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Hereu= u(x;t):R™ £ (0;T)! R,
Ais a suitat%le integral functional and % IS its Euler-Lagrange rst variation

+

A(u) ;= L (x;u;Du)dx; A = Lu(X;u;Du)j divL py(X;u;Du)

tu
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A particular classof evolution equations
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A particular classof evolution equations
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OTTO, JORDAN, KINDERLEHRER AND OTTO ['97-'00] showed in many interesting
cases that an equation with this particular structure can be interpreted as

the “gradient o w” of A
with respect to the so called
“Kantor ovic h-Rubinstein-W asser stein distance”
between probability measures.

Coimbra, June 10, 2005 — p.3



A particular classof evolution equations

——
| .
The structure ! @ui dv ur % =0
# Tu
i ¢
@u(x;t) + div u(x; t)v(x;t) =0 x2R":t> 0

3 ,
C R — - +A /. :
vix; t)=jr ;(xt);
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u(x; 0)= uo(x) uo 2 LY(R™); up, O

OTTO, JORDAN, KINDERLEHRER AND OTTO ['97-'00] showed in many interesting
cases that an equation with this particular structure can be interpreted as

the “gradient o w” of A
with respect to the so called
“Kantor ovic h-Rubinstein-W asser stein distance”
between probability measures.

Applications: asymptotic behaviour, Logarithmic Sobolev Inequalities,

approximation algorithms, geometric inequalities in Riemannian manifolds,

equations in in nite dimensions,...

(AGUEH, BRENIER, CARLEN, CARRILLO, DOLBEAULT, MCCANN, GANGBO,
GHoussouB, OTTO, VAZQUEZ, VILLANI,...) Coimbra, June 10, 2005 — p.3



Examplesl: nonlinear diffusion

] R ,
Entropy A(u):= ulogudx; L (u):=ulogu; 2 = logu+ 1,
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r La(u)
J :
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~- =
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|
N
o
c

I+
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Fisher information A(u) := % I l:” = % jr loguj®u dx; % = ZQpTU
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3 P—
@u + 2div ur S:p?u = 0 (Quantum drift diffusion)

(GIANAZZA-TOSCANI-S., 2005)
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2. Gradient flowsin nite dimension
spaces:the role of the distance
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Gradient Flowsin nite dimension

® S := RYisthe (Euclidean) ambient space
® A:S ! [0;+1)is agiven (smooth) functional with gradientr A
® Up 2 S isthe initial datum

We look for the function
u:(0;+1)! S suchthat

u’(t) = i Gr A(u(t));
u(0) = up:

1. The simplest Euclidean case: G = |

2. The general Euclidean case: G isa x ed positive de nite symmetric
matrix

3. The “doub ly nonlinear” case: G isa x ed nonlinear operator

4. The “Riemannian” case: G = G, are nonnegative symmetric matrices
depending on u. The particular “Wasser stein” structure:

G, =BTA,B B:RY! RP: A, nonnegative, symmetric in R :
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G andthe induced metric

The choice of G is strictly related to the metric in the ambient space S which
characterizes the o w.
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da (xo; X1) := inf hG ) 1, X(t);x(t)i dt : x is a curve connecting xo and X1
0

0]
(£); W ()i dt 1 X (1) = Gy W(t)

G-energy of acurvein S
Energy identity along agradient ow: hG' 'u;ui+ %A(u(t)) =0

hG' *u; ui dt |+ A(u(T)) = A(uo)
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.« = BTA,B and, if x is a regular curve connecting Xo with X1,
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d3 (Xo;X1) = inf 1|’GXW;Wi dt : X = Gyw
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=inff MBTABw;widt: x=Gyw
Z .
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G andthe induced metric: the “W asserstein’structur e

.« = BTA,B and, if x is a regular curve connecting Xo with X1,

Z
d3 (Xo;X1) = inf 1|’GXW;WidtZ X = Gyw
Z .
=inff MBTABw;widt: x=Gyw
Z .
=inf bPA,Bw;Bwidt: X=BTAyBw ! Bw= v
Z,
= inf PA,v:vidt: Xx=BTAv
0
“Ener gy” J my equation”
“Intrinsic  gradient” rc A(X) := Br A(x) |; for

N
d . . . o N o
aA(X) = h;r AX)i = B Agv;r AX)i = PAyv;Br AX)i = hv;r ¢ A(X)ix
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What is the role of the induced G -distance?

The induced distance dc
#® provides the “right” metric space S where the problem can be settled

#® provides a general variational approximation scheme to construct
approximated solutions of gradient o ws and to prove their convergence

#® provides the intrinsic way to study the semigr oup properties and the
asymptotic behaviour of the gradient ow

® the “regularity properties” of the functional A should be “measured” through
this distance and are naturally related to its geodesics .
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From nite to in nite dimension...

Finite dimensions

S = RY%:
systems of ordinary
differential equations
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A(u) A L (x; u; Du) dx is an integral functional
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From nite to in nite dimension...

Finite dimensions - Infinite dimensions $

Hilbert (Banach) spaces,

abstract approach to evolution PDE's

S := R%:
systems of ordinary |’ Typically:
differential equations . S A L%()
Sh = R N A(u) A L (x; u; Du) dx is an integral functional
spatial discretizations | A - L
of evolution PDE's r A(u) A 20
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From nite to in nite dimension...

Finite dimensions - Infinite dimensions $

Hilbert (Banach) spaces,
abstract approach to evolution PDE's

S = R%:
systems of ordinary |’ Typically:
differential equations . S A L%()

Sh = R N A(u) A L (x; u; Du) dx is an integral functional
spatial discretizations | A - L
of evolution PDE's r A(u) A =

u=ir Auy A @u=; =¥
& %

o .
|
kRiemannian manifold |¢
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From nite to in nite dimension...

