);

If w is not a.c.,thentake 2 P (R™ R™ R™) such that

t; 2, 2 O0ptPlan( ; o); Y%, 2 O0ptPlan( ; 1)

andset = (1 t) +t°

VANCOUVER, August 2003 - p.35



In the Wassersteincase...

We introduce the family of “generaliz ed geodesics”. for each triple
2S? o 1takerg 2 OptMap( ; o);r1 2 OptMap( ; 1) and de ne

t = (re)aw; where ri¢(x)= (1 t)ro(x)+ tra(x);

The curvature inequality is always satised since

Z
W2( ;) (1 Hro(x)+tru(x)  xj*d (x)
Z
= (1 Ojro(x)  xj*+tjrax) xj* tL tjro(x) ri(x)j*d (x)

(1 W2 o; )+ tW?( 1; ) t(1 W2 o; 1):
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Convexity along generalizedgeodesics

We say that is -convex along generaliz ed geodesics if for every triple
, 0, 12 S there exists a generalized geodesic : connecting o to 1 such
that

() @ ) (o)+t (1) 3 W(o5 1)
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Convexity along generalizedgeodesics

We say that is -convex along generaliz ed geodesics if for every triple
, 0, 12 S there exists a generalized geodesic : connecting o to 1 such
that

() @ ) (o)+t (1) 3 W(o5 1)

The three main examples of displacement convex functionals are also
convex along generaliz ed geodesics.
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Convexity along generalizedgeodesics

We say that is -convex along generaliz ed geodesics if for every triple
, 0, 12 S there exists a generalized geodesic : connecting o to 1 such
that

() @ ) (o)+t (1) 3 W(o5 1)

The three main examples of displacement convex functionals are also
convex along generaliz ed geodesics.

The abstract generation result can be applied and in particular it provides
Convergence and exponential formula Foreachug2 D( )

c=1limU () = lim (3= )"[ o]

Optimal error estimate

2
W2 ;U (t) ( o) ( o) ?J@JZ( 0):
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Convexity along generalizedgeodesics

We say that is -convex along generaliz ed geodesics if for every triple

, 0, 12 S there exists a generalized geodesic : connecting o to 1 such
that

() @ ) (o)+t (1) 3 W(o5 1)

The three main examples of displacement convex functionals are also
convex along generaliz ed geodesics.

The abstract generation result can be applied and in particular it provides
Convergence and exponential formula Foreachug2 D( )

c=1limU () = lim (3= )"[ o]

Optimal error estimate
2
W2 ;U (t) ( o) ( o) ?J@JZ( 0):

R
E.g., in the Fokker-Planck case ( ) := logu + %jsz u(x) dx, =u L™,

we obtain
Z
2 2 I' Uo 2
wW* ;U () . —— + X Up(X) dx:
2 Uo
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a bk~ WD E

Stepsof the “metric” proof:

The role of the metric variational inequality

A discrete variational inequality for the approximate solution
A continuous formulation for the discrete inequality

A comparison result

Cancellation effects and optimal error bounds
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The role of the metric variational inequality

Let u be a continuous solution of the E.V.I.

SiPu(t);v)+ (u(t) (V) BV2S;t>0
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The role of the metric variational inequality

Let u be a continuous solution of the E.V.I.
LLdP(u(t);v)+ (u(t)) (V) 8v2S;t>0
Let w be another continuous solution of the same E.V.Il., depending on the new

variable s
E3d*(w(s);v)+ (w(s)) (v) 8v2S;s>0
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The role of the metric variational inequality

Let u be a continuous solution of the E.V.I.

SIPu(t)y+ (U(t)  (y) BV2S;t>0

Let w be another continugds solution of t ame E.V.l., depending on the new

variable s
w(s);v)+ (w(s)) (v) 8v2S;s>0

o
m|°—
N[

We choose v := w(s) inthe rst equation
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The role of the metric variational inequality

Let u be a continuous solution of the E.V.I.
LIu(t);v)+ (u(t)) (V) 8v2S;t>0

Let w be another continuous soluti e same E.V.l., depending on the new

variable s

dP(w(s);V)+ (w(s)) ( v2S:s>0

<

1
ds 2

We choose v := w(s) inthe rst equation and v := u(t) in the second one:
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The role of the metric variational inequality

