A fourth-order nonlinear PDE as gradient flow of the
Fisher information in Wasserstein spaces

Giuseppe Savaré

Department of Mathematics - University of Pavia
and
Institute of Applied Mathematics and Information Technology, CNR, Pavia
in collaboration with

Ugo Gianazza, Giuseppe Toscani

http://www.imati.cnr.it/~savare

A-HYKE2, april 2004 — p.1



Plan

1. The fourth order equation and its structure
2. Gradient flows and Wasserstein distance
3. Main results and ideas involved in the proof

A-HYKE2, april 2004 — p.2



Plan

1. The fourth order equation and its structure
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3. Main results and ideas involved in the proof
# Minimizing Movement algorithm
#® (Sub)differential calculus in Wasserstein spaces
#® “Second order logarithmic-Sobolev inequalities”
# Heat flow and Entropy
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1. The fourth order equation and Its
structure



Main problem

Global existence of nonnegative solutions of the fourth order evolution PDE

S+ 2div (uV(

Avu
NG

)) =0 inQr:=Qx(0,7T),
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Main problem

Global existence of nonnegative solutions of the fourth order evolution PDE

oru + 2div (uV(A\/éﬂ>> =0 inQr:=Qx(0,7T),

subject to the initial Cauchy condition
u(-,0) =up INQ, with wuy >0, / uo(x) dr < +00
Q

and to the variational boundary conditions

Ontu = u0On (A\/éﬂ) =0 on (Q)r =900 x (0,T).
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Main problem

Global existence of nonnegative solutions of the fourth order evolution PDE

oru + 2div (uV(A\/éﬂ>> =0 inQr:=Qx(0,7T),

subject to the initial Cauchy condition
u(-,0) =up INQ, with wuy >0, / uo(x) dr < +00
Q

and to the variational boundary conditions

Ontu = u0On (A\/éﬂ) =0 on (Q)r =900 x (0,T).

Here Q is an open (possibly unbounded) convex domain of R? with exterior unit

normal n.
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Main problem

Global existence of nonnegative solutions of the fourth order evolution PDE

oru + 2div<uV(A\/\%ﬂ)> =0 inQr:=Qx(0,7T),

subject to the initial Cauchy cgndition
u(-,0) =ug/ InQ, with wuy >0, / uo(x) dr < +00
Q

and to the variatignal boundary conditions

o (AVEY | o
= 8"<\/E> 0 on (0Q)r :=00Q x (0,T).

Divergence form, Neumann boundary condition:

. d L
mass conservation o / u(z,t)dr = 0; normalization / uo(z)dr =1
Q Q
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Main problem

Global existence of nonnegative solutions of the fourth order evolution PDE

&u+-2&v<uV(AV%)> —0

NG

A

in Qp :=Q x (O,T),

The differential operator:

2dw(uv(

A
NG

5

)

= Zi:&- (u@z<
i=1

Aﬁ)) 0

NG

(I1)

(1)
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Main problem

Global existence of nonnegative solutions of the fourth order evolution PDE

&u+-2&v<uV(AV%)> —0

NG

A

in Qr (= QO x (O,T),

The differential operator:

2dw(uv(

A
NG

5

)

d
= 2 Z 81 (u (91 (
=1
1,J

Aﬁ)) ()

NG

(I1)
Uu

(1)
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Main problem

Global existence of nonnegative solutions of the fourth order evolution PDE

&u+-2&v<uv(A¢a

NG

)

=0 in QT = () X (O,T),

A

The differential operator:

2 div (uv(

A
NG

5

)

=2§;8¢(u&<A\/\/§)) 0

§:3 (auau> "

Z ( " log u) (1
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The second form of the equation (11)

Formal calculations for regular strictly positive solutions show that (I) is equivalent
to

2 i 2 87,11, 8ju . .
&eu—i— A u — Z 8Z-j = O n QT, (”)

= U
t,5=1
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The second form of the equation (11)

Formal calculations for regular strictly positive solutions show that (1) is equivalent
to

Ou + Au — Z <8uau> =0 InQr, (1)

1,7=1

® DERRIDA-LEBOWITZ-SPEER-SPOHN ('91): Derivation of the equation as a
scaling limit in the study of interface fluctuations in a certain spin system.
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The second form of the equation (11)

Formal calculations for regular strictly positive solutions show that (1) is equivalent
to

d
Ou + A%y — Z 81-23-

1,7=1

(87,11, 6‘ju

Uu

) =0 InQr, (1)

® DERRIDA-LEBOWITZ-SPEER-SPOHN ('91): Derivation of the equation as a
scaling limit in the study of interface fluctuations in a certain spin system.

® BLEHER-LEBOWITZ-SPEER ('94): Local existence in time for periodic
solutions and initial data bounded away from 0.
Existence, uniqueness, and regularity until inf u(-,t) > 0.
Decay estimates for various Lyapunov functionals
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The second form of the equation (11)

Formal calculations for regular strictly positive solutions show that (1) is equivalent
to

d
Ou + | A%u | — Z 8%-

1,7=1

87;11, 6‘ju
Uu

) =0 InQr, (1)

® DERRIDA-LEBOWITZ-SPEER-SPOHN ('91): Derivation of the equation as a
scaling limit in the study-of interface fluctuations in a certain spin system.

® BLEHER-LEBOWITZ-SPEER ('94):Lecal existence in time for periodic
solutions and initial data bounded away from 0.
Existence, uniqueness, and regularity until inf u(-,t) >0,
Decay estimates for various Lyapunov functionals

#® Technique: Analytic semigroup generated by the biharmonic operator in
Sobolev spaces continuously imbedded in C°(Q).
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The second form of the equation (11)

Formal calculations for regular strictly positive solutions show that (1) is equivalent
to

i Oiud;u
Oru + | Au | — Z@%( Gt ) =0 iInQr, (I

Uu

1,7=1

® DERRIDA-LEBOWITZ-SPEER-SPOHN/('91): Derivation of the equation as a
scaling limit in the study-of interfacg fluctuations in a certain spin system.

® BLEHER-LEBOWITZ-SPEER ). Lecal existence in time for periodic
solutions and initial data-bounded away from 0.
Existence, uniqueness, and regularity until inf u(-,t) >0,
Decay estimates for various Lyapunov functionals

# Techniqug: Analytic semigroup generated by the biharmonic operator in

Sobolev spaces continuously imbedded in C°(Q).
The singular term is considered as a perturbation.
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The third form of the equation (111)

d

Oru + Z o7, (u(??j logu) =0 inQr. (1

1,7=1
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The third form of the equation (111)

Oru + Z 8% (u@fj logu) =0 InQr. (1)

1,7=1

® JUNGEL, PINNAU (99, ’00): simplified quantum drift diffusion model.

#® Global existence result for Dirichlet-Neumann boundary conditions in the
bounded interval 2 = (a, b) of R: the initial datum satisfies

f: (“0(5’3) — log Uo(ﬂ?)) dr < +00.
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The third form of the equation (111)

Oru + Z 837 (u@?j logu) =0 InQr. (1)

1,7=1

® JUNGEL, PINNAU (99, ’00): simplified quantum drift diffusion model.

#® Global existence result for Dirichlet-Neumann boundary conditions in the
bounded interval 2 = (a, b) of R: the initial datum satisfies

f: (“0(5’3) — log Uo(ﬂ?)) dr < +00.

#® Technique: Logarithmic trasformation ¢ := log u,
implicit time discretization,
a priori estimates and Sobolev imbeddings.
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The third form of the equation (111)

Oru + Z 837 (u@?j logu) =0 InQr. (1)

i,j=1

JUNGEL, PINNAU (’99, '00): simplified quantum drift diffusion model.

Global existence result for Dirichlet-Neumann boundary conditions in the
bounded interval 2 = (a, b) of R: the initial datum satisfies

f: (“0(5’3) — log Uo(ﬂ?)) dr < +00.

Technique: Logarithmic trasformation ¢ := log u,
implicit time discretization,
a priori estimates and Sobolev imbeddings.

Asymptotic decay: CACERES, CARRILLO, JUNGEL, TOSCANI (02, '03)
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Lyapunov functionals: Entropy

Starting from the third form

d
Oru + Z o7 (u@?j logu) =0 InQr (1

,7=1

it is easy to see that the Entropy

I (u) = /Qu(ac) log u(x) dr = / u(z)(logu(z) — 1) dz

Q

decays along (regular, positive) solutions of (lll):
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Lyapunov functionals: Entropy

Starting from the third form

d
Oru + Z o7 (u 82-23- logu) =0 InQr (1

,7=1

it is easy to see that the Entropy

I (u) = /Qu(a:) log u(x) dr = / u(z)(logu(z) — 1) dz

Q

decays along (regular, positive) solutions of (lll): in fact, with appropriate
boundary conditions,

%%ﬂ(ut):/glogut(a:)atu(x) dx
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Lyapunov functionals: Entropy

Starting from the third form

d

oru + Z@w (ua logu) =0 InQr (1

1,7=1

it is easy to see that the Entropy

I (u) = /Qu(a:) log u(x) dr = / u(z)(logu(z) — 1) dz

Q

decays along (regular, positive) solutions of (lll): in fact, with appropriate
boundary conditions,

%%ﬂ(ut) = /Qlog ut(x)Oru(z) doe = / log u(x Zﬁw (ut > log uy (x)) dx

:—Z/ |8Z-2jlogut(az)‘2ut(:v)daz
AL
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Lyapunov functionals: Entropy