Finite dimensions

S = RY%:
systems of ordinary
differential equations

Sy = RIn:
spatial discretizations | A
of evolution PDE's

5 .
|
[[Riemannian manifold |¢

Infinite dimensions $

abstract approach to evolution PDE's

Hilbert (Banach) spaces,

Typically:
S A L%

A(u) A L (x; u; Du) dx is an integral functional
_ i A AW
r Alu) A =~
— . A X — . *A(u)
u=ir Auy A @u=i =
& %
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Metric Spaces?
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From nite to in nite dimension...

Finite dimensions

S = RY%:
systems of ordinary
differential equations

Sy = RIn:
spatial discretizations | A
of evolution PDE's

5 .
|
[[Riemannian manifold |¢

Infinite dimensions $

abstract approach to evolution PDE's

A(u) A

Ro

L (x; u; Du) dx is an integral functional

u=ir Au) A

Hilbert (Banach) spaces,

Typically:
S A L%

r A(u) A AW

tu

@u=i-

I

>
—~

c
~

f
# / A

Metric Spaces?

S A?
h 3 i
@u= i div ur ;=W
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... towards the Wasssersteirdistance: : :

Finite dimension Wasser stein distance
n Z 0
Space S R¢ u, 0 ae.in-; u(x)dx = 1 ;
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... towards the Wasssersteirdistance: : :

Finite dimension Wasser stein distance
n Z 0
Space S R¢ u, 0 ae.in-; u(x)dx = 1 ;
h i )
G BTA,B i div ur ¢
Continuity ’

. X=BTA,V u=i div uv
equation - - Qu=i
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Space S

G

Continuity
equation

Distance?

... towards the Wasssersteirdistance: : :

Finite dimension

Wasser stein distance

n

u 5

0O ae.in-;

h i
i div ur ¢

3

@u = div uv

inf

Z 4

0

huv;vi 2 dt

Z

0)

u(x)dx = 1 ;
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... towards the Wasssersteirdistance: : :

Space S

G

Continuity
equation

Distance?

Gradient ow
condition

Finite dimension

inf hA , v: Vi dt

0

v=iBrA

Wasser stein distance

n
u. 0 ae.in-:

h i
i div ur ¢
3

div uv

inf huv;vi 2 dt
0
+A
V=ijr —
+U

Z

0)

u(x)dx = 1 ;
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3. The Wassersteindistanceand optimal
transportation



A rst rigorousde nition

Regular probability densities:

Z
n 0
S=P'"(R")= u, 0 ae.in-; u(x)dx = 1
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A rst rigorousde nition

Regular probability densities:

V4
n 0
S=P'"(R")= u, 0 ae.in-; u(x)dx = 1

Toeachcurveu: (0;T)! P ' satisfying the contin uity equation in the
distrib utional sense

Z
i ¢
@u+div'uv =0 inR™£ (0;T); kvik? =  jvix)ifui(x)dx; (9
we can associate the “ener gy”
nZrq 0
Er (u) := inf kv kS, dt : v satisfying (?) ;
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and therefore a “Riemannian distarr]me” between two elementsoof P ':

W?(uo;u1) := inf Ei(u) : u connects Up to Uy :
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A rst rigorousde nition

Regular probability densities:

V4
n 0
S=P'"(R")= u, 0 ae.in-; u(x)dx = 1

Toeachcurveu: (0;T)! P ' satisfying the contin uity equation in the
distrib utional sense 7

i ¢
@u+div'uv =0 inR™£ (0;T); kvik? =  jvix)ifui(x)dx; (9
we can associate the “ener gy”
nZrq 0
Er (u) := inf kv kS, dt : v satisfying (?) ;

0

and therefore a “Riemannian distarr]me” between two elementsoof P ':

W ?(uo;u1) := inf Ei(u) : u connects up to Uz

BENAMOU-BRENIER showed that W coincides with the
Kantor ovic h-Rubinstein-W asser stein distance which was introduced in the
framework of optimal transportation problems.
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Optimal transport

Xt (x)

37, g
Energy: Ei(u) = iXs (X)j*dt uo(x) dx

0
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Optimal transport

J/.ylzr(xl
|

y2 = r(Xz)

37, g
Energy: Ei(u) = X4 (X)j*dt uo(x) dx

7 0

ir(x)i xj%uo(x)dx A  Transpor tation cost
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Optimal transport

37, g
Energy:  Ei(u) = X4 (x)j?dt uo(x) dx
7 0
jir(x)i xj°uo(x)dx A  Transpor tation cost
Z Z
Constraint: Uo(x)dx =  ui(y)dy; A=r'*B)
A B

Ui =Ty Up |: thedensity u; is the “push forward” of uoy throughr
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The Wassersteindistanceand optimal transportation

P5(R™):

n

u 5

0O ae.in-;

Z

u(x) dx = 1;

—

A

Rm

@)
ixjfu(x)dx < +1 | :
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The Wassersteindistanceand optimal transportation

—

Z Z
n 0
P5(R"):= u, 0 ae.in-; u(x)dx = 1; ixj?u(x)dx < +1

Rm

n 0
Transport maps: TransMap(uo;uz):= r:R™ ! R™; rsuo = u;

ui(y)detr r(x)=uo(x) y =r(x)

if r is (essentially) injective and (approximately) differentiable.
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Transport maps: TransMap(uo;uz):= r:R™ ! R™; rsuo = u;

ui(y)detr r(x)=uo(x) y =r(x)

if r is (essentially) injective and (approximately) differentiable.

The Wasser stein distance W (uo;u1) is the minimal quadratic cost
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Z Z
n 0
P5(R"):= u, 0 ae.in-; u(x)dx = 1; ixjfu(x)dx < +1 | :
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if r is (essentially) injective and (approximately) differentiable.

