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We analyze a class of preconditioners for the mortar method, based on substructuring. After splitting in a suit-
able way the degrees of freedom in interior, edge and vertex, we study the performance of a block Jacobi type
preconditioner for which the condition number of the preconditioned matrix only grows polylogarithmically.
Unlike the previous work by Achdou, Maday and Widlund [1], which is restricted to the case of first order
finite element, this paper relies on abstract assumptions and therefore applies to finite element of any order.
Moreover, the use of a suitable coarse preconditioner (whose effect we analyze) makes this technique more
efficient.
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1 Introduction

Domain decomposition methods are becoming increasingly popular as a tool to solve problems arising in many
different applications. The possibility of using different discretizations and/or methods in different subdomains,
which is the main feature of the nonconforming version of such methods, adds a further advantage. Indeed,
since there is no need for imposing strong matching conditions, we can employ without any adaptation the
technologies developed for treating the problem with a single-domain approach. As an example, in an adaptive
strategy, refinement can be carried out in each subdomain independently. Moreover, it is possible to use in each
subdomain the best suited method: spectral methods where the solution is expected to be very smooth, finite
elements where a complicated geometry requires it, wavelets where isolated singularities in a regular background
are expected.

In order to make such techniques more competitive for real life applications, one has to deal with the problem
of efficient implementation. As it happens with all domain decomposition methods (both conforming and non-
conforming) the efficient implementation relies on parallelizing the solution process by assigning each subdomain
to a processor and employing the preferred iterative scheme.

The design of an efficient scheme will then require a preconditioner for the linear system arising from such
discretization. The approach that we will follow is the substructuring one, proposed by J.H. Bramble, J.E. Pasciak
and A.H. Schatz [6] in the framework of conforming domain decomposition. This consists in considering a
suitable splitting of the nonconforming discretization space in terms of “interior”, “edge” and “vertex” degrees
of freedom and then using the related block-Jacobi type preconditioners. Such an approach was already applied
to the mortar method by Y. Achdou, Y. Maday and O. Widlund in [1] for the case of order one finite elements.
The results of [1] was extended to a general class of finite elements of any order in [4], showing that also for high
order finite elements, the condition number of the preconditioned matrix grows at most polylogarithmically with
the number of degrees of freedom per subdomain, analogously to what happens for the order one case.

In this paper, in order for the implementation of the preconditioner to be as efficient as possible, we modify
the vertex related block of the preconditioner (which in the Achdou, Maday, Widlund paper and in [4] is simply
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a block of the Schur complement matrix), by constructing it on a suitable fixed very coarse mesh (in our tests
3 x 3 elements per subdomains). We analyze the resulting method and we present numerical tests showing the
scalability of the method for Q1 and Q2 finite elements.

The paper is organized as follows. In section 2 we recall the mortar method and its main properties. In section
3 we introduce the class of substructuring preconditioners for the linear system arising from the discretization by
the mortar method. In the same section we propose a coarse preconditioner obtained by considering an efficient
variant of the vertex block preconditioner and we present the main theorem of the paper (Theorem 3.3) stating
the convergence of the method. The proof of Theorem 3.3 is given in Section 4. Finally, numerical experiments
showing the scalability of the method for (); and ()2 finite elements are presented in section 5 and our conclusions
are summarized in section 6.

2 The Mortar Method

Let us at first recall the definition of the mortar method. For simplicity we will consider the following simple
model problem (though the results that we present here will very easily extend to a more general situation): letting
Q2 C R? be a polygonal domain, and given f € L?(Q) find u satisfying
2
0 0
-y 5, (aij(x)a;:) — finQ,  w=0o0nd )

ij=1

We assume that for almost all x €  the matrix a(x) = (a;j(x)); j=1,2 is symmetric positive definite, with
smallest eigenvalue > « > 0 and largest eigenvalue < o/, a, o’ independent of x.

In order to discretize the above problem we start by considering a decomposition of 2 as the union of L
subdomains 2y,

o= |J . )

which, for the sake of simplicity we will assume to be quadrilateral (in general the constants in the inequalities
will depend on the number of edges of the subdomains as well as on their aspect ratio). We set

Ly = 092y, N OQy, S = Ul'y,. 3)

We denote by yéi) (i =1,...,4) the i-th side of the ¢-th domain:
4 .
8Qg = U ’yél).
i=1

Remark 2.1 The decomposition is said to be geometrically conforming if each edge y}” coincides with 'y,
for some n. If the decomposition is not geometrically conforming, then each interior edge fyéz) will be in general
split as the union of several segments ['y,,:

3= U Tan @
neléi)
where
1 = {n: |09, N3] # 0} )

We will make the following regularity assumptions on the subdomains €2;:
(G1) the subdomains are regular in shape and the geometrical decomposition is graded, that is
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(a) there exists a positive constant cy such that, for all k, {2, contains a ball of diameter cy Hy, it is contained
in a ball of diameter Hy, and the length of each side is bounded from below by cy H}; moreover any
interior angle w satisfies 0 < ¢; < w < ¢cg < 7 (cg, c1, and ¢, independent of k);

(b) there exists a positive constant cg such that, if ¢, k are such that [Ty, N 92| > 0, then it holds
Hy/Hy < cs;

(G2) the following bound holds

)
S o . I ©)
(¢6) \ min o |

4

The constants appearing in the estimates of the following sections will in generally depend on the bound p.

Given such splitting of the domain €2, we will consider a nonconforming domain decomposition method for
the solution of such a problem. Let us at first introduce the corresponding functional setting. We set

lulZ ) = H; 2 / fuf? dx + / IVl dx, W2 ey = / VP dx,
Q( Qg Q/,
2 2s—1 )|2
|77|s,8§24 = H — 23+1 dz dy, 56(071)
00, J 09, |33 |
200 = 2o, + H! / mds, e (0,1).
oy

Remark that the above norms are defined in such a way that they are scaling invariant, that is they are preserved
when €, is rescaled to the reference domain ]0, 1[2.