Let u be a continuous solution of the E.V.I.
LIu(t);v)+ (u(t)) (V) 8v2S;t>0

Let w be another continuous solution of the same E.V.Il., depending on the new

variable s

sszd’(w(s);v)+ (w(s)) (v) 8v2S;s>0
We choose v := w(s) inthe rst equation and v := u(t) in the second one:
summing up

g3d°(u(t);w(s)) + &3d°(u(t);w(s)) 0 s;t>0
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The role of the metric variational inequality

Let u be a continuous solution of the E.V.I.
LIu(t);v)+ (u(t)) (V) 8v2S;t>0

Let w be another continuous solution of the same E.V.Il., depending on the new

variable s
E3d*(w(s);v)+ (w(s)) (v) 8v2S;s>0

We choose v := w(s) inthe rst equation and v := u(t) in the second one:
summing up

SL1d*(u(t);w(s)) + 21d°(u(t);w(s)) 0 s;t>0
Evaluating this relation fort = s = t we obtain the contraction property

dl(u(tw(n) 0 e du(t)iw(®) du’iw®) t> 0

dt 2
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A discretevariational inequality for the approximate solution

LU V) RdiUT V) o+ SdPUTIUT Y+ (UT) (V)
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A discretevariational inequality for the approximate solution

LU V) RdiUT V) o+ SdPUTIUT Y+ (UT) (V)

Un
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A discretevariational inequality for the approximate solution

LU V) RdiUT V) o+ SdPUTIUT Y+ (UT) (V)

Un

2idz(un;un B+ (UM") ZAdZ(vt;u“ B+ (V) (minimalityof U™)
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A discretevariational inequality for the approximate solution

LU V) RdiUT V) o+ SdPUTIUT Y+ (UT) (V)

Un

zidZ(U”;U” DE UT) (VU D+ (W)
| t(1

1 t n. n t . n t) n. n
—d*(U";u" )+ —d*(v;u" 1) . dd(un;u" b

(Distance inequality)
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A discretevariational inequality for the approximate solution

LU V) RdiUT V) o+ SdPUTIUT Y+ (UT) (V)

Un

Ziolz(un;un D+ (Ut Ad(V Ut D+ (W)

1 t n. n t . n t(l t) n. n
——d*(U";u" N+ —d*(v;u" ) —S——205un;ut )

+ (1 t) (U")+t (V) (convexity)
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A discretevariational inequality for the approximate solution

LU V) RdiUT V) o+ SdPUTIUT Y+ (UT) (V)

Un

Ziolz(un;un D+ (Ut) Ad(V Ut D+ (W)

(1 t)
2

+(1 ) (UT)+t (V)

1 tdZ(Un,Un 1)+ Zt—dZ(V,Un 1)

. dZ(Un;Un 1)

Taking the (right) derivative at t = 0 we obtain the main inequality.
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Two possiblestrategiesfor the error estimate

Discrete strategy: try to compare two different discrete solutions through a
combinatorial argument (CRANDALL-LIGGETT)
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Contin uous strategy: write a true differential evolution inequality instead of a

discrete one...

SA-d?(U (s);V)+ (U (s) (V)
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Two possiblestrategiesfor the error estimate

Discrete strategy: try to compare two different discrete solutions through a

combinatorial argument (CRANDALL-LIGGETT)
Contin uous strategy: write a true differential evolution inequality instead of a

discrete one... up to perturbation terms \

ssdqU (s);V)+ V(U (s)) (V)+|R (s)
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Two possiblestrategiesfor the error estimate

Discrete strategy: try to compare two different discrete solutions through a

combinatorial argument (CRANDALL-LIGGETT)
Contin uous strategy: write a true differential evolution inequality instead of a
discrete one... up to perturbation terms and use a comparison estimate

between continuous solutions.

ssd (U (s);V)+ (U (s)) (V)+|R (s)

Use some (linear, geodesic, :::)
interpolation between the con-
secutive values of the discrete
solution.
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Two possiblestrategiesfor the error estimate

Discrete strategy: try to compare two different discrete solutions through a

combinatorial argument (CRANDALL-LIGGETT)
Contin uous strategy: write a true differential evolution inequality instead of a

discrete one... up to perturbation terms and use a comparison estimate
between continuous solutions.

ssd (U (s);V)+ (U (s)) (V)+|R (s)