The Wasser stein distance W (uo;u1) is the minimal quadratic cost
nZ 0
WZ2(Uo;u1) = min ir(x)i xj®uo(x)dx :rguo=us

There exists a unique optimal transport map r = OptMap(uo;u1);
r is cyclicall y monotone , i.e. the “gradient of a convex function” 2
[BRENIER, KNOTT AND SMITH]
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The Wassersteindistanceand optimal transportation

—

Z Z
n 0
P5(R"):= u, 0 ae.in-; u(x)dx = 1; ixjfu(x)dx < +1 | :

Rm

n 0
Transport maps: TransMap(uo;uz):= r:R™ ! R™; rsuo = u;

ui(y)detr r(x)=uo(x) y =r(x)

if r is (essentially) injective and (approximately) differentiable.

The Wasser stein distance W (uo;u1) is the minimal quadratic cost
nZ 0
WZ2(Uo;u1) = min ir(x)i xj®uo(x)dx :rguo=us

There exists a unique optimal transport map r = OptMap(uo;u1);
r is cyclicall y monotone , i.e. the “gradient of a convex function” 2
[BRENIER, KNOTT AND SMITH]

Monge-Ampere equation: detD?2 (x) = uo(x) ifus = 1
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The cyclical monotonicity of the optimal tranport map
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The cyclical monotonicity of the optimal tranport map

After a cyclical permutation of y, ...
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The cyclical monotonicity of the optimal tranport map

After a cyclical permutation of y, ... the total cost must increase:

Y2 i X1)°+0ysi X2i%+jyii Xsj®, dyii xat+jy2i X2)°+iysi xsj°
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The cyclical monotonicity of the optimal tranport map

After a cyclical permutation of y, ... the total cost must increase:

Y2 i X1)°+0ysi X2i%+jyii Xsj®, dyii xat+jy2i X2)°+iysi xsj°

Expanding the norms the squares of y,, and x, disappears, so that

hya i yo;xal+ hy2j ysixXel+ hysj yi;xsi, O
By taking an arbitrary number of points we obtain the cyclically monotonicity of r
and we apply ROCKAFELLAR theorem.
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(Geo)Metric propertiesof S

# Convergence: A sequence u, converges to uin P 5 iff

Z Z
un * U inthe sense of distributions; iXj“un () dx ! jxjfu(x) dx:
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(Geo)Metric propertiesof S

# Convergence: A sequence u, converges to uin P 5 iff

Z Z
un * U inthe sense of distributions; iXj“un () dx ! jxjfu(x) dx:

® Geodesics: Ifr = OptMap(uo;u1), the curve
U = (re)guo; re(xX)= (1 t)x+tr(x); t2[0;1]:

IS a constant speed geodesic connecting up tou;.
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(Geo)Metric propertiesof S

# Convergence: A sequence u, converges to uin P 5 iff

Z Z
un * U inthe sense of distributions; iXj“un () dx ! jxjfu(x) dx:

® Geodesics: Ifr = OptMap(uo;u1), the curve
U = (re)guo; re(xX)= (1 t)x+tr(x); t2[0;1]:

IS a constant speed geodesic connecting up tou;.

Ut

&

Ui
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Geodesicsss linear segments

Uo Ui

Initial con guration
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Geodesicsss linear segments

Uo

Wasser stein geodesic: “points are moving”
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Geodesicsss linear segments

Ui=21

Wasser stein geodesic: “points are moving”
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Geodesicsss linear segments

U1:2

Wasser stein geodesic: “points are moving”
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Geodesicsss linear segments

Us-4

Wasser stein geodesic: “points are moving”
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Geodesicsss linear segments

Ui

Wasser stein geodesic: “points are moving”
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Geodesicsss linear segments

Uo

Linear segment. “points remains x ed”
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Geodesicsss linear segments
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Linear segment. “points remains Xx ed”
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Geodesicsss linear segments

U3=4

Linear segment. “points remains Xx ed”
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Geodesicsss linear segments

Ui

Linear segment. “points remains Xx ed”

Segments can have in nite  Wasser stein length/ener gy
The Wasserstein geometry is not “linear”.
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Functionals geodesicallycorvex [ M CCANN]

Afunctional A:R%! (j1 ;+1 ]is, -convex,, 2 R,ifD?A, _ 1,i.e. for every
choice of xp;x1 2 D(A), t 2 [0; 1]

i ¢ ~ ~ . .
Al(li )Xo+ txy - (1§ t)A(Xo)+ tA(X1) | % t(1 i t)jxoj X1j2
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Afunctional A:R%! (j1 ;+1 ]is, -convex,, 2 R,ifD?A, _ 1,i.e. for every
choice of xp;x1 2 D(A), t 2 [0; 1]

i ¢ ~ ~ . .
Al(li )Xo+ txy - (1§ t)A(Xo)+ tA(X1) | % t(1 i t)jxoj xlj2

Analogously, we say that A: P 5 ! (j1 ;+1 ]is, -(displacement) convex if
8uog;u: 2 D(A) a geodesic u; exists such that

Aiut)- (L t)A(uo)+ tA(u1)i %, t(1i t)W?(uo;uy):
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Afunctional A:R%! (j1 ;+1 ]is, -convex,, 2 R,ifD?A, _ 1,i.e. for every
choice of xp;x1 2 D(A), t 2 [0; 1]

i ¢ ~ ~ . .
Al(li )Xo+ txy - (1§ t)A(Xo)+ tA(X1) | % t(1 i t)jxoj xlj2

Analogously, we say that A: P 5 ! (j1 ;+1 ]is, -(displacement) convex if
8uog;u: 2 D(A) a geodesic u; exists such that
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Z
Potential energy A(u) :=  V(X)u(x)dx is, -convex iff V is -convex.
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Functionals geodesicallycorvex [ M CCANN]

Afunctional A:R%! (j1 ;+1 ]is, -convex,, 2 R,ifD?A, _ 1,i.e. for every
choice of xp;x1 2 D(A), t 2 [0; 1]

i ¢ ~ ~ . .
A'(li )Xo+ txy - (1§ t)A(Xo)+ tA(X1) | % t(1 i t)jxoj xlj2

Analogously, we say that A: P 5 ! (j1 ;+1 ]is, -(displacement) convex if
8uog;u: 2 D(A) a geodesic u; exists such that

iy ) )
Au) - (1§ t)Auo)+ tAu)i 3, t(1 i t)W?(uosus):
Z
Potential energy A(u) :=  V(X)u(x)dx is, -convex iff V is -convex.