In the following for %Ei) edge of Q, we will also make explicit use of the spaces H (Wéi)) and Héé 2(%@),

which are defined as the subspaces of those functions 7 of H 5(%@) (resp. HY/ 2(%@) ) such that the function 7
defined as ) = n on A/éz) and 77 = 0 on 09 \ 'y/) belongs to H*(99) (resp. to H'/2(9)). The spaces H; (’yél))

and H, ég 2 (véi)) are endowed with the norms
||77HH (’Y< )y = ||77||H ("/( ) ||77||H1/z (4 )) ||77||H1/2(,y< 2%

We recall that for s < 1/2 the spaces H* (v, (1)) and H (véi)) coincide as sets and have equivalent norms. How-
ever, the constants in the norm equivalence goes to infinity as s tends to 1/2.

Let the spaces X and T be defined

X =[] {ue € H' Q)| ue=00n02000}, T =]] H'*(0%), (7
4 4

where H!/?(€,) is defined by
HY?(00,) = HY2(09,) i 0Q,N0Q =0
and

HY?(09) = {n € HY*(0), n]ag,non = 0} ~ Hy)> (09 \ 09),
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otherwise. We will denote by || - ||1 /2,90, the related norm, and by || - |1 /2., the norm of the corresponding dual
space.

On X we introduce the following broken norm and semi-norm:

ul| x = (Z ||u||im> : ulx = <ZIUI?,W> : ®)
V4 YA

In the following it will also be convenient to introduce the following norm on 7"

1/2
Inllr = (Z Imllf/z,am> )

4

For each £ let now V} be a family of finite dimensional subspaces of H'(Q) N C°(€), depending on a
parameter h = hy > 0 and satisfying an homogeneous boundary condition on 02 N 9€2,. Set

Ti = Vi |oq,, (10)

)

and, for each edge fyéi of the subdomain €2, let

Ty = {n: nis the trace on 7" of some u; € Vi } (11)
Tgi = {n € Ty, : n =0 at the vertices of véi)}. (12)
We set
L L
Xp=[[vi cx, T=][T cT. (13)
(=1 =1

Let now a composite bilinear form ax : X x X —R be defined as follows:

Oug O
ax(u,v):Z/ﬂ Zaij(x)a—z‘fa—gdx. (14)
[ v

¢ i

The bilinear form a x is clearly not coercive on X. In order to obtain a well posed problem we will then consider
proper subspaces of X, consisting of functions satisfying a suitable weak continuity constraint.

For defining such weak continuity constraint according to the mortar method we start by choosing a splitting

of the skeleton S’ as the disjoint union of a certain number of subdomain sides fyéi) , which we will call “multiplier

sides” (in the usual terminology these are called “non mortars” or “slave sides”). More precisely, we choose an
index set I C {1,...,L}x{1,...,4} such that,

(6177;1)a (£27i2) € Ia

S = U ,yéi)’ . . - '7[gil) m,yéiz) —0. (15)
(ti)el (1,i1) # (Lo, i2) ! 2
Furthermore we will denote by I* C {1,---,L}x{1,--- ,4} the index-set corresponding to “trace sides”

(“mortars” or “master sides” in the usual terminology), which is defined in such a way that I* NI = () and
S = U(E,i)el*'yél)~

Remark 2.2 In the geometrically conforming case this reduces to say that for each segment I'y o» = ’yéi) =
(")

v~ we will chose one side (let us say ¢) to be the master side, while the other side will be the slave side.
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For each m = (¢,¢) € I let a finite dimensional multiplier space M}" (also depending on the parameter &) on
Yms

M C L), dim(M}") = dim(T;""), (1o
be given. We set:

My ={ne H'2(S), Vm e I, € Mj"} ~ [] M. (17)
mel

The constrained approximation and trace spaces X}, and 7}, are then defined as follows:

X, = {”Uh S Xh, /[Uh]AdS = 0, VA e Mh} (18)
S
T = (0 € Th, [ [1Ads =0, YA € M), (19)
S

We can now introduce the following discrete problem:
Problem 2.1 Find u;, € &}, such that for all v, € &},

aX(uh,vh):/vahd:E. (20)

We make the assumption that the class M}, of multipliers is chosen in such a way to guarantee ellipticity
uniformly with respect to the mesh-size parameter h and to the number L of subdomains. More precisely we
assume that there exists a constant C such that for all functions u € X verifying

/[u]/\:Ods, YA e My
S

it holds (uniformly on h)

lulx Z l[ullo.g, 21)

which, setting = (1), with n* = uf|r,, implies

Inlr =~ |Inllr (22)

It is out of the scope of this paper to discuss the conditions under which such inequality holds, we refer to [2]
for further discussion. Under such an assumption for all & > 0, problem P, admits a unique solution wu; which
satisfies the following error estimate:

. . ou
lu —unllx < ( inf |Ju—wvp|x + inf ‘—)\’
VR EX, AEM;, || OV

) ) (23)
~1/2,8

|| - |=1/2,s denoting the norm of 7", dual of 7.

We will make the following quite typical assumptions on the spaces considered.