Starting from the third form

d

oru + Z@w (ua logu) =0 InQr (1

1,7=1

it is easy to see that the Entropy

I (u) = /Qu(a:) log u(x) dr = / u(z)(logu(z) — 1) dz

Q

decays along (regular, positive) solutions of (lll): in fact, with appropriate
boundary conditions,

d
Ee%”(ut)zfglogut(x)ﬁtu(x) dx = /logut g 57,3 (Ut logut(x)) dx
:_E /|8-2-logut(az)‘2ut(:v)da:
ij
ig VS

e ;f(uT)Jr/o /QHDQKt(x)H?ut(:U)dx:%”(ug),

li(x) == logus(x),
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Lyapunov functionals: Entropy

Starting from the third form

d

oru + Z@w (ua logu) =0 InQr (1

1,7=1

it is easy to see that the Entropy

I (u) = /Qu(a:) log u(x) dr = / u(z)(logu(z) — 1) dz

Q

decays along (regular, positive) solutions of (lll): in fact, with appropriate
boundary conditions,

d
Ee%”(ut)zfglogut(x)ﬁtu(x) dx = /logut g 57,3 (Ut logut(x)) dx
:_E /|8-2-logut(az)‘2ut(:v)da:
ij
ig VS

e ;f(uT)Jr/o /QHDQKt(x)H?ut(:U)dx:%”(ug),

8§ju _ &u@ju

U u?

li(x) = logu(x), 8,6-2]-5 =
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Lyapunov functionals: Fisher information

The first form 0;u + 2 div (uv A\/\%ﬂ ) =0 )

Is strictly related to the Fisher information functional

1 [ Vu@)]? 1 Vu(z)|”
S (u) .—5/9de—§/9

u(z)

u(x) dr = 2/Q |Vs(:1:)|2 dr, s:=+/u.
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Lyapunov functionals: Fisher information

The first form  O,u + 2div (uv A\/\%ﬂ ) =0 )

Is strictly related to the Fisher information functional

It is defined for

Vu(z)

u(x) dr = 2/Q |Vs(:c)|2 dr, s:=+/u.

w >0, suchthat s=+/uec H (Q)
or, equivalently, for

|2
dxr < +00

1,1 1 [ |Vu(x)
(2 h th —
ue W (Q) such that 2/9 w(2)
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Lyapunov functionals: Fisher information

The first form  O,u + 2div (uv Avu ) =0 )

Is strictly related to the Fisher information function

Its first variation is

Vu(z)|”
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Lyapunov functionals: Fisher information

The first form  O,u + 2div (uv Avu ) =0 )

Is strictly related to the Fisher information function

Its first variation is

Vu(z)|”
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Lyapunov functionals: Fisher information

The first form  O,u + 2div (uv Avu ) =0 )

Is strictly related to the Fisher information function

Its first variation is

Vu(z)|”
u(x)

2u2 u? U
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Lyapunov functionals: Fisher information

The first form  O,u + 2div (uv A\/\%ﬂ ) =0 )

Is strictly related to the Fisher information functional

Its first variation is

Vu(z)

u(x) dr = 2/Q |Vs(:c)|2 dr, s:=+/u.

57 _ Javu
du VU

Thus the Fisher information is another Lyapunov functional, since

d 6.9
Eﬂ(ut):/QE(ut)atut(az)da:
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Lyapunov functionals: Fisher information

The first form  O,u + 2div (uv A\/\%ﬂ ) =0 )

Is strictly related to the Fisher information functional

1/ Vu(z)|? 1/ Vu(z) |? / 2
= | — dor = = u(z) dr = 2 Vs(z)| dx, s:=+/u.
2 Jo o) 2 Jo | utw) | ) L Vo)
Its first variation is
65 __JAVE
du VU

Thus the Fisher information is another Lyapunov functional, since

%f(Ut) _/ %{(Ut)&sut( ) dz =4 A\/\/—_ div (uth\/\/_t_)

:_4/9 VA\/\Z_tL_t wi () dz
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Lyapunov functionals: Fisher information

The first form  O,u + 2div (uv A\/\%ﬂ ) =0 )

Is strictly related to the Fisher information functional

Its first variation is

Vu(z)

u(x) dr = 2/Q |Vs(:c)|2 dr, s:=+/u.

57 _ Javu
du VU

A priori estimates:
AL/
VoV

J(uT)+4/OT/Q T,

%(uT)Jr/O /QHD2logut(x)H2ut(az)da::%(uo)

ue(x) de = S (up)
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Lyapunov functionals: Fisher information

The first form  O,u + 2div (uv A\/\%ﬂ ) =0 )

Is strictly related to the Fisher information functional

), ‘v«?((f))lQ =3,

Its first variation is

Vu(x)

x)d:c:2/|Vs(:c)|2dx, s := /u.
Q

6.7 | AVu

ou Ju

A priori estimates:

A 2
cf(uT)—Fél V \/u_t

uT/

ue(x) de = S (up)

(9 U 8u8u
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The structure of the equation

We are dealing (BRENIER, TOSCANI) with a parabolic equation with the following

structure
(O + divq =0
q = uv=uV
<
Avu 0.9
— 2 = ——
\ v Vu ou

in QT,

N QT,

N QT,

q

ZLP%' (u, Vu)n, =0 on (992)r.

7

-n =10

on (09)r
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The structure of the equation

We are dealing (BRENIER, TOSCANI) with a parabolic equation with the following
structure

( Oyu+divg =0 iNQr, qg-n=0 on (8Q)T

ZLP%' (u, Vu)n, =0 on (992)r.

(Continuity equation)
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The structure of the equation

We are dealing (BRENIER, TOSCANI) with a parabolic equation with the following
structure

( Oyu+divg =0 iNQr, qg-n=0 on (8Q)T

qg = uv= uVY in Qr,

ZLP%' (u, Vu)n, =0 on (992)r.

(“Wasserstein” velocity)
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The structure of the equation

We are dealing (BRENIER, TOSCANI) with a parabolic equation with the following
structure

( Oyu+divg =0 iNQr, qg-n=0 on (8Q)T
qg = uv=uVY in Qr,
\
Av/u 0.9 .
Y =2 = ———— InQr, Ly (u,Vu)n; =0 on (0Q)r.
G

(Gradient flow condition)
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The structure of the equation

We are dealing (BRENIER, TOSCANI) with a parabolic equation with the following
structure

( Oyu+divg =0 iNQr, qg-n=0 on (8Q)T
q = uv=uV in Qr,
<
Av/u 0.9 .
=2 = —— Q L,. = Q).
\w T 5 NG, ; p;(u, Vu)n; =0 on (09Q)r

OTTO, JORDAN, KINDERLEHRER AND OTTO ['97-'00] showed in many interesting
cases that an equation with this particular structure can be interpreted as

the “gradient flow” of .#
with respect to the so called
“Wasserstein distance”
between probability measures.
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The structure of the equation

We are dealing (BRENIER, TOSCANI) with a parabolic equation with the following
structure

( Oyu+divg =0 iNQr, qg-n=0 on (8Q)T
q = uv=uV in Qr,
<
Av/u 0.9 .
=2 = —— Q L,. = Q).
\1? T 5 NG, ; p;(u, Vu)n; =0 on (09Q)r

OTTO, JORDAN, KINDERLEHRER AND OTTO ['97-'00] showed in many interesting
cases that an equation with this particular structure can be interpreted as

the “gradient flow” of .#
with respect to the so called
“Wasserstein distance”
between probability measures.

Applications: asymptotic behaviour of solutions, Logarithmic Sobolev Inequalities,
approximation algorithms,...

(AGUEH, BRENIER, CARRILLO, MCCANN, GANGBO, GHOUSSoOUB, OTTO,
VILLANI,...)
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Examples
® (u):= [ulogudzr, 22 =logu+1,

‘u

Oru + div(uv) = 0, v =—V(logu+1)
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Examples

® (u):= [ulogudzr, 22 =logu+1,

‘ou
Vu

oru + div(u’v) = 0, vV = —V(logu 4+ 1) — _T
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Examples

® #(u):= [ulogudz, 22 =logu+1,

‘u

Oru + div(uv) = 0, v=—-V(logu+1)= —%

Oru — Au =0 (Heat equation)
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Examples

® (u):= [ulogudr, 2% =logu+1,

Oru + div(uv) = 0, v=—-V(logu+1)= —%

Oru — Au =0 (Heat equation)

® (ulg):= [ulog(u/g)dx = [u(logu+V(z))ds, g:=e ",

—5%’;2'9) =logu+V +1,

Ovu + div(uv) = 0, v=—-V(ogu+V+1)
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Examples

® (u):= [ulogudr, 2% =logu+1,

Oru + div(uv) = 0, v=—V(logu+1)= —%

Oru — Au =0 (Heat equation)

® (ulg):= [ulog(u/g)dx = [u(logu+V(z))ds, g:=e ",

—5%’;2'9) =logu+V +1,

Do+ diviuw) =0, v=-V(ogu+V +1)= —%—vv

ou — Au — div(uVV) =0 (Fokker-Planck equation)
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Examples

® (u):= [ulogudr, 2% =logu+1,
Oru + div(uv) = 0, v=—-V(logu+1)= —%
Oru — Au =0 (Heat equation)
® (ulg):= [ulog(u/g)dx = [u(logu+V(z))ds, g:=e ",
—5%’;2' 9) —logu+V +1,
: Vu
Ovu + div(uv) = 0, v=—V(logu+V+1)= _T_VV
ou — Au — div(uVV) =0 (Fokker-Planck equation)
» S(ulg) =5 [ |Viog(u/g)Puds, 750 =20fF — 2502
A
Oru + div(uwv) = 0, v =2V (Aﬁ \/§>
Vu V9
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Examples

® (u):= [ulogudr, 2% =logu+1,

Oru + div(uv) = 0, v=—V(logu+1)= —%

Oru — Au =0 (Heat equation)