Z
Internal energy A(u) :=  A(u(x)) dx;

is convex ifthe map s7! s"A(s' ™) is convex, nonincreasing in (0;+1 )

Examples: A(u) = ulogu; A(u) = z5u®for®, 1 1=m.
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Functionals geodesicallycorvex [ M CCANN]

Afunctional A:R%! (j1 ;+1 ]is, -convex,, 2 R,ifD?A, _ 1,i.e. for every
choice of xp;x1 2 D(A), t 2 [0; 1]

i ¢ ~ ~ . .
A'(li )Xo+ txy - (1§ t)A(Xo)+ tA(X1) | % t(1 i t)jxoj x112

Analogously, we say that A: P 5 ! (j1 ;+1 ]is, -(displacement) convex if
8uog;u: 2 D(A) a geodesic u; exists such that
i ] ]
Au) - (1§ t)Auo)+ tAu)i 3, t(1 i t)W?(uosus):
Z
Potential energy A(u) :=  V(X)u(x)dx is, -convex iff V is -convex.

Z
Internal energy A(u) :=  A(u(x)) dx;

is convex ifthe map s7! s"A(s' ™) is convex, nonincreasing in (0;+1 )

Examples: A(u) = ulogu; A(u) = z5u®for®, 1 1=m.

) RR
Interaction energy A(U) = W (x i y)u(x)u(y)dxdy is convex iff W is convex.
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From euristic argumentsto a rigor oustheory
In the original approach by F. OTTO:

#® the Wasserstein space has a sort of nonsmooth, in nite dimensional
Riemannian structure

# its “formal” geometric properties are useful to “guess” new properties
and to provide euristic proofs

#® |n any speci c case, the rigorous proof can be achieved by more technical

arguments, relying on the existing theory and various regularization
processes.

Coimbra, June 10, 2005 — p.22



From euristic argumentsto a rigor oustheory
In the original approach by F. OTTO:

#® the Wasserstein space has a sort of nonsmooth, in nite dimensional
Riemannian structure

# its “formal” geometric properties are useful to “guess” new properties
and to provide euristic proofs

#® |n any speci c case, the rigorous proof can be achieved by more technical

arguments, relying on the existing theory and various regularization
processes.

With L. AMBROSIO we developed in a systematic way a sort of diff erential/metric
calculus in the Wasserstein space for even non regular measures . we
addressed in particular

#® The relationships between the velocity vector eld toacurveinP , and the
contin uity equation

The notion of tang ent space and of (sub)diff erential of a given functional
Various useful calculus rules

Explicit representation of these concepts for many integral functionals
Perturbation results interms of j -convergence

© o o o ©

The link between the usual weak/distrib utional formulation of evolution
PDE's and gradient o ws in P »
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4. The metric approachto gradient flows
and their variational approximation:
error estimates,convexity, and curvature
Inequalities



The metric approachto gradient o ws

In an arbitrary metric space S it is possible to perform
a general approximation scheme
which (hopefully) converges to the solution of the Gradient o w equation.
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In an arbitrary metric space S it is possible to perform
a general approximation scheme
which (hopefully) converges to the solution of the Gradient o w equation.

Main problems:

1. look for suf cient conditions on
® the functional A
# the distance d of the metric space S
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The metric approachto gradient o ws

In an arbitrary metric space S it is possible to perform
a general approximation scheme
which (hopefully) converges to the solution of the Gradient o w equation.

Main problems:

1. look for suf cient conditions on
# the functional A
# the distance d of the metric space S
in order to prove

# the convergence of the algorithm,
# the generation of a contin uous evolution semigr oup

and to obtain further information about
# theregularity and the asymptotic behaviour of the continuous
solution.
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The metric approachto gradient o ws

In an arbitrary metric space S it is possible to perform
a general approximation scheme
which (hopefully) converges to the solution of the Gradient o w equation.

Main problems:

1. look for suf cient conditions on
# the functional A
# the distance d of the metric space S
in order to prove

# the convergence of the algorithm,
# the generation of a contin uous evolution semigr oup

and to obtain further information about
# theregularity and the asymptotic behaviour of the continuous
solution.

2. does the Wasserstein space t into this abstract approach?
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Implicit Euler Approximation Scheme

® Choose atime step ¢ > 0Oand

a partition P, = ftq; to; ity ;g of the time interval (0;+1 ), t, := n¢;
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Implicit Euler Approximation Scheme

#® Choose atime step ¢ > 0Oand

a partition P, = ftq; to; ity ;g of the time interval (0;+1 ), t, := n¢;

¢ ¢
f<} ------- |>i<} ------- |>i ‘<} ------- |>i<} ------- |>i ‘ t,
P ¢ 0 é 2(, - tni I th+1
# Starting from the initial datum U} := uo solve recursively the equation w.r.t.
Ulsn=1;2;:::;
Uc'r,] i Uc'r,]i 3 —_ A n
3 =il A(U(;)
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Implicit Euler Approximation Scheme

Choose a time step ¢ > 0 and
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The “Discr etesolution”

Approximation algorithm: U ; n = 1;2; ¢¢¢; solves

¢ ]