(Al): Vm = (L,4) € T (Wi) multiplier side), there exists a bounded projection 7" : L% (7, ) —1}" 0 such
that for all € L?(v,,) and for all A € M™

/ (n—mh'n)A =0, (24)

m

and for all n € Héf(fym)
||7Tl7ln77||H30/2(.ym) S HU||H30/2(%L); (25)

(© 2004 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim



Appl. Num. Anal. Comp. Math. 1, No. 3 (2004) / www.anacm.org 439

(A2): forall £ = 1,..., L, the following inverse inequalities hold: for all elements n € Tf and for all s, 7

0<s<r<l1
|n|T7Fe 5 hZ#W\s,Fe, 06
|77|T,,Y[§i> S hZ*TWméi) i=1,... .4 i

(A3): V¢ and Vn € T} there exist a function wy, € V! such that

wp, =1 onTy, lwrllie, S Il a2, (28)

Remark 2.3 We remark that by space interpolation, assumption (A.1) implies that the projection operator 7}
verifies for all s, 0 < s < 1/2:

17 1l g vy S 10 g () (29)
uniformly in s.
Following [5], we define a global linear operator , : [T+, L2(0)— [14_, L2(852) that we will need in

the following: more precisely, for n = (9¢)¢=1,... .., Ta(1n) = (1} )¢=1,... . is defined on multiplier sides as 7"
applied to the jump of 7, while it is set identically zero on trace sides and on the external boundary 0f2:

Mly = w5 ([0ll4,,), form = (£,i) €1 (30)
|y, = 0, form=({,4)eI",
n;, = 0ondQNoQN.

Writing conventionally
H H
:min{e}7 (31)

the following Lemma, of which we recall the proof (see [5]) for the sake of completeness, holds.

Lemma 2.4 If assumptions (A1-A3) hold, than for any 1 = (1¢)¢=1,... 1, in the trace space T it holds:

H
Il < (14102 () ) bl (2
If in addition 1 is linear on each yéi) then the bound can be improved to
H\\ /2
lmnm)llz S (1 +log { + [nll- (33)

Proof. We start by recalling that the following inequalities hold (see [3]). Let U = UU,,,n = 1,..., N,
U, U, intervals. Assume that |U|/|U,| < p. Then for all € H'/?(U) it holds forall ¢, 0 < ¢ < 1/2,

|U|26
30220y S D2 Il gy S 5 Il 2y (34)

with constants dependent on p, and independent of ¢ (we recall that H'/2~¢ and Hé /27¢ are the same space, the
respective norms being indeed equivalent, but the constants in the equivalence depending on ¢).
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Let now 1 = (1¢)¢=1,...,.. be any element of 7" = [],_, . i/Z(GQg). Thanks to (29), forany ¢, 0 < ¢ <

1/2 it holds:
m 2 —2
S IR, S S WDy, S

Ym

.....

m=(&i)€l m=(ti)el
S0 h 3 Umelpaae e,y + Il e, ) =
m=(L,i)el nelf”
L —2e 72 L
h, ““H,
-2 [4
= 2on* Y Il S~ Y el an, £
=1 il 0 ’ 4 =t
< (1+1og< )) Zumnum,
. : -1
where the last bound derives by choosing ¢ = TTog, (/A"

The proof of (33) is essentially identical to the proof of (32), once we observed that property (34) can be
enhanced as follows: let U = UU,, and let 7 a function (not necessarily continuous) 7 linear on each subinterval
U,,. Then by direct computation it is not difficult to check that:

|U|25
||77H§11/275(U) S Z ”77”12%;/2*5(1]”) S THW|‘§11/2(U)- (35)

O

3 Substructuring Preconditioners for the Mortar Element Method

The aim of this section is to review the properties of a class of preconditioners for the linear system arising
from the discretization described in the previous section. We will consider the “substructuring” approach first
introduced in [6] and already studied in the case of the mortar Finite Element method in [1]. The principle of
these preconditioners consists in distinguishing three types of degrees of freedom: inferior degrees of freedom
(corresponding to basis functions vanishing on the skeleton and supported on one sub-domain), edge degrees
of freedom, and vertex degrees of freedom. This corresponds to splitting the functions v € X, as the sum of
three suitably defined components: u = u® 4+ u” + «Y. When expressed in a basis related to such a splitting,
substructuring preconditioners are of the block diagonal form

A% 0
A= 0 APE g , (36)
0 0 AVV

AEE

where the matrices A% and are in turn block diagonal.

Let us describe how the splitting is constructed. Given any discrete function w = (wg)e—1,...,, € Xp we can
split it in a unique way as the sum of an interior function w® € X and a discrete lifting, performed subdomain-
wise of its trace n(w) = (we|q, )e=1,...,. Which by abuse of notation we will denote by Rj,(w) (rather than using
the heavier notation Ry, (n(w))):

w=w" + Ry (w), w’ € &P, (37)
with Ry, (w) = (R (we))e=1,... x» RY (we) being the unique element in V;, satisfying

8 0
R (wg) = wgon Ty, /Q 8x ox, RZ C(we)vy dx =0, Vo, € VENH(Q).
€ g ?
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That is we can split respectively the spaces X}, of unconstrained functions and &}, of constrained functions as
direct sums of an interior and of a (respectively unconstrained or constrained) trace component:

X, = X)@ Ru(Ty), (38)
X, = X Ry(Th). (39)

It is not difficult to verify that ax : X x X3 — R verifies
ax (U}, U) =ax (wO’ UO) + ax(Rh(’U}), Rh(v)) =ax (’U}O, ,UO) + S(n(w)7 TI(U» (40)

where the discrete Steklov-Poincaré operator s : T}, X Ty, — R is defined by

stem =3 / (@COTRL(E) - TR,

Remark 3.1 The preconditioner proposed can be generalized by replacing the lifting operator RY, chosen
here in a way that is closely related to the equation to be solved, with any other operator R, verifying

|Rinlx ~ [nlr-
Though the proof of theorem 3.3 is simplified by the choice we made, since this implies that (40) holds, it is not

difficult to realize that the result still holds also for a more general choice of the lifting operator.