® (ulg):= [ulog(u/g)dx = [u(logu+V(z))ds, g:=e ",

—5%’;2' 9) —logu+V +1,
: Vu
Ovu + div(uv) = 0, v=—V(logu+V+1)= _T_VV
ou — Au — div(uVV) =0 (Fokker-Planck equation)
® J(ulg):= 73 [|Vieg(u/g)ude, LI — o8 9o
A

Oru + div(uwv) = 0, v =2V (Aﬁ — \/§>

Vu V9

A
Oru + 2div (uV(A\/\[ \/[)) =0 (Modified quantum drift diffusion)
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2. Gradient flows and Wasserstein
distance



Gradient Flows

# The ambient space . is an Euclidean vector space R™,
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Gradient Flows

# The ambient space . is an Euclidean vector space R™,

® 7.9 — (—o0,400) is a smooth functional with gradient V.#,
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Gradient Flows

# The ambient space . is an Euclidean vector space R™,

® 7.9 — (—o0,400) is a smooth functional with gradient V.#,

® ug € .7 s the initial datum
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Gradient Flows

The ambient space . is an Euclidean vector space R™,

F S — (—o0,400) is a smooth functional with gradient V.%,

ug € .7 Is the initial datum

We look for the curve u:[0,+0) — . suchthat «(0)=wuo and

u'(t) = —V.Z (u(t))
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Gradient Flows

The ambient space . is an Euclidean vector space R™,
or a Riemannian manifold

F S — (—o0,4+00) is a smooth functional with gradient V.%,

ug € .7 Is the initial datum

We look for the curve u:[0,+0) — . suchthat «(0)=wuo and

u'(t) = —V.Z (u(t))
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Gradient Flows

The ambient space . is an Euclidean vector space R™,
or a Riemannian manifold

F S — (—o0,4+00) is a smooth functional with gradient V.%,
in the tangent space Tan,.¥

ug € .7 Is the initial datum

We look for the curve u:[0,+0) — . suchthat «(0)=wuo and

u'(t) = —V.Z(u(t)) € Tan,y)S
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Gradient Flows

The ambient space . is an Euclidean vector space R™,
or a Riemannian manifold

F S — (—o0,4+00) is a smooth functional with gradient V.%,
in the tangent space Tan,.¥

ug € .7 Is the initial datum

We look for the curve u:[0,+0) — . suchthat «(0)=wuo and

u'(t) = —V.Z(u(t)) € Tan,y)S

Velocity = —“Gradient” of some functional .%
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Gradient Flows

# The ambient space . is an Euclidean vector space R™,
or a Riemannian manifold

® 7.9 — (—o00,400) is a smooth functional with gradient V.%#,
in the tangent space Tan,.¥

® ug € .7 s the initial datum

We look for the curve u:[0,+0) — . suchthat «(0)=wuo and

u'(t) = —V.Z(u(t)) € Tan,y)S

Velocity = —“Gradient” of some functional .%

Chain rule: if w : (0,T) — .7 is any regular curve

77 (W) = (VI (w(t)),w'(t) = —[VF (w(t))] [w'(t)]
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Gradient Flows

# The ambient space . is an Euclidean vector space R™,
or a Riemannian manifold

® 7.9 — (—o00,400) is a smooth functional with gradient V.%#,
in the tangent space Tan,.¥

® ug € .7 s the initial datum

We look for the curve u:[0,+0) — . suchthat «(0)=wuo and

u'(t) = —V.Z(u(t)) € Tan,y)S

Velocity = —“Gradient” of some functional .%

Chain rule: if w : (0,T) — .7 is any regular curve

77 (W) = (VI (w(t)),w'(t) = —[VF (w(t))] [w'(t)]

u 1S a gradient flow iff equality holds, i.e.

&7 (u(t) = —|VZ )| [u' ()] = = ()" = ~[VF (u(®)]”.
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Gradient flows w.r.t. the Wasserstein distance

Ambient space: .7 := {w >0 a.e.inf, / / 2| w(z) de < —I—oo}
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Gradient flows w.r.t. the Wasserstein distance

Ambient space: .7 := {w >0 a.e.in(, / w(z)dr =1, / 2| w(z) dz < —I—oo},
Q Q

The velocity v of a curve u : (0,7) — . is induced by the continuity equation:

(Oiu+divg=0 inQr, g-n=0 on (0Q)r

g=uv inQr, |ve]l2, ::/|fvt(:1:)|2ut(x)dx<—l—oo
Q
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Gradient flows w.r.t. the Wasserstein distance

Ambient space: .7 := {w >0 a.e.in(, / w(z)dr =1, / 2| w(z) dz < —I—oo},
Q Q

The velocity v of a curve u : (0,7) — . is induced by the continuity equation:

(Oiu+divg=0 inQr, g-n=0 on (0Q)r

g=uv inQr, |ve]l2, ::/ ()] ue(z) de < 400
Q
If 11 := 22 (ut) we have

_J(ut)zf( 2 (u, Vu) (%u—i—ZL (u, Vu)0;0ru d:c—/watuda:

1/2 1/2
/delv uv daz—/Vzp vudr > — /|V¢| u( dx /|v|
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Gradient flows w.r.t. the Wasserstein distance

Ambient space: .7 := {w >0 a.e.in(, / w(z)dr =1, / 2| w(z) dz < —I—oo},
Q Q

The velocity v of a curve u : (0,7) — . is induced by the continuity equation:

(Oiu+divg=0 inQr, g-n=0 on (0Q)r

g=uv inQr, |ve]l2, ::/ ()] ue(z) de < 400
Q
If 11 := 22 (ut) we have

_J(ut)zf( 2 (u, Vu) (%u—i—ZL (u, Vu)0;0ru d:c—/watuda:

1/2 1/2
/delv uv daz—/Vzp vudr > — /|V¢| u( dx /|v|

Equality: v=-Vy=—V 9L (uy)

A-HYKE2, april 2004 — p.13



Gradient flows w.r.t. the Wasserstein distance

Ambient space: .7 := {w >0 a.e.in(, / / 2| w(z) de < —I—oo},
Q

The velocity v of a curve u : (0,7) — . is induced by the continuity equation:

(Oiu+divg=0 inQr, g-n=0 on (0Q)r

g=uv inQr, |ve]l2, ::/ ()] ue(z) de < 400
Q
If 11 := 22 (ut) we have

_J(ut)zf( 2 (u, Vu) &m—i—ZLPZ u, Vu)0;0ru d:c—/watudaz

1/2 1/2
/delv uv daz—/Vzp vudr > — /|V¢| u( dx /|v|

Equality: v=-V¢ = -V 9L (u,)

Gradient flows

T T
/ vt |, dt:/ /‘V%(Ut)‘zut(ﬂﬁ)dﬂ?dtﬁﬂ(uo) < +o00.
0 0o Ja

A-HYKE2, april 2004 — p.13
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The link with the Wasserstein distance

To each curve v : (0,7T) — . satisfying the continuity equation
Oru + div (uv) =0 in Qr, vella, = / v ()] ue () d, (%)
Q

we can associate the “energy”

T
r(u) ::inf{/ Jocll2, di : v satistying (+) }.
0
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The link with the Wasserstein distance

To each curve v : (0,7T) — . satisfying the continuity equation
Oru + div (uv) =0 in Qr, vella, = / v ()] ue () d, (%)
Q

we can associate the “energy” (and the corresponding “length”)

Zr(u) :=inf { /OT |ve ||, dt : v satisfying (*)},
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The link with the Wasserstein distance

To each curve v : (0,7T) — . satisfying the continuity equation
Oru + div (uv) =0 in Qr, ez, = / v ()] we () de,
Q
we can associate the “energy”
T
&r(u) == inf { / |ve||2, dt : v satisfying (*)},
0
and therefore a “geodesic” distance between two element of .

W?(u1,us) ;= inf {T‘lao@T(u) : . connects w; to UQ}.

(%)
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The link with the Wasserstein distance

To each curve v : (0,7T) — . satisfying the continuity equation
Oru + div (uv) =0 in Qr, vella, = / v ()] ue () d, (%)
Q

we can associate the “energy”

&r(u) := inf { /T |ve ||z, dt : v satisfying (*)},
0
and therefore a “geodesic” distance between two element of .
W?(u1,us) ;= inf {T‘lao@T(u) : u CONNEcts u; to ’LLQ}.
BENAMOU-BRENIER showed that W coincides with the Wasserstein distance
W?(u1,uz) := inf {/ (1) — 1P ur(z1)dey i r: Q — Q,
Q

| @ us(@) doa = [ (@) us(@)der Vo e i)
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—]

"he Wasserstein distance and optimal transportation

S = {u >0 a.e.in(, / u / |z|*u(z) dz < —I—oo}

We identify an element v € .# with the Probability measure p := u £%.
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—]

"he Wasserstein distance and optimal transportation

S = {u >0 a.e.inf, / u(x)dr =1, / |z u(z) de < —I—oo},
Q Q
We identify an element v € .# with the Probability measure p := u £%.

Transport maps: TransMap(u1,uz2) := {fr : R — R®, raul = uz}

/n(wz)uz(wz)dwz = /n(r(wl))ul(wl)dml for every test function n
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—]

"he Wasserstein distance and optimal transportation

S = {u >0 a.e.in(, / u / |z|*u(z) dz < —I—oo}

We identify an element v € .# with the Probability measure p := u £%.