L ulupt
Gil ¢|_U° +I'A(U2):0
(&
u
u;
¢ ¢ ¢ ¢
Pty B fepfg WY
0 ’ 2¢, thi 1 tn th+1 tn = T
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The “Discr etesolution”

Approximation algorithm: U ; n = 1;2; ¢¢¢; solves

¢ ]

n . ni 1
Giluz,l.Ud +I’A(U2):O
&
u n+1
U’
WU} upit e
u? * uU;
)
.2
U; QUQ
¢ ¢ ¢ é '
R S
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The “Discr etesolution”

Approximation algorithm: U ; n = 1;2; ¢¢¢; solves

¢ ]

n . ni 1
Gilug, I.U(L +I’A(U2):0
&
U (1) - Y g
Ul 3 Unl 1 _/;.é’
¢ § ¢
u; ° u;
—_—e
e
Uf .Un
¢
¢ & & &
R Bl S s n !
. ‘ .‘ L] t ‘ t ‘ ‘
0) & 2(, -« tnj 1 th n+1 tin = T

U, (t) is the piecewise constant interpolant of fU[ g, o.
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The “Discr etesolution”

Approximation algorithm: U ; n = 1;2; ¢¢¢; solves

C’
n . ni 1
Gilug,l.Uc', +I‘A(U2):O
&
Ue(t) s e
Ul 3 Unll _/;.(',
< <> <
u; ° u N
—e
—e
U’ oU "
é
¢ ¢ ¢ é
Sl et
0 ¢ 2(, tni 1 tn tn+1 tN =T

U, (t) is the piecewise constant interpolant of fU[ g, o.

We look for convergence results of U; to the continuous solution u as ¢, # 0.
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The algorithm makessensesvenin a metric framework

Variational algorithm

. n _ ni 1 . Uér,] i Uér,” : A n
FindU,; = J,(U;' ~) which solves : +r AU, )=0
&

among the minimizers of
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Variational algorithm

. i 1
Ul Ut

¢
among the minimizers of

FindU] = J,(U]" ') which solves G! +r AU =0

| | ¢
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DeE GIORGI, MARINO, TOSQUES, DEGIO- Abstract theory of minimizing move-
VANNI '80» '90; AMBROSIO-S. '05 ments and curves of maximal slope
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The algorithm makessensesvenin a metric framework

Variational algorithm

FindU! = J, (U] ') which solves G

among the minimizers of

| | ¢
©, (UM 1 U) = %dé'u;ugjll + A(U)

n . ni 1
11U¢IU¢

&

+1r AU =0

DE GIORGI, MARINO, TOSQUES, DEGIO-
VANNI '80» '90; AMBROSIO-S. '05

LUCKHAUS-STURZENECKER, ALMGREN-
TAYLOR-WANG ... » '90

LUCKHAUS, VISINTIN, MIELKE-THEIL-
LEVITAS, ROSSI-S. ... '90» '00

Abstract theory of minimizing move-
ments and curves of maximal slope

Geometric evolution problems

Phase transitions, hystheresis
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The algorithm makessensesvenin a metric framework

Variational algorithm

n . ni 1
FindU] = J,(U]" ') whichsolves G'? Ue | _U‘; +1r AU =0
2

among the minimizers of

| | ¢
©, (UM 1 U) = %dé'u;ugj'l + A(U)

DeE GIORGI, MARINO, TOSQUES, DEGIO- Abstract theory of minimizing move-
VANNI '80» '90; AMBROSIO-S. '05 ments and curves of maximal slope

LUCKHAUS-STURZENECKER, ALMGREN- Geometric evolution problems
TAYLOR-WANG ... » '90

LUCKHAUS, VISINTIN, MIELKE-THEIL- Phase transitions, hystheresis
LEVITAS, ROSSI-S. ... '90» '00

OTTO, JORDAN, KINDERLEHRER, WALK- Diffusion equations, Wasserstein
INGTON ... '98» '00 distance

In general only convergence results possib ly up to subsequences are known...
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Two different dir ections...

1. The convex/Euclidean theory: it is modeled on the results for

convex (or , -convex) functionals in Euclidean/Hilbert spaces

and gives the strongest results under restrictive assumptions on the
® functional A A  “con vexity”
® space A “Euclidean like”
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2. The general theory triesto nd the
weakest conditions to obtain at least the existence of the gradient o ws

through re ned energy arguments; it has interesting applications even in
Hilbert/Banach spaces.
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Two different dir ections...

1. The convex/Euclidean theory: it is modeled on the results for

convex (or , -convex) functionals in Euclidean/Hilbert spaces

and gives the strongest results under restrictive assumptions on the
# functional A A  “con vexity”
#® space A “Euclidean like”

2. The general theory triesto nd the
weakest conditions to obtain at least the existence of the gradient o ws
through re ned energy arguments; it has interesting applications even in
Hilbert/Banach spaces.

Here we focus on the r st case.

Coimbra, June 10, 2005 — p.28



The role of convexity: uniform error estimate

If Ais convex then foreacht 2 P ,, U, ;V, discrete solutions starting from uo; vo,

_U(;(t) i V(-J(t)_2 . Uoj Vo (discrete contraction)
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The role of convexity: uniform error estimate

If Ais convex then foreacht 2 P ,, U, ;V, discrete solutions starting from uo; vo,

_U(-J(t) i V(-J(t)_2 . Uoj Vo (discrete contraction)

ut) i U (t) * c',iA(Uo)i Aa(uo)(D

where

. . 1 —
A:(uo) = AQ oD + o o i J.luol?, O

is the Yosida approximation of A.
(CRANDALL-LIGGETT ('70), BAloccCHI ('89), RULLA ('96), NOCHETTO-S.-VERDI

('00))
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The estimate is independent of the space dimension dand

of the regularity of A...
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The role of corvexity: uniform error estimate

If Ais convex then foreacht 2 P ,, U, ;V, discrete solutions starting from uo; vo,

_U(-J(t) i V(-J(t)_2 . Uoj Vo (discrete contraction)

UM UL AU T A o) - Er Ao

where

. . 1 —
A:(uo) = AQ oD + o o i J.luol?, O

is the Yosida approximation of A.
(CRANDALL-LIGGETT ('70), BAloccCHI ('89), RULLA ('96), NOCHETTO-S.-VERDI

('00))

The estimate is independent of the space dimension dand

of the regularity of A...