The problem of preconditioning the matrix A corresponding to the discretization of ax, reduces to finding
good preconditioners for the matrices Ay and S corresponding respectively to the bilinear forms ax : X x
X?)—Rand s : T}, x T),—R. Remark that, when restricted to the subspace X} of functions vanishing on the
boundary of each 2, the bilinear form ax is block diagonal, the coupling between subdomains being taken into
account only by the Steklov-Poincaré operator. We assume here to have good preconditioners for the stiffness
matrices Aj in each subdomain, and we concentrate on the preconditioning of the discrete Steklov-Poincaré
operator S.

3.1 The splitting of the trace space

In order to construct a preconditioner for .S, we start by observing that the space of constrained skeleton functions
7T}, can be further split as the sum of vertex and edge functions. If we denote by £ C HKL:1 H)} / 2(895) the space

£ ={(e)e=1..-. L, Ne is linear on each edge of O}, 41)
then the space of constrained vertex functions can be defined by

TV = (Id — m,)L. (42)
In the following we will make the (not restrictive) assumption £ C T}, which yields 7, C 7j,.

We then introduce the space of constrained edge functions ThE C 7y, defined by

TEF ={n= e)i=1.... 1 € Tn, n(A) =0, V vertex A of Q}. (43)
It is quite easy to see that

T, =T, o T/ (44)

Moreover it is quite simple to check that a function in 7,” is uniquely defined by its value on trace edges, the
value on multiplier edges being forced by the constraint.
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3.1.1 The edge preconditioner

As we already anticipated, the preconditioner for .S will be of block-Jacobi type. Let us start by introducing the

blocks relative to the edges. For any trace side fy(i)

bilinear form satisfying for all n € Tg i

,m = ({,i) € I*, let by : Tep,iXTeO,i*)R be a symmetric

b&z‘(ﬁ»ﬂ) = Hn”Héé?(ﬂyy))' (45)
Then, we define the edge block diagonal global bilinear form bZ : T,F xT,F —R by

BP0, &) = Y beilne. &) (46)

(L,3)el*

3.1.2 The coarse preconditioner

Let us now consider the block corresponding to 7,”. Contrary to what happens for the conforming domain
decomposition method presented in [6] the space 7}1‘/ does not only depend on the discretization of {2 into sub-
domains, but also (through the action of the constraint operator) on the meshes in the different subdomains.
The proposal made in [1] for linear elements and already analyzed for high order elements in [5] is to build the
preconditioner as § : 7j, x 75, —R be defined by

8(n,&) =s(n", &)+ b7 (n",&"). 47)

With such a choice, both for linear and higher order elements one can prove and estimate on the condition number
of the preconditioned system of the form

N H\\?
Cond(A-14) < <1+log (h>) , (48)

for the geometrically conforming case, and

. H\\*
Cond(A™'A) < <1 + log (h)) , (49)
for the geometrically nonconforming case.

However if the mesh size / is fine, assembling the vertex block of the preconditioner with such a choice could
be quite expensive. We propose to derive a cheaper preconditioner by taking advantage of the observation that all
the spaces 7, for different values of 1 depend on the same set of degrees of freedom (the values at the vertices
of the €2,’s), and they are, therefore, isomorphic.

Let us then start by choosing for each £ an auxiliary discretization space V§ C H'(Q,) N C°(€,) with
§ = 0¢ > hy, and for each m = (£,4) € I (v, = 715“ multiplier edge) a corresponding auxiliary multiplier space
Mg C LQ(vm). The spaces X, Ms, and X5, as well as T(f , Ts and 75 are constructed starting from the Vf’s and
the M;"’s in the same way as the spaces X}, Mj,, and A}, as well as Tﬁ, T}, and 7}, are built from the V}’s and
the M;™"’s, according to definitions similar to (13) (17), (18), (12).

We make on the spaces Vf and M the same assumptions that we made on the spaces V,‘; and M;".

m,0

B1): Vm = (4,i) € T (fyéi) multiplier side), there exists a bounded projection 7" : L*(v,,,)—T5"", such
that for all n € L?(,,) and for all A\ € M™

/ (n —mg'm)Ads =0, (50)

m
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and for all n) € H&éz (Ym)

||7Tgn77||Hég2(7m) S H77||H3[§2(7m)~ (51)
(B2): For £ = 1,..., L the following inverse inequalities hold: for all elements n € T3 and for all s,r
0<s<r<i
|77|T,Fe S 58_7-|77|57sz (52)
o <95 ; ) =
Moy S 0l e i=1 4 (53)

inequality: for all w € V it holds || 0, -

(B3): V¢ and Vn € T there exist a function wy, € V¥ such that
wp, =n onTy, lwnllve, S Il a1z, (54)
Analogously to 7, we can define the operator 75 : Hszl L2(0Qy)— HeL:1 L2(0%): forn = (me)e=1.... L,

75(n) = (0} )e=1,..,r, is defined on multiplier sides as 7" applied to the jump of 7, while it is set identically zero
on trace sides and on the external boundary 9€2:

T]Z"‘/m = W?([T]Hry,m), for m = (£7 Z) € I (55)
|y, = 0, form=({4)el",
n;, = 0ondQNoQ.
e € H&éQ(’yéi)), (i=1,...,4)itholds ||? ,,,, . Again, writing conventionally
Ve Hyy™(v")
H Hy
2 o mind =t 56
5 mem{ 5 } (56)
we have, thanks to Lemma 2.4
H
Ims(n)llr S (1+10g (5 ) ) Il 57)
If in addition 7 is linear on each on each 'yéi) then the bound can be improved to
H\N\ /2
sl < (14108 (5 ) ol 58)

As already observed, letting
T = (Id —75)L

the spaces ’Z;V and ZLV are isomorphic, though not necessarily uniformly with respect to i and §. Let us write
down the isomorphism explicitly. Let L¢ : C°(T;) — £° = {n, : n linear on each edge of ;} be defined by
L*(n) with Ln(A;) = n(4;) for all vertex A; of . We can assemble L : [[, C°(I'y) — £ as