Transport maps: TransMap(u1,uz2) := {fr : R — R®, raul = uz}

ul(ml)

det Vr(x1)’
If r is (essentially) injective and (approximately) differentiable.

uz(x2) = re =1(x1)

A-HYKE2, april 2004 — p.15



—]

"he Wasserstein distance and optimal transportation

S = {u >0 a.e.in(, / u / |z|*u(z) dz < —I—oo}

We identify an element v € .# with the Probability measure p := u £%.
Transport maps: TransMap(u1,uz2) := {fr R* > R?, ruu; = uz}

The Wasserstein distance W (w1, u2) is the minimal quadratic cost

W?(u1,us) = min {/ 7 (1) — z1]° w1 (1) dey : Tpus = uz}
Q
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—]

"he Wasserstein distance and optimal transportation

S = {u >0 a.e.in(, / u / |z|*u(z) dz < —I—oo}
Q

We identify an element v € .# with the Probability measure p := u £%.
Transport maps: TransMap(u1,uz2) := {fr R* > R?, ruu; = uz}

The Wasserstein distance W (w1, u2) is the minimal quadratic cost

W?(u1,us) = min {/ 7 (1) — z1]° w1 (1) dey : Tpus = uz}
Q

There exists a unique optimal transport map » = OptMap(u1, uz);
r is cyclically monotone. [BRENIER, KNOTT AND SMITH]
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The velocity vector

Ifu: (0,7T) — . is a curve with finite energy, i.e.

drutdiv (uw) = 0, for some vector field v, satisfying v, ()| ue () do dt < +o0
Qp

then there exists a unique (up to negligible sets) Borel vector field v € L?(u:; R?),
we := uy £, which realizes the minimum in the energy integral:

T
fr(w) = [ lloell3, d
0

A-HYKE2, april 2004 — p.16



The velocity vector

Ifu: (0,7T) — . is a curve with finite energy, i.e.

drutdiv (uw) = 0, for some vector field v, satisfying v, ()| ue () do dt < +o0
Qp

then there exists a unique (up to negligible sets) Borel vector field v € L?(u:; R?),
we := uy £, which realizes the minimum in the energy integral:

T
fr(w) = [ lloell3, d
0

it is characterized by

2
vt € Tan,,. :={Vp: p€ CgO(Rd)}L W1 forae. t (0,7T).
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The velocity vector

Ifu: (0,7T) — . is a curve with finite energy, i.e.

drutdiv (uw) = 0, for some vector field v, satisfying v, ()| ue () do dt < +o0
Qp

then there exists a unique (up to negligible sets) Borel vector field v € L?(u:; R?),
we := uy £, which realizes the minimum in the energy integral:

T
fr(w) = [ lloell3, d
0

it is characterized by

2
vt € Tan,,. :={Vp: p€ CgO(Rd)}L W1 forae. t (0,7T).

Moreover, for a.e. t € (0,T) if r, = OptMap(ut, ui1p) then

rh(r) -z _ vi(x) | in L?(uy; R™),

lim
h—0
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The velocity vector

Ifu: (0,7T) — . is a curve with finite energy, i.e.

drutdiv (uw) = 0, for some vector field v, satisfying v, ()| ue () do dt < +o0
Qp

then there exists a unique (up to negligible sets) Borel vector field v € L?(u:; R?),
we := uy £, which realizes the minimum in the energy integral:

T
fr(w) = [ lloell3, d
0

it is characterized by

2
vt € Tan,,. :={Vp: p€ CgO(Rd)}L W1 forae. t (0,7T).

Moreover, for a.e. t € (0,T) if r, = OptMap(ut, ui1p) then

. rr(r) —x B .2, m . W(Ut—i—h; (2 + h’Ut)#Ut)
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Approximation of Gradient Flows by the Euler scheme

In the euclidean case...

#® Choose atime step 7 > 0 and

a partition &, := {t1, ta, ...,tn, ...} Of the time interval (0, +00), t, :=nT,

#4 _______ >|< ....... l>| e e e |< ------- >|< ------- >| LI Y | t
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Approximation of Gradient Flows by the Euler scheme

In the euclidean case...

#® Choose atime step = > 0 and

a partition &, := {t1, ta, ...,tn, ...} Of the time interval (0, +00), t, :=nT,

<t l>|<} ------- |>| |<} _______ l>|<} _______ l>| N | t

@‘r 0 T 2T tn—1 tn tn—l—l

# Starting from the initial datum U? := u, solve recursively the equation w.r.t.
U, n=1,2,...,

—1
Ur —ur
T

= -VZ(U?)
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Approximation of Gradient Flows by the Euler scheme

In the euclidean case...

#® Choose atime step = > 0 and

a partition &, := {t1, ta, ...,tn, ...} Of the time interval (0, +00), t, :=nT,

<t l>|<} ------- |>| |<} _______ l>|<} _______ l>| N | t

@‘r 0 T 2T tn—1 tn tn—l—l

# Starting from the initial datum U? := u, solve recursively the equation w.r.t.
U, n=1,2,...,

—1
Ur —ur
T

= -VZ(U?)

#® Resolvent map

J. Ut S ur,
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Approximation of Gradient Flows by the Euler scheme

In the euclidean case...

#® Choose atime step = > 0 and

a partition &, := {t1, ta, ...,tn, ...} Of the time interval (0, +00), t, :=nT,

<t l>|<} ------- |>| |<} _______ l>|<} _______ l>| N | t

@‘r 0 T 2T tn—1 tn tn—l—l

# Starting from the initial datum U? := u, solve recursively the equation w.r.t.
U, n=1,2,...,

—1
Ur —ur
T

= -VZ(U?)

#® Resolvent map and Discrete exponential formula:

J. Ut - ur, UP = (J2) " [uo).
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The “Discrete solution”

Approximation algorithm: U, n =1,2,--- , solves

ur —urt
+VZUr) =0
-
U
UO
T T T T t
e v e *
O T 27- tn—l tn tn+1
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The “Discrete solution”

Approximation algorithm: U, n =1,2,--- , solves

ur —urt
+VFZUr) =0
-
u
WU
UO
T T T T t
LS e *
O T 27- tn—l tn tn+1
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The “Discrete solution”

Approximation algorithm: U, n =1,2,--- , solves

Ur —ur?
T +VZUr) =0
-
U
LU
UO
®
U2
T T T T t
e v e *
O T 27- tn—l tn tn+1
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The “Discrete solution”

Approximation algorithm: U, n =1,2,--- , solves

Ur —ur?
T +VZUr) =0
-
u
! S
U? °
o
U2
T T T T t
e e T e .
O T 27- tn—l tn tn+1
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The “Discrete solution”

Approximation algorithm: U, n =1,2,--- , solves
ur —yrt
= +VZUr) =0
-
u
o U: Uur—*
UO ]
o
U? oU"
T T T T ¢
s B
0 T 2T th—1  tn tnt1

A-HYKE2, april 2004 — p.18



The “Discrete solution”

Approximation algorithm: U, n =1,2,--- , solves
ur —yrt
= +VZUr) =0
-
Uu U;):L—}—l
o U: Uur—* o
UO ]
[
o
U? om
T T T T ¢
A NPL A pa e
0 T 2T th—1  tn tnt1
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The “Discrete solution”

Approximation algorithm: U, n =1,2,--- , solves

ur —yrt
+VZU?) =0
-
- U-(t) - |
/’// () / Un—|—1
Uz - yrl ———e”
U?° ' o
—e
2
Ur  eU™
-
—r o !
0 T 2T ver tn—1 tn tn—l—l

U~ (t) is the piecewise constant interpolant of {U" },,>0.
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The “Discrete solution”

Approximation algorithm: U, n =1,2,--- , solves

n n—1
T

L VFUM) =0

0 T 2T oo tn—1  tn tn+1

U~ (t) is the piecewise constant interpolant of {U" },,>0.
We look for convergence results (up to subsequence) of U - to a continuous solution

was T | 0.
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|

"he algorithm makes sense even in a metric framework

Variational algorithm

ur -urt
T
among the minimizers of

Find U? = J.(UZ2~") which solves

+VF(UR) =0
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|

"he algorithm makes sense even in a metric framework

Variational algorithm

ur -urt

Find U? = J.(UZ2~") which solves

-
among the minimizers of

. 1 .
o, (U7 U) = = |U - UF NP+ Z(U)

+VF(UR) =0

A-HYKE2, april 2004 — p.19



The algorithm makes sense even in a metric framework

Variational algorithm

ur -urt
T
among the minimizers of

o, (U1 U) = %W2(U, Ur—') + Z(U)

Find U? = J.(UZ2~") which solves

+VF(UR) =0
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The algorithm makes sense even in a metric framework

Variational algorithm

ur -urt
T
among the minimizers of

o, (U1 U) = %W(U, Ur—') + Z(U)

Find U? = J.(UZ2~") which solves +VZUM) =0

Acurve u € GM M (uo; %) is a Generalized Minimizing Movement if there exists an
infinitesimal sequence of time steps 7, and a corresponding sequence of discrete
solution U, such that W(U,_(t),u(t)) — O.
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The algorithm makes sense even in a metric framework

Variational algorithm

ur -urt
T
among the minimizers of

o, (U1 U) = Q%W2(U, Ur—') + Z(U)

Find U? = J.(UZ2~") which solves +VZUM) =0

Acurve u € GM M (uo; %) is a Generalized Minimizing Movement if there exists an
infinitesimal sequence of time steps 7, and a corresponding sequence of discrete
solution U, such that W(U,_(t),u(t)) — O.

DE GIORGI, MARINO, TOSQUES, DEGIO- Abstract theory of minimizing move-
VANNI, AMBROSIO... '80~'90 ments and curves of maximal slope

A-HYKE2, april 2004 — p.19



The algorithm makes sense even in a metric framework

Variational algorithm

ur -urt
T
among the minimizers of

o, (U1 U) = 2iTVW(U, Ur—') + Z(U)

+VF(UR) =0

Find U? = J.(UZ2~") which solves

Acurve u € GM M (uo; %) is a Generalized Minimizing Movement if there exists an
infinitesimal sequence of time steps 7, and a corresponding sequence of discrete
solution U, such that W(U,_(t),u(t)) — O.