...It can be extended to in nite dimensional Hilbert spaces
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Generationresultfor convex functional in Hilbert spaces
(KOMURA, KATO, DORROH, CRANDALL, LIGGETT, PAZY, BREZIS...» '70)

Convergence (“Exponential formula”) For each ug 2 D(A)

u(t) = Stfuo] = M U, (1) = lim. (Jizn )" [uo]
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Reqgularizing effect: u is locally Lipschitz with
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Evolution variational inequalities u is the unique solution of
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Optimal error estimate
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C ot
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We are conceming only with metric properties

The map t 7! St[uo] is a contin uous contraction semigr oup on D (A), i.e.

St+n[Uo] = Sn[St[uo]]l; JSt[uoli St[vo]lj © juoi Voj

Coimbra, June 10, 2005 — p.31



We are conceming only with metric properties

The map t 7! St[uo] is a contin uous contraction semigr oup on D (A), i.e.
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We are conceming only with metric properties

Regularizing effect: u is locally Lipschitz

Au(®) - Acuo); jr AQu(®)j® - jr AW)i®+ Fivi uoi® 8v2 D(A)

Coimbra, June 10, 2005 — p.31



We are conceming only with metric properties

Regularizing effect: u is locally Lipschitz

Au() - A(uo); J@(u(t)) - j@°(v) + Fd(viuo)® 8v 2 D(A)

(AR e A(u) i AW)
Slope of A: j@\(u) = Vszusp d(uv)
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We are conceming only with metric properties

Evolution variational inequalities: u is the unique solution of
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We are conceming only with metric properties

Optimal error estimate : - P ) ¢ 2
sup u(t) i Uy (1) =+ ¢ Aluo) i Ac(Uo) - A(uo)j®
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We are conceming only with metric properties

Optimal error estilmate: ¢, - ) ¢ 2
sup d u(t);U,(t) ~ - ¢ Aluog)i A;(ug) - %j@\jz(uo)

0O-t- T
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We are conceming only with metric properties

Exponential decay: in the case , > 0 A has a unique minimum point & and
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We are conceming only with metric properties

Exponential decay: in the case , > 0 A has a unique minimum point & and

d(ue; t) - € - "d(uo; b); ¢
Alu) i Al) - € 2V Auo) i Al)
i@(ur) - € j@(uo):
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The contraction property in Euclidean spaces

® Convexity of A, monotonicity of r A
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The contraction property in Euclidean spaces

® Convexity of A, monotonicity of r A

® Linearity of the duality map G' ! (the differential of the squared norm)

For general norms the variational algorithm

! = argminj 173 i UM%+ A(U)
2¢
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The contraction property in Euclidean spaces

Convexity of A, monotonicity of r A

Linearity of the duality map G' ! (the differential of the squared norm)

For general norms the variational algorithm corresponds to

— . ; iUt uriie
! = argminj kS Uj UM+ AU) , G 119 i Y
2¢, é

+r AU)=0

and the gradient o w equation becomes
Gi 'u’+r A(uy= 0  which is doub ly nonlinear
Contraction property , G xr Ais accretive:

- ; , - ®
G(r Au) i G(r A(v));G' *(ui v) , 0
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The contraction property in Euclidean spaces

Convexity of A, monotonicity of @A
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The contraction property in Euclidean spaces

Convexity of A, monotonicity of @G\ A Convexity along geodesics...
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The contraction property in Euclidean spaces

Linearity of the duality map G' * A ?2?
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A geometriccharacterization of an admissibledistance

Hilbert vs. Banach: Parallelogram rule

2 _

1 1 1 1 .01 a1 i 2
SUp*t U1 = 35U + 35Ul j 5C5Upj Us
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A geometriccharacterization of an admissibledistance

Hilbert vs. Banach: Parallelogram rule

- 2 - 2

2 _ 1 S 2
Up + 35U j 5C5Uoj W

c
o
+
NI
c
H
I
N[~

> 2 A (1 t);t; (convex combination)

_(1 i up + tug © = (1 t)_uo7+ t_u17i t(1 t)_uoi up 2
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A geometriccharacterization of an admissibledistance

Hilbert vs. Banach: Parallelogram rule

- 2 - 2

2 _ 1 S 2
Up + 35U j 5C5Uoj W

c
o
+
NI
c
H
I
N[~

> 2 A (1 t);t; (convex combination)

_(1 i up + tug © = (1 t)_uo7+ t_u17i t(1 t)_uoi up 2

Uniform modulus of convexity—J
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A geometriccharacterization of an admissibledistance

Hilbert vs. Banach: Parallelogram rule

- 2 - 2

2 _ 1 ol ol 2
Up + U1 j 5C5Uoj Uz

c
o
+
NI
c
H
I
N[~

> 2 A (1 t);t; (convex combination)

_(1 i up + tug © = 1 t) Up - + t u17i t(1 t)_uoi up 2

Uo A uoij w; ut A uij w (translation)
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A geometriccharacterization of an admissibledistance

Hilbert vs. Banach: Parallelogram rule

- 2 - 2. 1
2

1 — 1 1 : 1, . 2
Up+ U1 = 35U + 35U | 5C5Upj U

> 2 A (1 t);t; (convex combination)

2.