2ds
Use some (linear, geodesic, :::) Interpolate the values of the func-
interpolation between the con- tions on U" instead of interpolating
secutive values of the discrete the arguments (NOCHETTO-SAVARE
solution. '03): this does not even require an
underlying linear structure.
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Two possiblestrategiesfor the error estimate

Discrete strategy: try to compare two different discrete solutions through a

combinatorial argument (CRANDALL-LIGGETT)
Contin uous strategy: write a true differential evolution inequality instead of a

discrete one... up to perturbation terms and use a comparison estimate
between continuous solutions.

ssd (U (s);V)+ (U (s)) (V)+|R (s)

2ds
Use some (linear, geodesic, :::) / Interpolate the values of the func-
interpolation between the con- tions on U" instead of interpolating
secutive values of the dich the arguments (NOCHETTO-SAVARE
solution. '03): this does not even require an
underlying linear structure.

We set

(s) :=“the linear interpolant of (U™ ') and (U")” ifs2 (tn 1;tn]
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Two possiblestrategiesfor the error estimate

Discrete strategy: try to compare two different discrete solutions through a

combinatorial argument (CRANDALL-LIGGETT)
Contin uous strategy: write a true differential evolution inequality instead of a

discrete one... up to perturbation terms and use a comparison estimate
between continuous solutions.

ssd (U (s);V)+ (U (s)) (V)+|R (s)

2ds
Use some (linear, geodesic, :::) Interpolate the values of the func-
interpolation between the con- tions on U" instead of interpolating
secutive values of the discrete the arguments (NOCHETTO-SAVARE
solution. '03): this does not even require an
underlying linear structure.

We set

(s) :=“the linear interpolant of (U™ ') and (U")” ifs2 (tn 1;tn]

I
A~
C
)
[EEN
N—r
+
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Two possiblestrategiesfor the error estimate

Discrete strategy: try to compare two different discrete solutions through a

combinatorial argument (CRANDALL-LIGGETT)
Contin uous strategy: write a true differential evolution inequality instead of a

discrete one... up to perturbation terms and use a comparison estimate
between continuous solutions.

ssd (U (s);V)+ (U (s)) (V)+|R (s)

2ds
Use some (lip€ar, geodesic, :::) Interpolate the values of the func-
interpolatign between the con- tions on U" instead of interpolating
secutive Aralues of the discrete the arguments (NOCHETTO-SAVARE
solutiog. '03): this does not even require an

underlying linear structure.

We get

(s) :=“the linear interpolant of (U™ ') and (U")” ifs2 (tn 1;tn]

tn S S tn

= (u" )+

SN

tn S S tn

LdPUM: V) s 2 (th 1ital:
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A continuousevolution inequality for the discretesolution

Starting from

1

(U™ V)

(U™ V)

+2Ld2(un;un l)+ (Un)

(V):
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A continuousevolution inequality for the discretesolution

Starting from

L 3d2(U";Vv) 2dAUT hV) |+ SEdRUT UM D+ (Ut) (V)

since /

%dZ(S;V) = in d?(U";V) dPU" V) s2 (th 1ital;
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A continuousevolution inequality for the discretesolution

Starting from

L 3d2(U";Vv) 2dAUT hV) |+ SEdRUT UM D+ (Ut) (V)

since

£d?(s;V) [= L d*(U"; V) d(U" V) s 2 (te 1ital;

we have
L3 (s;v)+ FdFUTUT e U) (V)

S
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A continuousevolution inequality for the discretesolution

Starting from

L 3d2(U";Vv) 2dAUT hV) |+ SEdRUT UM D+ (Ut) (V)

since

£d?(s;V) [= L d*(U"; V) d(U" V) s 2 (te 1ital;

we have

3 (V) + dPUTUT e (UY) (V)

and therefore

3d(ssV)+ () (V)+  (s)  (U") FAd(unut )
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A continuousevolution inequality for the discretesolution

Starting from

L 3d2(U";Vv) 2dAUT hV) |+ SEdRUT UM D+ (Ut) (V)

since

£d?(s;V) [= L d*(U"; V) d(U" V) s 2 (te 1ital;

we have

3 (V) + dPUTUT e (UY) (V)

and therefore

a3d (sV)+ () (V)+ (s) (UM FAdi(unut )

dZ(Un;Un l)

2 n

(ut UM
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A continuousevolution inequality for the discretesolution