DE GIORGI, MARINO, TOSQUES, DEGIO- Abstract theory of minimizing move-
VANNI, AMBROSIO... '80~'90 ments and curves of maximal slope

LUCKHAUS-STURZENECKER, ALMGREN- Geometric evolution problems
TAYLOR-WANG ... ~90
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ur -urt
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among the minimizers of

o, (U1 U) = 2iTW2(U, Ur—') + Z(U)

Find U? = J.(UZ2~") which solves

+VF(UR) =0

Acurve u € GM M (uo; %) is a Generalized Minimizing Movement if there exists an
infinitesimal sequence of time steps 7, and a corresponding sequence of discrete
solution U, such that W(U,_(t),u(t)) — O.
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LUCKHAUS-STURZENECKER, ALMGREN- Geometric evolution problems
TAYLOR-WANG ... ~90

LUCKHAUS, VISINTIN, MIELKE-THEIL- Phase transitions, hystheresis
LEVITAS ... '90~'00
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The algorithm makes sense even in a metric framework

Variational algorithm

ur -urt

T

Find U? = J.(UZ2~") which solves +VZUM) =0
among the minimizers of
_ 1 _

O (U7 U) = —WHU,U77") + 7 (U)

Acurve u € GM M (uo; %) is a Generalized Minimizing Movement if there exists an
infinitesimal sequence of time steps 7, and a corresponding sequence of discrete
solution U, such that W(U,_(t),u(t)) — O.

DE GIORGI, MARINO, TOSQUES, DEGIO- Abstract theory of minimizing move-
VANNI, AMBROSIO... '80~'90 ments and curves of maximal slope

LUCKHAUS-STURZENECKER, ALMGREN- Geometric evolution problems
TAYLOR-WANG ... ~90
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OTTO, JORDAN, KINDERLEHRER, WALK- Diffusion equations, Wasserstein
INGTON ... '98~°00 distance
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The algorithm makes sense even in a metric framework

Variational algorithm

ur -urt
T
among the minimizers of

o, (U1 U) = %W(U, Ur—') + Z(U)

Find U? = J.(UZ2~") which solves +VZUM) =0

Acurve u € GM M (uo; %) is a Generalized Minimizing Movement if there exists an
infinitesimal sequence of time steps 7, and a corresponding sequence of discrete
solution U, such that W(U,_(t),u(t)) — O.

DE GIORGI, MARINO, TOSQUES, DEGIO- Abstract theory of minimizing move-
VANNI, AMBROSIO... '80~'90 ments and curves of maximal slope

LUCKHAUS-STURZENECKER, ALMGREN- Geometric evolution problems
TAYLOR-WANG ... ~90

LUCKHAUS, VISINTIN, MIELKE-THEIL- Phase transitions, hystheresis
LEVITAS ... '90~'00

OTTO, JORDAN, KINDERLEHRER, WALK- Diffusion equations, Wasserstein
INGTON ... '98~°00 distance

(AMBROSIO-GIGLI-S. '04) Gradient flows in Metric and
Wasserstein spaces
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Program:

#® Make precise the notion of “variational solution” of the equation, attached to
the Wasserstein approach.
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Program:

#® Make precise the notion of “variational solution” of the equation, attached to

the Wasserstein approach.

# Formalize the notion of “(sub)gradient” w.r.t. the Wasserstein distance and
justify the formal calculations in the case of the Fisher information functional.
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Program:

#® Make precise the notion of “variational solution” of the equation, attached to
the Wasserstein approach.

# Formalize the notion of “(sub)gradient” w.r.t. the Wasserstein distance and
justify the formal calculations in the case of the Fisher information functional.

# Show that any Generalized Minimizing Movement (i.e. any limit curve of the
variational scheme) solve the equation.
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Program:

#® Make precise the notion of “variational solution” of the equation, attached to
the Wasserstein approach.

# Formalize the notion of “(sub)gradient” w.r.t. the Wasserstein distance and
justify the formal calculations in the case of the Fisher information functional.

# Show that any Generalized Minimizing Movement (i.e. any limit curve of the
variational scheme) solve the equation.

The first two steps are now well understood (OTTO): notice that positivity
preservation is one of the main features of the variational scheme and of the

Wasserstein framework.
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Program:

#® Make precise the notion of “variational solution” of the equation, attached to
the Wasserstein approach.

# Formalize the notion of “(sub)gradient” w.r.t. the Wasserstein distance and
justify the formal calculations in the case of the Fisher information functional.

# Show that any Generalized Minimizing Movement (i.e. any limit curve of the
variational scheme) solve the equation.

The first two steps are now well understood (OTTO): notice that positivity
preservation is one of the main features of the variational scheme and of the

Wasserstein framework.

The most difficult point is the third one: we shall need extra regularity properties
and a priori estimates to pass to the limit.
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The notion of variational solution

( Otu +divg =0 NQr, g-n=0 on (8Q)T
qg = uv= uVy in Qr,

Avu 0.9
:2 = - —
\"’b Vu ou

N QT, c‘)nu =0 on (8Q)T
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The notion of variational solution

( Otu +divg =0 NQr, g-n=0 on (8Q)T

qgx uvv=uVy in Qr,
Avu .
Y =12 = inQF, Onu=0 on (09Q)r.
\ Vu O

Y
In the sense of distributions in 2'(R? x (0,T))

A-HYKE2, april 2004 — p.21



The notion of variational solution

( Otu +divg =0 NQr, g-n=0 on (8Q)T
qg = uv= uVy in Qr,

<
\ Vu

\

2
Finite energy: [ [vs ()| ui(z) do dt = / 9 @) gt < oo
Qp Qo ut ()
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The notion of variational solution

( Otu +divg =0 NnQr, g-n=20 on (8Q)T
) qg = uv=uV in Qr,

Av/u 0.7 .
= 2 = —— Q U = Q).
\;b T {u N Qr, Opbu=0 on (0Q)r

—

(Integration by parts)
The meaning of g = 2uV A\/@:
u

uV A\/\g — V(\/EA\/E) —Vu A\/\? = V(ﬁA\/ﬂ) 2V Vu AV

Thus the above expression makes sense if s := \/u € H*(Q), sAs €¢ W"'(Q) and
defines q as

q =2V (sAS) — 4Vs As

A-HYKE2, april 2004 — p.21



The notion of variational solution

( Otu +divg =0 NQr, g-n=0 on (8Q)T
) qg = uv= uVy in Qr,

AVa 6 .
\1& 2 T 5, N Qr, Opu=0 on (0N)r

Definition. A nonnegative function u = s* € C°([0,T]; L' (Q)) is a variational
solution if

s € L*(0,T; H* (), Ons=0 on (09)., sAse L' (0, T;W"(Q)),

and, defining | g := 2V (sAs) — 4Vs As |we have

Ik, "

//Q (—u&scb—q-vqb) dxdtszd uo(z)p(z,0)dx Yo € O (R? x [0,T)).

dm dt < 400

A-HYKE2, april 2004 — p.21



The notion of variational solution

( Otu +divg =0 NQr, g-n=0 on (8Q)T
) qg = uv= uVy in Qr,

AVa 6 .
\1& 2 T 5, N Qr, Opu=0 on (0N)r

Definition. A nonnegative function u = s* € C°([0,T]; L' (Q)) is a variational
solution if

s € L*(0,T; H* (), Ons=0 on (09)., sAse L' (0, T;W"(Q)),

and, defining | g := 2V (sAs) — 4Vs As |we have

) Ut

2
// gz, )] drdt < foo ~ vy =2 ¢ L*(, ue da; RY) for a.e. t € (0, 7))
Qo u(z,t)

//Q (—u&scb—q-vqb) dxdtszd uo(z)p(z,0)dr Yo € O (R? x [0,T)).
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Comparison

The notion of variational solution gives sense to the other forms of the equation,
since s = y/u € H*(Q), sAsc Wh'(Q) yield

Aue WHH(Q), A’ue W HH(Q), &?M = 40, (0:50;s) € w—hhQ)

Uu
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Comparison

The notion of variational solution gives sense to the other forms of the equation,
since s = y/u € H*(Q), sAsc Wh'(Q) yield

Aue WHH(Q), A’ue W HH(Q), &?M = 40, (0:50;s) € w—hhQ)

Uu

div g = div (2V (sAs) — 4VSA5>
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Comparison

The notion of variational solution gives sense to the other forms of the equation,
since s = y/u € H*(Q), sAsc Wh'(Q) yield

Aue WHH(Q), A’ue W HH(Q), &?M = 40, (0:50;s) € w—hhQ)

Uu

div g = div (2V (sAs) — 4VSA5>

= A%u—4) 0;;(0is0;5) (Second form)

1,
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Comparison

The notion of variational solution gives sense to the other forms of the equation,
since s = y/u € H*(Q), sAsc Wh'(Q) yield

Aue WHH(Q), A’ue W HH(Q), &?M = 40, (0:50;s) € w—hhQ)

Uu

div g = div (QV (sAs) — 4VSA5>

= A%u—4 Z 8% (0i50;5) (Second form)
,J
— Z O (0fu — 40;50;s) = Z 0;; (u0;; log u) (Third form)
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Comparison

The notion of variational solution gives sense to the other forms of the equation,
since s = y/u € H*(Q), sAsc Wh'(Q) yield

Au e WHHQ), Aue W H1(Q), aﬁM = 40;;(0;50;8) € W™H(Q)

Uu

div g = div (QV (sAs) — 4V8A5>

= A%u—4 Z 8% (0i50;5) (Second form)
,J
— Z Opy| (85u — 40:50;5) | = Z 0;; (u0;; log u) (Third form)