(1 t)uo+tu17: (1 t) ug +tUup t(1 t)_uoi up 2

Uo A uoij w; ut A uij w (translation)

(L t)up+ tuy w2 = (1 t)_uoi W_2+t_U1i W_Zi

t(l i t)_Uoi U °
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Hilbert vs. Banach: Parallelogram rule

1 1,, 2 _ 1 ,, 2 1., 2. 1 41 ., .
SUp+ ZU1r = S U + 35U | 5C5Upj U

: %A (1 t); t; (convex combination)

_(1 i up + tug © = 1 t) Up - + t u17i t(1 t)_uoi up 2

Uo A uoij w; ut A uij w (translation)

_(1i thup + tug j w = (1 t)_uoi W_2+'[_u1i W_Zi t(1 t)_uoi up 2
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A geometriccharacterization of an admissibledistance

Hilbert vs. Banach: Parallelogram rule

T, 2 2.0 01 a1, 2
i 7C5Uoj U

(1 t)uo+tu17:(1i t) up "+ tug j | t(1 t)_uoi up 2

Uo A uoij w; ut A uij w (translation)

(L tHup+ tug w = (1 t)_uoi W_2+'[_u1i W_Zi t(1 t)_uoi up 2

j¢i ¢j A d(¢9; convex combination A geodesic u;

(U wW)R |1 t)d*(uo;w) + td*(us;w)j t(1 i t)d*(uo;ur)

The “cur vature” of S determines the direction of the inequality above.
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The role of curvature (Aleksandrov)

Positivel y Curved (PC) Spaces, curvature |, O |

d(u;w)l . (1§ t)d*(uo;w) + td*(ug;w) i t(1 i t)d*(uo;us)
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The role of curvature (Aleksandrov)

Positivel y Curved (PC) Spaces, curvature |

d*(ui;w)|,

O [

(1 t)d*(uo;w) + td*(u;w)j t(1 i t)d*(uo;ur)

wW

d(u:;w) = d(up;w) = d(ug;w)
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The role of curvature (Aleksandrov)

Positivel y Curved (PC) Spaces, curvature|, O |

d*(ui;w)|,

Non Positivel y Curved (NPC) Spaces, curvature |- O |.

dz(ut;w) :

(1 t)d*(uo;w) + td*(u;w)j t(1 i t)d*(uo;ur)

wW

d(u:;w) = d(up;w) = d(ug;w)

(1 t)dz(uo;w) + tdz(ul;w)i t(1 t)dz(uo;ul)
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Triangle comparison

V!! W Ug! _00; up '

d(w;ug) = Wi Uop; d(w;ui)= Wi ur; d(Uo;us)= Upij Up;

Uuip 0
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Triangle comparison

V!! W Ug! _00; up '

dw;ug) = Wi Up; d(w;ui)= Wi ur; d(Uo;ui)= Ugj Uz ;

Uy

Curvature - 0 () d(w;u)- Wi 0
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Triangle comparison

w! W; Ug ! _00;

Ul_! 01
d(w; up) = Wi Uo

Godwiul) = Wi oug g

d(uo;ui) = Uoi Ui ;

Uz
S .
W Uo
Curvature - 0 () d(w;u)- Wi 0
Curvature , 0O ()

d(w;u:), _wi 0+

[BURAGO-GROMOV-PERELMAN, JOST, STURM,...]
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Geodesicallycorvex functional in NPC spaces

S is acomplete “length” metric space, i.e. each couple of point up; u;
can be connected by a constant speed geodesics,

Coimbra, June 10, 2005 — p.36



Geodesicallycorvex functional in NPC spaces

S is acomplete “length” metric space, i.e. each couple of point up; u;
can be connected by a constant speed geodesics,

S is NPC, i.e. for every geodesict 7! u;

d*(u;w)- (L t)d*(uo;w) + td®(uy;w) i t(1 i t)d*(uo;u1)

Coimbra, June 10, 2005 — p.36



Geodesicallycorvex functional in NPC spaces

S is acomplete “length” metric space, i.e. each couple of point up; u;
can be connected by a constant speed geodesics,

S is NPC, i.e. for every geodesict 7! u;
d*(u;w)- (L t)d*(uo;w) + td®(uy;w) i t(1 i t)d*(uo;u1)

Ais convex along constant speed geodesics

Coimbra, June 10, 2005 — p.36



Geodesicallycorvex functional in NPC spaces

S is acomplete “length” metric space, i.e. each couple of point up; u;
can be connected by a constant speed geodesics,

S is NPC, i.e. for every geodesict 7! u;
d*(u;w)- (L t)d*(uo;w) + td®(uy;w) i t(1 i t)d*(uo;u1)

Ais convex along constant speed geodesics

then U. MAYER ('98) proved that the variational algorithm is convergent and
generates a contraction semigroup on D (A).

Coimbra, June 10, 2005 — p.36



Geodesicallycorvex functional in NPC spaces

S is acomplete “length” metric space, i.e. each couple of point up; u;
can be connected by a constant speed geodesics,

S is NPC, i.e. for every geodesict 7! u;
d*(u;w)- (L t)d*(uo;w) + td®(uy;w) i t(1 i t)d*(uo;u1)

Ais convex along constant speed geodesics

then U. MAYER ('98) proved that the variational algorithm is convergent and
generates a contraction semigroup on D (A).
Crucial arguments:

The resolventmap J, isacontraction ; d(J,u;J;v) - d(u;v) 8u;v2 S

Coimbra, June 10, 2005 — p.36



Geodesicallycorvex functional in NPC spaces

S is acomplete “length” metric space, i.e. each couple of point up; u;
can be connected by a constant speed geodesics,

S is NPC, i.e. for every geodesict 7! u;
d*(u;w)- (L t)d*(uo;w) + td®(uy;w) i t(1 i t)d*(uo;u1)

Ais convex along constant speed geodesics

then U. MAYER ('98) proved that the variational algorithm is convergent and
generates a contraction semigr oup on D (A).
Crucial arguments:

The resolventmap J, isacontraction ; d(J,u;J;v) - d(u;v) 8u;v2 S

CRANDALL-LIGGETT generation argument and (sub)optimal error estimate

d(u(t);U, (1)) - 21@(uo)’ Te:
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The Wassersteirdistanceyields a PC space

In fact, ift 7! u; is a geodesic connecting up to u;

d(ui;w)| . (1 t)d*(uo;w) + td®(ur;w)j t(1 i t)d?(uo;us)
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Moreover, in this situation & -

[
t 7! W?(u;;w) has aconcave cusp att = 1=2 and therefore it is not , -convex

forany, 2 R.
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The Wassersteirdistanceyields a PC space

In fact, ift 7! u; is a geodesic connecting up to u;

d(ui;w)| . (1 t)d*(uo;w) + td®(ur;w)j t(1 i t)d?(uo;us)

ui Uo

° ®

u
Moreover, in this situation ‘> t .

t 7! W?(u;;w) has aconcave cusp att = 1=2 and therefore it is not , -convex
forany, 2 R.

Coimbra, June 10, 2005 — p.37



The Wassersteirdistanceyields a PC space

In fact, ift 7! u; is a geodesic connecting up to u;

d(ui;w)| . (1 t)d*(uo;w) + td®(ur;w)j t(1 i t)d?(uo;us)

ui Uo
O O
Moreover, in this situation * -
w
[
t 7! W?(u;;w) has aconcave cusp att = 1=2 and therefore it is not , -convex

forany, 2 R.
In general the resolvent map J; is not a contraction
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A newgeometriccondition

Main idea: we add more e xibility to the choice of the connecting curves, which
do not need to be geodesics but could also depend on the functional
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A newgeometriccondition

Main idea: we add more e xibility to the choice of the connecting curves, which
do not need to be geodesics but could also depend on the functional

For each triple w; uo; u; 2 D(A) there exists a curve u; such that

Aur) - (17 t)A(uo) + tA(u1) |

2 01§ t)d*(uo;ug)

(convexity along u;)

d(u;w)l - |1 t)dz(uo;w)+td2(smi t(1 i t)d*(uo;us)

uniform modulus of convexity
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In the Wassersteincase...

For each triple w; up; u; take r 2 OptMap(w; ug); s 2 OptMap(w;us),
re(x)=(1;j t)r(x)+ts(x); ui=(re)zw
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In the Wassersteincase...

For each triple w; up; u; take r 2 OptMap(w; ug); s 2 OptMap(w;us),

re(x)=(1;j t)r(x)+ts(x); ui=(re)zw

A(ui) - (1 t)A(ue) + tA(u1) (convexity along u;)

d°(ui;w)| -

(1 i t)d*(uo;w) + td*(u;w)j t(1 i t)d*(uo;ur)

w

The three main examples of displacement convex functionals are also

convex along generaliz ed geodesics.
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Main result

If the previous condition holds then all the generation properties are satis ed:

Convergence of the variational scheme and exponential formula
Generation of a continuous semigroup of contraction
Regularizing effect

Differential characterization via Evolution variational inequalities

Optimal a priori and a posteriori error estimates even for a variable step size
scheme
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Possibledevelopments

Highly non convex functionals (fourth order equations, space dependent
coef cients ,...)

Coimbra, June 10, 2005 — p.41



Possibledevelopments

Highly non convex functionals (fourth order equations, space dependent
coef cients ,...)

Applications to in nite dimensional problems, stochastic PDE

Coimbra, June 10, 2005 — p.41



Possibledevelopments

Highly non convex functionals (fourth order equations, space dependent

coef cients ,...)
Applications to in nite dimensional problems, stochastic PDE

Error estimates and generation results in PC metric space

Coimbra, June 10, 2005 — p.41



Possibledevelopments

Highly non convex functionals (fourth order equations, space dependent
coef cients ,...)

Applications to in nite dimensional problems, stochastic PDE
Error estimates and generation results in PC metric space

Wassersein distance on Riemannian manifolds

Coimbra, June 10, 2005 — p.41



Possibledevelopments

Highly non convex functionals (fourth order equations, space dependent
coef cients ,...)

Applications to in nite dimensional problems, stochastic PDE
Error estimates and generation results in PC metric space
Wassersein distance on Riemannian manifolds

Space-time discretizations

Coimbra, June 10, 2005 — p.41



Possibledevelopments

Highly non convex functionals (fourth order equations, space dependent
coef cients ,...)

Applications to in nite dimensional problems, stochastic PDE
Error estimates and generation results in PC metric space
Wassersein distance on Riemannian manifolds

Space-time discretizations

Coimbra, June 10, 2005 — p.41



	
	A particular class of evolution equations
	Examples I: nonlinear diffusion
	Examples II: Fokker-Planck and granular flows
	Examples III: positivity preserving fourth order equations
	
	Gradient Flows in finite dimension
	$BBLUE G$ and the induced metric
	$BBLUE G$ and the induced metric: the ``Wasserstein'' structure
	What is the role of the induced $BBLUE G$-distance?
	From finite to infinite dimension...
	$ldots $ towards the Wassserstein distance $ldots $
	
	A first rigorous definition
	Optimal transport
	The Wasserstein distance and optimal transportation
	The cyclical monotonicity of the optimal tranport map
	(Geo)Metric
properties of $AmbientSpace $
	Geodesics vs linear segments
	Functionals geodesically convex 	extsc {[McCann]}
	From euristic arguments to a rigorous theory
	
	The metric approach to gradient flows
	Implicit Euler Approximation Scheme
	The ``Discrete solution''
	The algorithm makes sense even in a metric framework
	Two different directions...
	The role of convexity: uniform error estimate
	Generation result for convex functional in Hilbert spaces
	We are concerning only with metric properties