Starting from

L 3d2(U";Vv) 2dAUT hV) |+ SEdRUT UM D+ (Ut) (V)

since

£d?(s;V) [= L d*(U"; V) d(U" V) s 2 (te 1ital;

we have

3 (V) + dPUTUT e (UY) (V)

and therefore

a3d (sV)+ () (V)+ (s) (UM FAdi(unut )

2 n
S R e VL N C LD CRt i
= (V)+|R (9) |« J (residual quantity)
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A comparisonresult
Discrete E.V.I.:

%%dz(s;V)+ (s) (V)+ R (s) 8V2S; s>0 t;s>0;
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A comparisonresult

Discrete E.V.l.: choose V = u(t)

)

did?(s;V)+ () (V)+R (s) 8V2S; s>0 t;s>0;
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A comparisonresult
Discrete E.V.l.: choose V = u(t)

L (s;u(t))+  (s)  (u(t))+ R (s) t;s>0;
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A comparisonresult
Discrete E.V.l.: choose V = u(t)
D3 (siu(t)+  (s)  (u(t)+R (s) t;s>0

Contin uous E.V.Il.;

d1Pu(t);v)+ (u(t)) (v) 8v2S;t>0
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A comparisonresult
Discrete E.V.l.: choose V = u(t)
D3 (siu(t)+  (s)  (u(t)+R (s) t;s>0

Contin uous E.V.l.: choosev:= U" !

ddt%dz(u(t);v)/+ (u(m\(w 8v2S;t>0
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A comparisonresult
Discrete E.V.l.: choose V = u(t)
D3 (siu(t)+  (s)  (u(t)+R (s) t;s>0

Contin uous E.V.l.: choosev:=U" ' v:=U"

ddt%dz(um;m(v/) 8v2S;t>0
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A comparisonresult
Discrete E.V.l.: choose V = u(t)

g (siu())+ () (U)+R (s) ;5> 0

Contin uous E.V.l.: choosev:= U" ' v:= U", andtake a convex combination

w.rt.s 2 (tn 1;tn]

th S

S1(u(t);U" M)+ (u(t)) u"

S

O1g(u(t);U")+ (u() " um)
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A comparisonresult
Discrete E.V.l.: choose V = u(t)
D3 (siu(t)+  (s)  (u(t)+R (s) t;s>0

Contin uous E.V.l.: choosev:= U" ' v:= U", andtake a convex combination

w.rt.s 2 (tn 1;tn]

oid’(s;u(t))+ (u() () tis>0;
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A comparisonresult
Discrete E.V.l.: choose V = u(t)
D3 (siu(t)+  (s)  (u(t)+R (s) t;s>0

Contin uous E.V.l.: choosev:= U" ' v:= U", andtake a convex combination
w.rt.s 2 (tn 1;tn]

2id’(siu()+ (u(t)  (s) t;5>0;
Summing up

2ld(s;u(t)) + &3d*(s;u(t)) R (s); t;s>0
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A comparisonresult
Discrete E.V.l.: choose V = u(t)
D3 (siu(t)+  (s)  (u(t)+R (s) t;s>0

Contin uous E.V.l.: choosev:= U" ' v:= U", andtake a convex combination
w.rt.s 2 (tn 1;tn]

S (sum)+ (u(t) (9 tis>0;
Summing up

2id(siu(t) + @3 (siu(t)) R (s); ;s> 0
Choosingt = s = t we eventually nd

i (tut) R () t>0
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A comparisonresult

Discrete E.V.l.: choose V = u(t)

9 id’(s;u(t)+  (s)

Contin uous E.V.l.: choosev := U"
w.rt.s 2 (tn 1;tn]

1

, V

(u(t)) +

R (s)

t:s> 0;

= U", and take a convex combination

i (siu(t) + (ut)

Summing up

S1d*(s;u(t)) + 21d°(s;u(t))

Choosingt = s = t we eventually nd

T3 (6 u(t)

dt 2

R (1)

and, for U° = ug; d (0;uo) = d(U°;up) = 0,

s) t;s>0;

R (s);

t>0

t:s>0

d* (T; u(T))