We can also give sense to

Li; = “u@fj logu” := | 07;u — 40;50;s
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Comparison

The notion of variational solution gives sense to the other forms of the equation,
since s = y/u € H*(Q), sAsc Wh'(Q) yield

Au e WHHQ), Aue W H1(Q), aﬁM = 40;;(0;50;8) € W™H(Q)

Uu

div g = div (QV (sAs) — 4V8A5>

= A%u—4 Z 8% (0i50;5) (Second form)
,J
— Z Opy| (85u — 40:50;5) | = Z 0;; (u0;; log u) (Third form)

We can also give sense to

Li; = “u@fj logu” := | 07;u — 40;50;s

J

so that

Lij|”
1T A

Uu

8%- logu}2u dx = /
Q
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3. Main results and ideas involved in the
proof



Main result

Existence of variational solutions: If
up € L, SF(up) < +

then each element u € GM M (uo, %) (which is not empty) is a variational solution.
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Malin result
Existence of variational solutions: If
up € L, SF(up) < +

then each element u € GM M (uo, %) (which is not empty) is a variational solution.
Lyapunov inequalities

2
V(2s:Asy) —4Vs: A
7 () < w1z, ——/ = St) ~—| da,
t Q
d “—t 48 stﬁ St)
Eﬁﬂ(ut) < — . Z/ dx

A-HYKE2, april 2004 — p.24



Malin result
Existence of variational solutions: If
up € L, SF(up) < +

then each element u € GM M (uo, %) (which is not empty) is a variational solution.
Lyapunov inequalities

2
V(2s:Asy) —4Vs: A
7 () < w1z, ——/ = St) ~—| da,
t Q
d “—t 4(9 stﬁ St)
Eﬁﬂ(ut) < — . Z/ dx

Regularizing effect: if only 7 (ug) < +oo then .#(u:) < 400 for every ¢t > 0, and
u is a variational solution in each open interval (¢, T"), € > 0.
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Malin result
Existence of variational solutions: If
up € L, SF(up) < +

then each element u € GM M (uo, %) (which is not empty) is a variational solution.
Lyapunov inequalities

2
V(2s:Asy) —4Vs: A
7 () < w1z, ——/ = St) ~—| da,
t Q
d “—t 4(9 stﬁ St)
Eﬁﬂ(ut) < — . Z/ dx

Regularizing effect: if only 7 (ug) < +oo then .#(u:) < 400 for every ¢t > 0, and
u is a variational solution in each open interval (¢, T"), € > 0.
Asymptotic decay:

I (ur) < % for¢ > 0.
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Proof

# Solvability of the discrete variational scheme via lower semicontinuity and
compactness: it is a standard application of the Direct methods of Calculus
of Variations.
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Proof

# Solvability of the discrete variational scheme via lower semicontinuity and
compactness: it is a standard application of the Direct methods of Calculus

of Variations.

# Evaluation of the (sub)gradient in . of the Fisher information: Euler equation
for each step of the minimization scheme.
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Proof

Solvability of the discrete variational scheme via lower semicontinuity and
compactness: it is a standard application of the Direct methods of Calculus
of Variations.

Evaluation of the (sub)gradient in . of the Fisher information: Euler equation
for each step of the minimization scheme.

General convergence result for the Minimizing Movement approach
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Proof

Solvability of the discrete variational scheme via lower semicontinuity and
compactness: it is a standard application of the Direct methods of Calculus
of Variations.

Evaluation of the (sub)gradient in . of the Fisher information: Euler equation
for each step of the minimization scheme.

General convergence result for the Minimizing Movement approach

Extra estimates to prove a closure property of the (sub)gradient of .#
under weak convergence:

#® New second order inequality of Logarithmic-Sobolev type.
# First variation along the Heat flow
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Wasserstein (Sub)gradient

In the case of a (smooth) functional .# defined in the Euclidean spaces, a vector
v =V.Z(u)

F(w) — F(u) — (v,w—u) =o(lw—ul) asw — u
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Wasserstein (Sub)gradient

In the case of a (smooth) functional .# defined in the Euclidean spaces, a vector
v € 0.7 (u)=

F(w) — F(u) — (v,w—u)>o(lw—ul) asw — u

For minimum problems, it is sufficient to consider the subgradient of .7
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Wasserstein (Sub)gradient

In the case of a (smooth) functional .# defined in the Euclidean spaces, a vector
v € 0.7 (u)

F(w) — F(u) — (v,w—u)y>o(lw—ul) asw — u

In the case of functionals defined on ., the scalar product depends on the
reference measure p := u £% and we use transport maps to write everything with
respect to u; thus

W=Trau, U=iuu, w—u-~r—ic L’(uRY),
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Wasserstein (Sub)gradient

In the case of a (smooth) functional .# defined in the Euclidean spaces, a vector
v € 0.7 (u)

F(w) — F(u) — (v,w—u)y>o(lw—ul) asw — u

In the case of functionals defined on ., the scalar product depends on the
reference measure p := u £% and we use transport maps to write everything with
respect to u; thus

W=Trau, U=iuu, w—u-~r—ic L’(uRY),

w— uf? ~ [ — )2 = /|r ) — af? du(z)
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Wasserstein (Sub)gradient

In the case of a (smooth) functional .# defined in the Euclidean spaces, a vector
v € 0.7 (u)

F(w) — F(u) — (v,w—u)y>o(lw—ul) asw — u
In the case of functionals defined on ., the scalar product depends on the
reference measure p := u £% and we use transport maps to write everything with

respect to u; thus

W=Trau, U=iuu, w—u-~r—ic L’(uRY),
w— uf? ~ [ — )2 = /|r ) — of? dyu(z)

v € IX(RY, (0w —u) ~ (0,7 - >u.=[2<v<w>,r<w>—x>du<w>
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Wasserstein (Sub)gradient

In the case of a (smooth) functional .# defined in the Euclidean spaces, a vector
v € 0.7 (u)

F(w) — F(u) — (v,w—u)y>o(lw—ul) asw — u

In the case of functionals defined on ., the scalar product depends on the
reference measure p := u £% and we use transport maps to write everything with
respect to u; thus

W=Trau, U=iuu, w—u-~r—ic L’(uRY),

w— uf? ~ [ — )2 = / r(2) — 2 du(z)
0

veL(wRY, (v,w—u)~ (0,7 — i)y = /Q<'v(:1:),r(a:) — x) dp(x)

With this convention, if u € .7, .F(u) < 400, p:=u L% avector v € L*(u;R?) is
a (strong) subgradient for . at u if

F(rau) — F(u) — (v,7 —i), > o(||r —i||,)| asr — iin L?(u; RY).
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Subgradients of Entropy and Fisher information

As introduced by OTTO, we choose r© := 2 4 £ for a smooth vector field
£ € C(;R%) and we observe that if v € 9.% (u) then

(v,€), < liminf Frypw) = 7 (W
VeI —= el0 E .
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Subgradients of Entropy and Fisher information

As introduced by OTTO, we choose r© := 2 4 £ for a smooth vector field

£ € C(;R%) and we observe that if v € 9.% (u) then

(v,€)y < liminf

F(ryu) — ﬂ(u)

el0

In the case of the Entropy 5 we have

v € 05 (u)

=

\

3

[ (0,8)y = —/Qu(a:) div&(z)dz, V€& € C™(Q:RY)

\

I.e.

S (u) < +o0,

v =

Vu

Uu
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Subgradients of Entropy and Fisher information

As introduced by OTTO, we choose r© := 2 4 £ for a smooth vector field
£ € C(;R%) and we observe that if v € 9.% (u) then

F(ryu) — F
(v,£&), < liminf () (u)
el0 g
In the case of the Entropy 5 we have

[ (0,8)y = —/ u(z) divé(x) dz, V& e CP(Q;RY)
veEIH(u) = A ‘2

Le. J(u) < +oo, v= %
\

In the case of the Fisher Information .# we have

(U (1%(’&) = <’U,€>u — ZL (&ifj&u + 48153818835) dZI?, V£ < COO(Q,Rd)
2%
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Subgradients of Entropy and Fisher information

As introduced by OTTO, we choose r© := 2 4 £ for a smooth vector field
£ € C(;R%) and we observe that if v € 9.% (u) then

F(ryu) — F
(v,£&), < liminf () (u)
el0 g
In the case of the Entropy 5 we have

( (0,8)y = —/ u(z) divé(x) dz, V& e CP(Q;RY)
veEIH(u) = A ‘2

\i.e. F(u) < 400, v= %

In the case of the Fisher Information .# we have

(U (1%(’&) = <’U,€>u — ZL (8223538@11/ + 48153818835) dr, VEE€E COO(Q,Rd)
1,7

Choosing £ = V( yields / v-V(udr = /
Q

Q

( — uA*¢ + 42 0;:¢0s 8j3) dx

1,
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Subgradients of Entropy and Fisher information

As introduced by OTTO, we choose r© := 2 4 £ for a smooth vector field
£ € C(;R%) and we observe that if v € 9.% (u) then

F(ryu) — F
(v,£&), < liminf () (u)
el0 g
In the case of the Entropy 5 we have

( (0,8)y = —/ u(z) divé(x) dz, V& e CP(Q;RY)
veEIH(u) = A ‘2

\i.e. F(u) < 400, v= %

In the case of the Fisher Information .# we have

(U (1%(’&) = <’U,€>u = Z/ (8223538@11/ + 48153818835) dr, VEE€E COO(Q,Rd)
— JQ

Choosing £ = V( yields / v-V(udr = /
Q

Q

( — uA*¢ + 42 0;:¢0s 8j3) dx
1,
div(uv) = divg = A’u — 4282 (0:505s) in 2'(Q).
iJ
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Subgradient and Chain rule

The previous definition of subgradient is well adapted to evaluate the time
derivative of functionals along curve « : (0,7) — .. We consider the case of the
Entropy ¢ and we suppose that

# v has finite energy with velocity vector v, € Tan,,.”
o fOT I (ur) dt < +o0.

(Recall that 0.7 (u) = X2, |05 (u)|)7 = 2.7 (u):
thus you can formally expect £ 52 (u:) = (ve, 7 (ut))u,)
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Subgradient and Chain rule

The previous definition of subgradient is well adapted to evaluate the time
derivative of functionals along curve « : (0,7) — .. We consider the case of the
Entropy ¢ and we suppose that

# v has finite energy with velocity vector v, € Tan,,.”
o fOT I (ur) dt < +o0.

Then the map t — J7(u:) is absolutely continuous and

5 (we) = / 0 () - Vg (2) do = (ve, Y2, ace.in (0,T).