L(n) = (L'ne).e
and we then define Ps : [], C°(T';) — 7 as
Pg = (Id - Tl'g)L;
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it is not difficult to check that TV PC;TV

We can now define the vertex block of the preconditioner. For each subdomain €2, let R§ : Tf — Vf denote
the discrete harmonic lifting, that is Rf; (n) is the unique element in Vf which verifies

Rinloo, =n  and  (T5(n),ws) =0,  forallw, € V5N Hy(S).
It is well known that the following inequalities hold:

IRy S Inlliyz,00.
< (59)
|R577|H1(Qg ~ \77|1/2,am~

We can easily assemble a global lifting operator R : T}, — X},; more precisely for n = (1¢)¢=1,... .1, We set

Rs(n) = (R§me)e=1,. L

Remark 3.2 Trivially, if n satisfies the jump constrain, so does Ry (n). In other words, if n € 7} then
Rp(n) € X
In view of (44) and using the classical trace Theorem [8], it is easy to see that for all n € T}, it holds:

|Rs(n)|x =~ [n|r- (60)

Now, we let bY : TV x TV — R be defined by

n',¢"): Z/m x)VRS(Psn")) - VRG(P5€Y). 61)

3.1.3 The preconditioner

Finally, we can assemble the preconditioner:
§ : Ty, xTp,— R be defined by

3(n.€) =b"(n",€") + b7 (", €") (62)
and state the following theorem:
Theorem 3.3 Let n) € Ty, then we have:

<1 + log (5»_2 s(n,m) S 8m,m) S <1 + log (IZ»Q s(n,n). (63)

Moreover, if the decomposition is geometrically conforming then

((1 + log (g)) (1 + log (§>)>—1 s(m,m) S 8(nm) < (1 + log (Z)f s(mm).  (64)

The proof of theorem 3.3 follows essentially the guidelines of the proofs of the analogous results in [6, 1].
However, for the sake of completeness we will retrace in the next section the main steps in the framework of the
abstract formulation here considered (see also [4]).

Corollary 3.4 Let A and A be the matrices obtained by discretizing respectively the bilinear forms a and a
with a(u,v) = ax (ug, vo) + 8(Nu, Ny ). Then it holds

Cond(A™*A) < <1+1og(2]>>4. (65)

Moreover, if the decomposition is geometrically conforming then

N H\\?
Cond(A™*A) < <1 +log (h>) . (66)
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4 Proof of Theorem 3.3

To start with, thank to (60) of the previous section we have for all £ € T},

s(€,) = [&[7, (67)
while for all constrained functions £ € 7}, it holds
s(.€) ~ |I&)I7. (68)

In order to prove Theorem 3.3 we will make use of the following two lemmata, whose proof can be found in
[4].

Lemma 4.1 Foralln = (ny)¢=1,...1 € ThE we have
H\\?
2 < _ 2 )
Inllz < (1 + log ( 5 )) . E)ez* ‘|W||H3(§2(w§"))' (69)

Lemma 4.2 Let assumption (A2) hold, and let ¢ € T}, £(A) = 0 for all Avertex of Q. Let (1, € HY2(00y),
(1, linear on each edge of Yy. Then it holds

4 2

H,
Z ”gHiééQ('yé”) S (1 + log (W)) 1€+ CLH?{l/z(aQZ)- (70)
k=1

The effect of replacing the coarse grain preconditioner by an analogous term computed on the coarser auxiliary
grid with meshsize § will be studied with the aid of the following lemma.

Lemma 4.3 Let = (1) € T),. Then it holds

H
|Lnl7 5 (1 +log (h)) Inlz- an
Analogously, forn = (ne)e € Ty it holds that
H
Lol < (1 +log (5>> |7 (72)

Proof. A direct computation using the linearity of L7, shows

4
|L[Wﬁ11/2(asz@) S Z(W(Ai) - 77€(Bi))2
i=1

A; and B; being the two vertices of fyéi). Now we recall that (see [3], Lemma 3.1(i)) for all £ € T,f we have

H
€4 - €52 5 (14108 () ) 1Ry 73)

Assembling all the contributions we easily conclude that the thesis holds. O

Let us consider at first the non geometrically conforming case. Let € Ty, n = 7Y + n. By applying (45)
and (69) we get

H 2
st S 7B+ 1 5 (1108 (5 ) ) 0507+ 107 B 74

Now, using Lemma 4.3, since (Id — 75)Ln € 75 we can bound
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"B = ld=mzafy 5 (1108 (5 ) ) Ik
= (1 + log (g)) |L(Id — 75)Ln|%
< (1 T log (H>) (1 T log (?)) \(Fd — mg) Ly

Since §; > hy for all ¢, which yields log(H/é) < log(H/h), in view of the definition (62) of 3, we get

sonm < (1108 () st

On the other hand we have

oY(n".n") S [(Id—ms)Lnl7
< (1+1e () 1o
< (2] (e ()
S s(nm).

Let us now consider the second term in the sum at the right hand side of (62).
We can write

E/ FE FE E 2 E 2 2
b (T] )1 )/S Z ||7] ||H3(§2(’Ym) S Z ||T] ”Héé?(’ym)_'_Z Hn_Ln||Hé[§2(,\{m)

merl* merl* mel

We now observe that on “trace sides” (m € I*) we have n¥ = 1 — L. Then, we can apply lemma 4.2 and we
get

bE(n"n") < (Hlog(;j)):(n,n). (75)

which, again in view of (62), concludes the proof of the first part of Theorem 3.3.