2

LT

0

R (t)dt

T>0:
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Cancellation effectsl
Sinced (T;V)=dU (T);V)ifT=N 2P and

th+1 th+1 2 n. n +1
2 R (t)di = 2 e Uoyny @y 4O 2’“ )
th th

dt
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Cancellation effectsl
Sinced (T;V)=dU (T);V)ifT=N 2P and

th+1 th+1 2 n. n +1
2 R (t)di = 2 e Uoyny @y 4O 2’“ )
th th

dt

= (U")  (U"T)  duTUTT)
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Cancellation effectsl
Sinced (T;V)=dU (T);V)ifT=N 2P and

th+1 th+1 2 n. n+1
2 R (t)di = 2 e Lo gny  nery 94U 2’“ )
th th

dt
— (Un) (Un+l) dZ(Un;Un+l)
summing all the contribution of of each subinterval | " to the integral gives

I‘Xl
d* (U (T);u(T)) (U ") dUumu"t)
n=0
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Cancellation effectsl

Sinced (T:V)=d(U (T):V)ifT=N 2P and

Ztn+1 Ztn+1 2 n.ppnh+1
2 R (t)dt =2 ber Uoyny  une) (U U )

dt
th th 2

— (Un) (Un+l) dZ(Un;Un+l)
summing all the contribution of of each subinterval | " to the integral gives

I‘Xl
d* (U (T);u(T)) (U ") dUumu"t)
n=0

Easy estimate:

d*(U (T);u(T)) (Uo)
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Cancellation effectsl
Sinced (T;V)=dU (T);V)ifT=N 2P and

th+1 Uh+1
2 R (1)dt = 2

tn

dt

2 n. n+1
tn"'l t (Un) (Un+l ) d (U 21U )
th

— (Un) (Un+l) dZ(Un;Un+l)
summing all the contribution of of each subinterval | " to the integral gives

I‘Xl
d* (U (T);u(T)) (U ") dUumu"t)
n=0

Easy estimate:

d*(U (T);u(T)) (Uo)

A more careful analysis of the cancellation properties yields the optimal estimate

2

d*(U (T);u(T)  —i@j*(uo) T>0
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Possibledevelopments

Non convex functionals (fourth order equations, space dependent
coef cients ,...)
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Possibledevelopments

Non convex functionals (fourth order equations, space dependent
coef cients ,...)

Applications to in nite dimensional problems, stochastic PDE
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Possibledevelopments

Non convex functionals (fourth order equations, space dependent

coef cients ,...)
Applications to in nite dimensional problems, stochastic PDE

Error estimates in metric space with an upper bound on the curvature
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Possibledevelopments

Non convex functionals (fourth order equations, space dependent
coef cients ,...)

Applications to in nite dimensional problems, stochastic PDE
Error estimates in metric space with an upper bound on the curvature

Wassersein distance on Riemannian manifolds
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Possibledevelopments

Non convex functionals (fourth order equations, space dependent
coef cients ,...)

Applications to in nite dimensional problems, stochastic PDE
Error estimates in metric space with an upper bound on the curvature

Wassersein distance on Riemannian manifolds
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Cancellation effectsl|

ly(l
d*(U (T);u(T)) U™y (U"tt)  d*Uu"t)
n=0
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Cancellation effectsl|

2 IX . +1 2 +1
d*(U (T);u(T)) (u"y ")  dUT;UT)
n=0

Optimal estimate: write the discrete inequality

L ZdP(UM;V)  Zdf(UM Yv) o+ iU U )+ (UT) (V)
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Cancellation effectsl|

le
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Optimal estimate: write the discrete inequality and choose V_:= U " **
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Optimal estimate: write the discrete inequality and choose V := U"*!
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Optimal estimate: write the discrete inequality and choose V := U"*!

1 %dZ(Un;Un+l) %dZ(Un 1;Un+1) +2Ld2(un;un l)+ (Un) (Un+l)

(Un) (Un+l) %dZ(Un l;Un+1) %dZ(Un;UnHI_) %dZ(Un’Un 1)

VANCOUVER, August 2003 — p.45



Cancellation effectsl|

2 IX . +1 2 +1
d*(U (T);u(T)) (u"y ")  dUT;UT)
n=0

Optimal estimate: write the discrete inequality and choose V := U"*!
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Optimal estimate: write the discrete inequality and choose V := U"*!
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Optimal estimate: write the discrete inequality and choose V := U"*!
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Optimal estimate: write the discrete inequality and choose V := U"*!
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Optimal error estimate
Since U° = up
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Optimal error estimate
Since U° = up
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Optimal error estimate

Since U° = ug
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