Q Ut
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Subgradient and Chain rule

The previous definition of subgradient is well adapted to evaluate the time
derivative of functionals along curve « : (0,7) — .. We consider the case of the
Entropy ¢ and we suppose that

# v has finite energy with velocity vector v, € Tan,,.”
o fOT I (ur) dt < +o0.

Then the map t — J7(u:) is absolutely continuous and

5 (we) = / 0 () - Vg (2) do = (ve, Y2, ace.in (0,T).

Q Ut

Moreover, if u is the gradient flow of the Entropy, i.e. the solution of the Heat
equation, the (right) derivative exists at each time t:

VUt Vut

Ut Ut

%%(’th) = /vat(w) - Vue(zx) de = —( Y, = —2.7 (uy)

Vut
Ut ’

since Vi = —8%(11,75) = —
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Euler equation for the minimization scheme

In the case of a functional .# defined in the Euclidean spaces, if U minimizes
rrn—1y 1 n—12 or
lﬂﬂhWﬂ})—EW—% “+ Z(U)

then
ur—t—_pr

T

c 07 (UM)
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Euler equation for the minimization scheme

In the case of a functional .# defined in the Euclidean spaces, if U minimizes
U— & (U UM = yU Ur ')’ + #(U)

then
ur—t—_pr

T

c o7 (UM

“—discrete velocity”="gradient of .#”
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Euler equation for the minimization scheme

In the case of a functional .# defined in the Euclidean spaces, if U minimizes
. n—1 _ 1 n—1,2 o
Uw— o (U;U; ") = 2—]U—UT “+ Z(U)
T
then

ur—t —ur .

T

0.7(Ur)

“—discrete velocity”’="gradient of .#”

Analogously, in the Wasserstein space we introduce R” = OptMap(UZ, U™ 1)
and we have

n—1 n n .
U, _UTW_V”—RT_Z
T T T

c 07 (UL)
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Euler equation for the minimization scheme

In the case of a functional .# defined in the Euclidean spaces, if U minimizes

_ 1 _
U— & (U; UM = U -U? P+ Z(U)
T
then
n—1 n
i s € 0.7 (UT)
-
“—discrete velocity”’="gradient of .#”
Analogously, in the Wasserstein s e introduce R = OptMap(UZ, U™ 1)
and we have
n—1 n n.
Ur  —Ur | vr_Bt chzium

T T
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Euler equation for the minimization scheme

In the case of a functional .# defined in the Euclidean spaces, if U minimizes

UH@MQUTU:%w>UFW+ﬁwW

then
Un_l . U’n
. — e 0F(UY)
-

“—discrete velocity”=*"gradient of .#”
Analogously, in the Wasserstein s e introduce R = OptMap(UZ, U™ 1)
and we have

Un_l o U'rT'L n RZ —
u -V = Zeaﬁgw)
T T
/
Can we pass to the limit // s
/ /

Oru + div(uv) = 0, J; € 0F (us)| ?
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Euler equation for the minimization scheme

In the case of a functional .# defined in the Euclidean spaces, if U minimizes

UH@MQUTU:%w>UFW+ﬁwW

then
Un_l . U’n
. — e 0F(UY)
-
“—discrete velocity”=*"gradient of .#”
Analogously, in the Wasserstein s e introduce R = OptMap(UZ, U™ 1)
and we have
Un_l o U'rT'L n RZ —
u -V = Zeaﬁgw)
T T
/
Can we pass to the limit // s
/ /
/

Oru + div(uv) = 0, J; € (‘i@v(ut) ?

Observe that the vectors V' belongs to different spaces.
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A general convergence result

A functional % : . — (—o0, +o¢] is regular if for every u € . with and
sequences V!, € 0.7 (U}), i = 1,2, such that as n — +oo

n

U~ in 2'(Q), sup/ (|2 +1V @) Un(z) d < +oo.
Q

FUL) - F" inR, Q! :=U,V,—q =uw' in2'(Q;R?
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A general convergence result

A functional % : . — (—o0, +o¢] is regular if for every u € . with and
sequences V!, € 0.7 (U}), i = 1,2, such that as n — +oo

n

U~ in 2'(Q), sup/ (|2 +1V @) Un(z) d < +oo.
Q

FUL) - F" inR, Q! :=U,V,—q =uw' in2'(Q;R?

then |[v'=v> F'=F?=2%(u)
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A general convergence result

A functional % : . — (—o0, +o¢] is regular if for every u € . with and
sequences V!, € 0.7 (U}), i = 1,2, such that as n — +oo

U~ in 2'(Q), sup/ (|2 +1V @) Un(z) d < +oo.
Q

n

FUL) - F" inR, Q! :=U,V,—q =uw' in2'(Q;R?

then |v' =% F!'=F?=%(u)

In this case, we say that the comon value v* = v? is the limiting subdifferential
0.7 (u) of # at w.
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A general convergence result

A functional % : . — (—o0, +o¢] is regular if for every u € . with and
sequences V!, € 0.7 (U}), i = 1,2, such that as n — +oo

U~ in 2'(Q), sup/ (|2 +1V @) Un(z) d < +oo.
Q

n

FUL) - F" inR, Q! :=U,V,—q =uw' in2'(Q;R?

then |v' =% F!'=F?=%(u)

In this case, we say that the comon value v* = v? is the limiting subdifferential
0.7 (u) of # at w.

Theorem. If % is regular then for each initial value uo € . with % (up) < +00
every u € GM M (up;.%) is a continuous curve satisfying the system

( Oru + divg= 0 iNnQr, g-n=20 on (09)r

) qg = uv in Qrp,

vy = —0rF (ur) a.e.in(0,7),
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A general convergence result

A functional % : . — (—o0, +o¢] is regular if for every u € . with and
sequences V!, € 0.7 (U}), i = 1,2, such that as n — +oo

U~ in 2'(Q), sup/ (|2 +1V @) Un(z) d < +oo.
Q

n

FUL) - F" inR, Q! :=U,V,—q =uw' in2'(Q;R?

then |v' =% F!'=F?=%(u)

In this case, we say that the comon value v* = v? is the limiting subdifferential

0.7 (u) of # at w.
Theorem. If % is regular then for each initial value uo € . with % (up) < +00
every u € GM M (up;.%) is a continuous curve satisfying the system

( Oru + divg= 0 iNnQr, g-n=20 on (09)r

T
) q = uv in Qr, / |ve |2, dt < 400
0

| v =—0,F(u) ae.in(0,7) CFw) < ~lwdll2,
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Main problem: closure of 0.

We know that if V,, € 0.#(U,,), then Q.. := U,V ,, satisfies

/QQn(a:) -&(x)dr = /Q (8i2j§j87;Un — 43¢§,5¢Snaj5n) de VEE CEO(Q;Rd).
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Main problem: closure of 0.

We know that if V,, € 0.#(U,,), then Q.. := U,V ,, satisfies

Q Q
We should pass to the limit in the quadratic term, but we only know

Sp =VUn = s=+u in H(Q).
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Main problem: closure of 0.
We know that if V,, € 0.#(U,,), then Q.. := U,V ,, satisfies
/ Q, (z) - &(z) dx = / (afjgjaiUn - 4aig,aisnajsn) dr V&€ CP(QRY).
Q Q

We should pass to the limit in the quadratic term, but we only know

Sp =VUn = s=+u in H(Q).

In the case of the Entropy we have a linear characterization

V,€diU, = /QQH(:I:) -€&(x)dr = — /Q Un(z)div&(x) dr

so that weak convergence is sufficient. In other cases (porous media, F. OTTO),
we can use the geodesic convexity of the functional (R. MCCANN)

A-HYKE2, april 2004 — p.31



Main problem: closure of 0.

We know that if V,, € 0.#(U,,), then Q.. := U,V ,, satisfies
Q Q

We should pass to the limit in the quadratic term, but we only know

Sp =VUn = s=+u in H(Q).

In the case of the Entropy we have a linear characterization

V,e€o0U, = /QQH(:I:) -&(x)dx = — /Q Un(z)div&(x) dr

so that weak convergence is sufficient. In other cases (porous media, F. OTTO),
we can use the geodesic convexity of the functional (R. MCCANN)

For the Fisher information we try to derive new a priori estimates.
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The main estimate

Theorem. If V.= 0.7 (U) then S := VU € H*(Q), .S = 0 on 012,
SAS € W (Q) and there exists a constant ¢ = ¢4 > 0 such that

ZHamS||L2(Q) / |ng d$</v x) dx.

where Li; = “U9;; log U” = anU — 40,5 0; 8.
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The main estimate

Theorem. If V.= 0.7 (U) then S := VU € H*(Q), .S = 0 on 012,
SAS € W (Q) and there exists a constant ¢ = ¢4 > 0 such that

2
ZH@;]SIILum /'L” 2l dx</V VU (z) dz.

where Li; = “U9;; log U” = 8§jU —40;50;S. In particular
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The main estimate

Theorem. If V.= 0.7 (U) then S := VU € H*(Q), .S = 0 on 012,
SAS € W (Q) and there exists a constant ¢ = ¢4 > 0 such that

2
ZH%SIIm(m /'L” 2l dx</V VU (z) dz.

where Lij = “Ud}; logU”zaij—élﬁiSajS. In particular
1/2
e 10881 m) < 201 [ V@Pv )

This estimate also holds for the limiting subdifferential of .# and it shows that .7 is
regular; an integration by parts yields

vE I (u) = / v-Eudr = / (QV(SAS) — 4VSA3> -€dx, s=+/u.
e vE (L (u) = q=uv=2V(sAs)—4VsAs.