Let us now consider the geometrically conforming case. Again we have

H 2
stn) S 10+ 5 (14108 (1 ) ) 0050 + 0" B 76)

Now we observe that, in the geometrically conforming case, letting € ThE and letting y,,, = I'y o~ with £ master
side and ¢’ slave side we have

/
||77[ ||Hé(42(’ym) = ||7Tm77£||Héé2(%”) S ||77£||Héo/2(%n)7

which implies
_ ¢ _ ¢ ¢
e =Y ey = >, In [FHVETNONIS > i g2 00
¢ (L,i)erurx (Li)erl
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whence
In"lr S 0% (0", n").

If we bound |1"| as in the geometrically non conforming case we obtain
H H .
s(mn) S <1 +log (h>) (1 + log (5>) 8(n,m).

5 Numerical tests.

In this section, we present some numerical examples illustrating the convergence properties of the substructuring
preconditioner when used with the conjugate gradient method. In particular we provide numerical tests showing
the scalability of the method for Q1 and Q2 finite elements.

We test the preconditioners on the following model problem:

—Au = f inQ =]0,1[x]0, 1], u=0 ondf)

and for all tests we set f = 1. A uniform, geometrically conforming, domain decomposition of Qin K = N x N
equal square subdomains of size H x H, with H = 1/N is considered.

Let S be the matrix associated to the discrete Steklov—Poincaré operator s(-, -), then, after applying the change
of basis corresponding to switching from the standard nodal basis to the basis corresponding to the splitting (44),
and after ordering of the indices as nodes lying on the edges and on the vertex, we can write S as:

g— Sgr  Sev
Sty Svv )
The preconditioner for .S will be of block-Jacobi type: we drop all couplings between different edges and between

edges and vertex points.
First we consider the preconditioner introduced in [1]: Sgg is replaced by its block diagonal part

Spom 0 0 0
s _ 0  Sgyp, O 0
0 0o . 0

0 0 0 Skyis

with one block for each mortar where [V is the number of mortars). Moreover, we recall that to obtain a convenient
and inexpensive preconditioner, each Sg, g, as well as Sy should be replaced by efficient approximations.

In order to do so, we approximate Szjgg with the matrix S built as the square root of the stiffness matrix
associated on each edge to the discretization of the operator —d?/dz? with homogeneous Dirichlet boundary
conditions at the extrema. Concerning the block Sy, we propose to introduce a coarse auxiliary mesh as
described in section (3.1.2): more precisely we consider a uniform mesh in each subdomain made up of 3 x 3
elements. Let Sy v be the vertex block of the Schur complement matrix associated to this coarse mesh; then we
approximate the vertex block Sy by Syvye.

In summary, the numerical tests relate the following three preconditioners for the Schur complement system:

[ Sfime g _( Sk 0 _( Sk 0
Sl o ( 0 SVV 52 n 0 SVV SS B 0 SVVc '
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5.1 Linear FEM

First we consider the case of linear finite elements. In each subdomain €2, we take a uniform mesh 7* composed
by nx X ni equal square elements of size hy X hg, hiy = H/ng = 1/(Nng). Then, we define V,f in each
subdomain €2, to be the space of @); finite elements on the mesh Tk.

V,{C = {uh € CO(Qk) D up, € Q:1(7), V71 € Tk} .

The multiplier space was chosen based on a dual basis, see [9].

Conforming decomposition. We start by considering the case of a conforming decomposition, that is, we set
ng = n for all k; in this case hy = h = H/n. Hence we obtain the same solution that we would get using a
conforming finite element method on a regular grid of Nn x Nn square elements of dimension h X h.

In order to test the dependence on H (size of the subdomains) and on h we test the preconditioners for n in
the range [5, 40] and NV in the range [4, 32]. The preconditioners were studied for several combinations of N and
n. Note that in this case maxy Hy/hy = H/h = n. Tables 1-2 and 3 show the number of conjugate gradient
iterations for reducing the residual of a factor 10~ with preconditioners given by Sy, S, and S5 respectively. For
comparison and to show the efficiency of the preconditioners, in Table 4 we report also the number of conjugate
gradient iterations obtained without preconditioning.

The results are in close agreement with the theory: the condition number of the preconditioned matrix grows
at most polylogarithmically with the number of degrees of freedom per subdomain, as indicated by (66,48).

Table 1 (@Q; FEM. Number of conjugate gradient iterations needed for reducing the residual of a factor 10>
with the preconditioner S1, for different combinations of the number X = N? of subdomains and n elements
per edge (n? elements per subdomains).

K=N?| n=5 n=10 n=20 n=40
#iter. #iter. #iter. #iter.
16 21 23 24 25
64 21 23 26 27
144 21 24 26 27
256 21 23 26 27
400 21 23 26 27
576 21 23 26 27
784 21 23 25 27
1024 21 23 25 27

Table 2 @Q; FEM. Number of conjugate gradient iterations needed for reducing the residual of a factor 10~°
with the preconditioner Sa, for different combinations of the number K = N 2 of subdomains and n elements
per edge (n” elements per subdomains).

K=N?2| n=5 n=10 n=20 1n=40
#iter. #iter. #iter. #iter
16 23 25 26 27
64 24 26 27 28
144 24 26 27 29
256 24 26 27 29
400 24 26 27 28
576 24 26 27 28
784 24 26 27 28
1024 23 26 27 28
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Table 3 Q1 FEM. Number of conjugate gradient iterations needed for reducing the residual of a factor 10>
with the preconditioner S, for different combinations of the number K = N 2 of subdomains and n elements
per edge (n? elements per subdomains).

K= N2 | n=5 n=10 n=20 n=40

#iter. #iter. #iter. #iter.
16 23 25 27 31
64 24 26 28 32
144 24 26 29 32
256 24 26 29 32
400 24 26 29 30
576 24 26 29 30
784 24 26 29 30
1024 24 26 29 30

Table4 (Q; FEM. Number of conjugate gradient iterations needed for reducing the residual of a factor 105,
without preconditioner for different combinations of the number K = N? of subdomains and 7 elements per
edge (n? elements per subdomains). The method does not converge always within the maximum number of
iteration (=100).

K=N2| n=5 n=10 n=20 n=40
#iter. #iter. #iter. #iter.
16 23 30 40 55

64 40 54 74 -
144 57 78 - -
256 75 - - -
400 93 - - -
576 - - - -
784 - - - -
1024 - - - -

Nonconforming decomposition. Then we present results also for nonconforming decompositions and again
we verify that the condition number only depends polylogarithmically on maxy Hy/hy in agreement with the
theory.

We consider two test configurations, both on a decomposition of 2 into 5 x 5 subdomains. In the first case
(see figure 1 left), for all subdomains we set n;, = 10 except two (n. 13 and 14) where we set n;, = n with n that
varies in the set [10,. .., 52].

In the second configuration (see figure 1 right) we set again n;, = 10, this time except that on a 3 x 3 block of
subdomains where ny = n, with n varying again between 10 and 52.

The results are provided in Tables 5 and 6. For both configurations we test the three preconditioners S, S2, S3
and we report also the number of iterations required without preconditioning. Moreover, in order to study the
influence of the coarse mesh used, we consider a new coarse auxiliary mesh: a uniform mesh in each subdomain
made up of 10 x 10 elements. Let Sy v .10 be the vertex block of the Schur complement matrix associated to this
coarse mesh; then we consider the following preconditioner:

Sr 0
S10 = .
10 ( 0 Svveio )

The theoretical estimates on the condition number only depends on max Hy, /hy, and take the same values for
both configurations. No significant differences can be seen in Tables 5, 6 when using preconditioners S7 and .Ss.

Similar results are obtained using both preconditioner S5 or S1g. Thus, the use of the auxiliary mesh made up
of 3 x 3 elements each subdomain instead of the auxiliary mesh made up of 10 x 10 elements does not significantly
influence the convergence.
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Fig.1 Splitting of 2 into 5 x 5 subdomains. Configuration 1 (left): for all subdomains we set n, = 10 except
two (n. 13 and 14) where ni, = n with n that varies in the set [10,...,52]. Configuration 2 (right): we set
again nj, = 10, this time except that on a 3 x 3 block of subdomains where n; = n and n in [10, .. ., 52].

Table 5 ()1 FEM. Configuration 1: decomposition of Figure 1 left. Number of conjugate gradient iterations

needed for reducing the residual of a factor 10> for four preconditioners and for different combinations of the

number K = N? of subdomains and n elements per edge (n? elements per subdomains).

Sl SQ SlO 53 no
prec.

n=10 | 23 25 25 25 32
n=17 | 27 30 30 30 52
n=24 |30 33 33 34 55
n=31 |31 35 35 35 57
n=38 | 32 36 36 36 62
n=45 |33 37 37 37 66
n=52 |35 38 37 38 68

Table 6 ()1 FEM. Configuration 2: decomposition of Figure 1 right. Number of conjugate gradient iterations

needed for reducing the residual of a factor 10~ for four preconditioners and for different combinations of the

number K = N? of subdomains and n elements per edge (n? elements per subdomains).

Sl SQ SlO Sg no
prec.

n=10 |23 25 25 25 32
n=17 | 26 31 31 32 59
n=24129 33 35 35 65
n=31 |31 36 37 39 73
n=38 |33 37 38 40 79
n=45 |34 38 39 41 86
n=52 |35 40 40 41 92

Hence, we may conclude that again the results are in close agreement with the theory: the condition number
grows at most polylogarithmically with the number of degrees of freedom per subdomain, as indicated by (66,48).
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Random mesh. Finally, to study a truly nonconforming decomposition, we test the preconditioner on 4 differ-
ent splitting of €2 into respectively 4 x 4, 8 x 8, 12 x 12 and 16 x 16 subdomains (Figure 2 a),b),c),d) respectively).
In each case we randomly assigned the values of n in such a way that for ~ 1/3 of the subdomains nj = 5, for
about another third n;, = 10, and for the remaining subdomains n;, = 15. The four configurations considered are
shown in Figure 2.

In Table 7 we report the number of conjugate gradient iterations needed by preconditioners S1, S2, S5 and
without preconditioning. Each row of the table relates to a configuration of Figure 2 and shows the convergence
of the different preconditioners.

Again our numerical tests confirm the theory; indeed Table 7 clearly shows that the convergence satisfies the
theoretical estimates.

0.9 0.9
08 0.8
0.7 0.7
06 0.6
05 0.5
0.4 0.4
03 0.3
0.2 0.2
0.1 0.1
% o1 o0z 03 04 05 06 07 08 09 i a) % o1 02 03 04 05 06 07 08 09 1 b)
1 1
0.9 0.9
08 0.8
07 0.7
06 0.6
05 0.5
0.4 0.4
03 0.3
0.2 0.2
0.1 0.1
% 01 02 03 04 05 06 07 08 09 1 C) % 01 02 03 04 05 06 07 08 09 1 d)

Fig. 2 Splitting of 2 into respectively 4 x 4, 8 X 8, 12 x 12 and 16 x 16 subdomains. The values of ny, is randomly assigned
in such a way that for ~ 1/3 of the subdomains n, = 5, for about another third nx = 10, and for the remaining subdomains
ne = 15.
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Table 7 Q1 FEM. Random mesh: decomposition of Figure 2. Number of conjugate gradient iterations needed
for reducing the residual of a factor 10~° for preconditioners St , Sa, S5 and without preconditioning. Each row
relates to a configuration of Figure 2.