Therefore, the abstract convergence result guarantees that any limit curve
u € GM M (uo; #) is a variational solution.
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The main estimate

Theorem. If V.= 0.7 (U) then S := VU € H*(Q), .S = 0 on 012,
SAS € W (Q) and there exists a constant ¢ = ¢4 > 0 such that

2
ZH%SIILum /'L” 2l dx</V VU (z) dz.

where Li; = “U9;; log U” = 8§jU —40;50;S. In particular

e 10881 m) < 201 [ V@t o)

Finally, if u € GM M (uo; %) is a variational solytion with velocity vector v, the

chain rule for the Entropy yields

i%(ut)—/vt-vut ur dr = — (—vt)-Vutd:US—Z Mdaz
Q

dt Ut Q o ut(T)

since —v; € ¢ (uy).
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The main estimate

Theorem. If V.= 0.7 (U) then S := VU € H*(Q), .S = 0 on 012,
SAS € W (Q) and there exists a constant ¢ = ¢4 > 0 such that

2
ZH@;]SIILum /'L” 2l dx</V VU (z) dz.

where Lij = “Ud}; logU”zaij—élﬁiSajS. In particular
1/2
e 10881 m) < 201 [ V@Pv )

Two ingredients:
#® A sort of “Second order logarithmic Sobolev inequality”
# First variation of .# along the heat flow.
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Second order logarithmic functionals

There are at least three “secoond order” functionals analogous to the Fisher
information, which in the case of u € C*(Q), u > 0, read as

PAD :Z/Q

8%\/&‘2 dl’,
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S ILIEET
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:Z/ ‘87;%- logu‘Qu x)dx
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Second order logarithmic functionals

There are at least three “secoond order” functionals analogous to the Fisher
information, which in the case of u € C*(Q), u > 0, read as

R AESRCES A

It is known (P.L. LIONS, G. TOSCANI '95) that they are equivalent, up to
constants, if we control the 4-Fisher information

Fi(u) = /Q

o%/ul” da,

81-2j logu‘2 u(x) dx

Vult

Uu

udr = 44/ IV Yul* de.
Q
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Second order logarithmic functionals

There are at least three “secoond order” functionals analogous to the Fisher
information, which in the case of u € C*(Q), u > 0, read as

zg/Q
/833'“2 /\ U\2

S ILIEET

el U

:Z/ ‘87;%- logu‘Qu x)dx
ij 7

o%/ul” da,

E.g. we have

%(U)ZZL(%U—&Z?U)%M

8i2ju &u 8ju

u u

:%(u)+f4(u)—2L dw < 25(u) + 274 ()
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Second order logarithmic Sobolev inequality

Theorem.

s=+u e H*(Q), with 9,s=0 onoN
if and only if

|8z'2ju|2

Uu

dr < +00.

we W Q), Opu=0 ondQ, Z/
ij Y2
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Second order logarithmic Sobolev inequality

Theorem.

s=+u e H*(Q), with 9,s=0 onoN
if and only if

we W Q), Opu=0 ondQ, Z/
Q

In both cases, there exists constants c;, c;; depending only on the dimension d
such that

Ia(u) < ciki(u),  Hi(u) < i H5(u).
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Second order logarithmic Sobolev inequality

Theorem.

s=+u e H*(Q), with 9,s=0 onoN
if and only if

|ai2ju|2

Uu

dr < +00.

we W Q), Opu=0 ondQ, Z/
ij Y2

In both cases, there exists constants c;, c;; depending only on the dimension d
such that

Ia(u) < ciki(u),  Hi(u) < i H5(u).

These estimates follows from the identity

4/ |Vz]4dx:/ (228%58¢2@Z—|—A3\Vz|2) dr, z:= u
Q Q

1,
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Second order functionals and the Heat flow

Here we use a smoothing technique which, in connection with Entropy and Fisher
information, was introduced by BLACHMAN ('65) AND MCKEAN ('66). Recall that
(2 Is convex, but not necessarily smooth.

Let u € & with .# (u) < 400. We consider the (smooth, positive) solution

s — ps(-) of the heat equation
Osp—Ap=0 INnQx(0,+00), Onp=0 on o x (0,+00)

with initial datum pp = w.
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Second order functionals and the Heat flow

Here we use a smoothing technique which, in connection with Entropy and Fisher
information, was introduced by BLACHMAN ('65) AND MCKEAN ('66). Recall that
(2 Is convex, but not necessarily smooth.

Let u € & with .# (u) < 400. We consider the (smooth, positive) solution

s — ps(-) of the heat equation
Osp—Ap=0 INnQx(0,+00), Onp=0 on o x (0,+00)
with initial datum pp = w.

Theorem. For every h > 0 we have

f(ph>+/0h/9(;

0% o8 9o () *pu(2) dads = 7 () + | H(p) ds < 7 ()
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First variation along the heat flow

We want to prove that if v = 0.7 (u) then | Z5(u) < / v(x) - Vu(z) dr.

Q
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First variation along the heat flow

We want to prove that if v = 0.7 (u) then | Z5(u) < / v(x) - Vu(z) dr.

Q

I (u) = I (pn)
h

h
By the previous inequality %/ H3(ps)ds <
0
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First variation along the heat flow

We want to prove that if v = 0.7 (u) then | Z5(u) < / v(x) - Vu(z) dr.

Q

I (u) = I (pn)
h

h
By the previous inequality % / H3(ps)ds <
0
Since v € 0.4 (u), choosing r;, € OptMap(u, pr) we get

S (u) — S (pn)
h

’i—Th 1 .
)+ ol — )

< (v,
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First variation along the heat flow

We want to prove that if v = 0.7 (u) then | Z5(u) < / v(x) - Vu(z) dr.
Q

I (u) = I (pn)
h

h
By the previous inequality % / H3(ps)ds <
0
Since v € 0.4 (u), choosing r;, € OptMap(u, pr) we get

S (u) — S (pn)
h

’i—Th 1 .
)+ ol — )

< (v,

Since the heat flow is the gradient flow of the Entropy in the Wasserstein space
and [|0.7 (u)]]2 = 2.7 (u), we know that

i W
. — =09 (u) = ”

e —illu < h(20) ",
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First variation along the heat flow

We want to prove that if v = 0.7 (u) then | Z5(u) < / v(x) - Vu(z) dr.
Q

I (u) = I (pn)
h

h
By the previous inequality % / H3(ps)ds <
0
Since v € 0.4 (u), choosing r;, € OptMap(u, pr) we get

S (u) — S (pn)
h

’i—Th 1 .
=)+ 2ol —

< (v,

Since the heat flow is the gradient flow of the Entropy in the Was
and [|0.7 (u)]]2 = 2.7 (u), we know that

’I“h—i

h

I — il < h(2f(u))1/2, oA () =

so that,as h | 0,

serstein space

Vu

A (u )<11m1nf—/ Hs(ps) ds < (v, LY., :/Q'v-

h]0 U

Vudx
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Extension: the relative Fisher information

Gradient flow of the Relative Fisher information
1 2
Fulg) = / 1V log(u/g)[2udz
Q

where g := e~ ¥ is a strictly positive function which is induced by a

convex potential bounded from below F : R — R

satisfying the confinement condition 0, F >0 on 9,
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Extension: the relative Fisher information

Gradient flow of the Relative Fisher information
1 2
Fulg) = / 1V log(u/g)[2udz
Q

where g := e~ ¥ is a strictly positive function which is induced by a

convex potential bounded from below F : R — R

satisfying the confinement condition 0, F >0 on 9,

This leads to the equation

8tu+2§;8@- (u&; (A\/\%ﬂ B A\/éﬁ)) =0 inQ7r:=Qx(0,7),

where 2% = L|VF|? —AF = .

g represent the density of the invariant measure ~ := ¢g£“ associated to the equa-

tion.
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Exponential decay

In the case of a uniformly convex potential F', i.e. satisfying
05y F(z)&:&; > NEI” Ve Qe eRY,

a variational solution u satisfies

H(ue| g) = / log(u/g)udx < € (uo g)e_2>‘2t.

Q
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Exponential decay

In the case of a uniformly convex potential F', i.e. satisfying

07 F()&:&; > N> Vo e Q& eRY,

a variational solution u satisfies

H(ue| g) = /Qlog(u/g)u dr < € (uo g)e_2>‘2t.

In particular, this holds for the Gaussian g(z) := (%al)dm e~ 1217/20% \ith A = o2,

as formally obtained by CARRILLO-TOSCANI ('02).
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Open problems

# Extra regularity of the variational solutions.
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Open problems

# Extra regularity of the variational solutions.
#® Higher order logarithmic Sobolev inequality

# Uniqueness and monotonicity properties in L?(€).
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Open problems

Extra regularity of the variational solutions.
Higher order logarithmic Sobolev inequality
Uniqueness and monotonicity properties in L?(£).

Non convex domains and potentials F', Dirichlet/Neumann boundary
conditions.
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