Sl 52 53 no
prec.
(@ |27 30 30 44
()| 30 33 34 84
© |31 34 36 -
d |31 34 35 -

5.2 Quadratic finite elements.

Finally we considered the case of quadratic finite elements. In each subdomain €, we take a uniform mesh 7*
composed by ny X ny equal square elements of size hy x hg, hi, = H/np = 1/(Nny). Now, we define th in
each subdomain €2, to be the space of ()5 finite elements on the mesh 7° k.

V}f = {uh e Co ) : up,, € Q2(7), V1 € Tk} )

As before the multiplier space was chosen based on a dual basis, see [7, 9].

Conforming decomposition. Now we consider the same conforming decomposition introduced for the Q1
FEM. In order to test the dependence on H (size of the subdomains) and on h we study the preconditioners for
different values of n in the range [5,40] and N in the range [4, 32]. Table 8 shows the number of conjugate gradi-
ent iterations for reducing the residual of the Schur complement system of a factor 10~° with the preconditioner
Ss. For comparison purposes in Table 9 we report also the number of conjugate gradient iterations obtained
without preconditioning.

As expected the number of iterations increases if compared with the linear FEM case due to the greater
number of degrees of freedom. The convergence still remains in agreement with the theory, i.e. the condition
number of the preconditioned matrix grows at most polylogarithmically with the number of degrees of freedom
per subdomain, as indicated by (66,48).

Table 8 Q> FEM. Number of conjugate gradient iterations needed for reducing the residual of a factor 10~°,
with S3 preconditioner for different combinations of the number K = N? of subdomains and n elements per
edge (n? elements per subdomains).

K=N2| n=5 n=10 n=20 n=40
#iter. #iter. #iter. #iter.
16 25 26 29 32
64 27 29 31 35
144 27 29 32 35
256 27 29 32 35
400 27 29 32 34
576 27 29 32 34
784 27 29 32 34
1024 27 29 32 34

Nonconforming decomposition. Tables 10 and 11 provide the convergence of the preconditioners 51, S2, S19,
S5 and without preconditioning when ()2 FEM are used for the two configurations of Figure 1. The comparison
of Tables 10 and 11 with the corresponding Tables 5 and 6 obtained using (); FEM, shows only an increase in
the number of iterations due to the greater number of degrees of freedom but the same convergence in agreement
with the theoretical estimates of the condition number.
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Table 9 Q> FEM. Number of conjugate gradient iterations needed for reducing the residual of a factor 1075,
without preconditioner for different combinations of the number X = N2 of subdomains and n elements per
edge (n? elements per subdomains). The method does not converge always within the maximum number of
iteration (=100).

K=N?2| n=5 n=10 n=20 1n=40
#iter. #iter. #iter. # iter.
16 25 30 43 60

64 41 56 78 -
144 59 80 - -
256 78 - - -
400 95 - - -
576 - - - -
784 - - - -
1024 - - - -

Table 10 Q)2 FEM. Configuration 1: decomposition of Figure 1 left. Number of conjugate gradient iterations
needed for reducing the residual of a factor 10~ for four preconditioners and for different combinations of the
number K = N? of subdomains and n elements per edge (n? elements per subdomains).

Sl SQ Sl() 53 no
prec.
n=10 | 25 27 27 28 33
n=17 | 30 33 33 33 55
n=24 |34 36 36 37 58
n=31 |35 38 38 38 61
n=38 | 35 39 39 39 67
n=45 136 40 40 40 71
n=52 | 37 41 41 41 75

Table 11 Q2 FEM. Configuration 2: decomposition of Figure 1 right. Number of conjugate gradient itera-
tions needed for reducing the residual of a factor 10> for four preconditioners and for different combinations
of the number X = N? of subdomains and n elements per edge (n” elements per subdomains). Without

preconditioning the method does not always converge with the maximum number of iterations (100).

Sl SQ S10 Sg no
prec.
n=10 | 25 27 27 28 33
n=17 | 31 33 34 36 61
n=24 |34 36 36 38 66
n=31 |35 39 40 42 74
n=38 | 37 40 41 43 80
n=45 | 38 41 42 43 87
n=52 | 38 42 42 43 95

Random mesh. Finally we test the preconditioners in the same truly nonconforming decomposition displayed
in Figure 2. Table 12 provide the convergence of the preconditioners S, S2, S3 and without preconditioners
when Q2 FEM are used and corresponds to Table 7 where (Q; FEM were considered. Also in this case we note
only an increase in the number of iterations but the same convergence predicted by the theory.
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Table 12 (@, FEM. Random mesh: decomposition of Figure 2. Number of conjugate gradient iterations
needed for reducing the residual of a factor 10~° for preconditioners Si, S2, S3 and without preconditioning.
Each row relates to a configuration of Figure 2.

Sl 52 Sg no
prec.
(@ | 30 33 34 48
®) |32 35 37 87
(© |33 36 38 -
@33 37 39 -

6 Conclusions

In this paper we considered a class of preconditioners for the linear system that arises using the mortar method.
We focused on the substructuring approach already applied by Achdou, Maday, Widlund [1] to the mortar method
for the case of finite elements of first order. We provided an estimate (Theorem 3.3) which relies on abstract
assumptions so that the result holds for finite elements of any order.

Moreover we wanted to improve the efficiency of the algorithm without sacrificing the convergence rate.
Hence we studied an efficient variant of the vertex block (61)-(62) yielding a cheaper and easier to implement
preconditioner. As illustrated by Theorem 3.3 and Corollary 3.4, for finite elements of any order, this variant
allows to obtain a preconditioned matrix whose condition number grows at most polylogarithmically with the
number of degrees of freedom. The numerical results confirmed the convergence properties of the precondi-
tioner when using the conjugate gradient method and showed the scalability of the method for @); and Q- finite
elements.
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