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MOTIVATIONS

e Are discontinuous finite elements needed for purely elliptic
problems?

NOT REALLY

e They work very well for purely hyperbolic problems.

e [t is worth analysing their behaviour on problems where the
elliptic part is present but it is not dominant.

example: strongly advection-dominated equations, very thin
gly

Reissner-Mindlin plates)
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ADVECTION-DOMINATED PROBLEM

()

u=0
1
u=0

(0,0



PLAN:

The flux formulation

First choice of fluxes: IP and its variants
Symmetry and adjoint consistency

Second choice of fluxes: B-R and its variants

Error estimates for various DG methods



MODEL (TOY) PROBLEM

—Au=f in )
u=0 onl = 9N
o= Vu

(0 —Vu=0 1in®
—dive=f in ()

N\

u=0 onl




STARTING POINT
oc=Vu —dive="Ff

Th,: decomposition of () into triangles E

O/U°T:—/udiVT+/ uT-n VTt

E E OF

0/0"VU=/fv—|—/ Vo - 1n Yv
E E OF

To fix the ideas, we set for £ > 1
Vi, = {v € L*(Q) such that v|p € Px(E) VE € ., }

X = {T S [L2(Q)}2 such that 7 € P,(E)]° VE € %}



FLUX FORMULATION -1

(

find up, € V3, o, € X, such that:

/ah T=— Z/udeTJrZ/ aT-n VYreX,
Z/ah Vv—/varZ/ vo-n Yu eV,

i = u(up), 0 = 6(up,op) : numerical fluxes ~ ujgp, Vusg

/"

En: set of all edges, & internal edges
Consistent: if @(v) = vig, and &(v, Vv) = Vug,, Vv regular

Conservative: if fluxes (mostly &) are single-valued on each e € &,



AVERAGES AND JUMPS

Definition of average and jump on an internal edge:

+ —

{U}:v —;U : [v] =v™n" +v ™ n~ Vecé&
_|_ —

="""" [l=rtatira veeg

On the boundary edges: [v] = vn; {r} =1



A CRUCIAL FORMULA

§ 0
> [ ar =3 [+ [

where e ranges over all edges and ¢’ ranges over internal edges.



FLUX FORMULATION - 2

—/uhdith:/thh-T—g / UpT - N
Q Q - JOE

and the previous crucial formula, we can rewrite the discrete problem

asS

N\

( find up, € V3, o, € Xy, such that V1 € 3y, Vv € V),

/Qah-fzfgvhuh-TJrz;/e[[@—uh]]'TJrZ/e/{@—uhH[T]l

/QUWVWZ/QJCU-I—;/J[’U]]‘{5'}+Z/e/{77}|[&]]

\



ELIMINATING o, - 1

Important assumption (verified with our choice of V}, and Xj,):

V(Vh) C Zh

Then we can take 7 = Vv in the first equation, and substitute in
the second equation

IREEY ACTEES Oy B IEED Oy RUSIIL
/Qah-vhvzfgfwgfe[[vn-{&}+;/el{@}u&n



ELIMINATING oy, - 2

/thuh-VhUJrz;/e[[&—uh]]-{th}JrZ/e/{ﬁ,_uh}[vhv]]
Lf”+§Lﬂvﬂ'{&}+Z/e,{@}u&n.

It remains to express 4 and & in terms of u;. This will be easy if we

take 4 = u(up) and & = & (up, Vyuy) (primal methods).

Most flux methods however take @ = u(uy) but 6 = &(up, o). In

this case, we shall need some additional work.



A FIRST CHOICE OF FLUXES: INTERIOR PENALTY

o i={up}one, 4=0onecC N

— [t —up] = —Jun], {&t—up} =0
e 0 ={Vyuy} on every edge

— [6] =0, {6} ={Viun}

Substituting in the previous equation and rearranging terms, we have

/Q thh-vhv—z(; / [[uh]].{vhv}—; / ] (Vhup} = /Q fo.

where we recognize the nonstabilized version of IP method
(Douglas-Dupont, Wheeler, Arnold).



Usually, one arrives (for instance) at the IP method with a simpler
argument. Take the equation —Awu = f, multiply it by a piecewise

polynomial function v, and integrate by parts. Rearranging terms

/Qvu-vhv—%:/e[[v]]-{vu}zfgfv.

Then, taking into account the fact that, for the solution u, one has

you have

clearly [u] = 0, one adds a term to restore symmetry (777)

/Qvu-vhv—ge:/eﬂv]]-{vu}—;/eﬂu}].{vhv}zfgfv.

An additional term, penalizing the jumps of uy, is usually added to
stabilize the method.



SYMMETRY

whole
opposite sign

adjoint consistency

LAvu.vhv—;L[v].{Avu}:Lfv

/QAVu-th—zez/e[fu]]-{AVu}—g:/e[[u]]-{A*th}:/va



ADJOINT CONSISTENCY

consistency

adjoint consistency



o i={up}one, 4=0onecC N
— [a—up] = —Jun], {&t—up} =0
o 6 ={Viyupt—cle| '[un] on every edge
= [6]=0, {6} ={Viun}—cle| " [u]

Then we have

/Q thh-vhv—; / [[v]]-{vhuh}—g / ] - (V)
+2€:C|el_1/€|[uh}]~[[v]l=/va,

and we obtain the stabilized IP method (Douglas-Dupont, Wheeler,
Arnold).



o U= {uptu_p one, 4=0onecC o

— [ —un]) = —[un], {@—un}={unia—p —{un}
o 6 ={Vyun}s—cle| '[us] on every edge

= [6] =0, {6} ={Vaunts—cle] '[wl

Then we have

/ CIRTEDS / CRAABEEDS [funl - (Vho};
+§;c\e\—1/e[[uhﬂ-uvﬂ - [ fo

and we obtain the method of Heinrich



o i ={up}+nglup]one, 4=0o0necC N
— [[?AL — uh]] = —|[uh]]+2[[uh]], {’LAL — uh} =0
e 6 ={Vyuu} on every edge

— [6] =0, {6} ={Vyun}

Then we have

/thuh - Vhv — ; /e[[v]] : {thh}Jr;/e[uh]] AVpvt = /va,

and we obtain the method of Baumann-Oden.



o U ={up}+ngluy] one’, 4=0o0necC N

— a0 —up] = —Jun]+2lun], {@—up} =0
o 6= {Vyupt—cle| '[us] on every edge

= [6]=0, {6} ={Vaun}—cle[ '[w]

Then we have

/Q thh-vhv—; / [[v]]-{vhuh}Jr; / sl - (Vo
+;c|e|-1/€uuhﬂ-[[vﬂ:/9fv,

and we obtain the stabilized version of Baumann-Oden (NIPG: see
Wheeler-Riviere-Girault) .



/a'h-T:/thh-T—l—Z/[’&—uh]]-{T}—I—Z/{ﬁ,—uh}[ﬂ]
Q) Q) e e e/ e’
and its substitution into

/Qah-vhv:/waEej/euvﬂ-{&}+Z//e,{@}[[&ﬂ

requires some additional work. It is now time to do it.



INTRODUCING R,

(/QO'h-T:/thuh-T—l—;/J[f&—uh]l-{T}-I—Z//el{ﬂ—uh}[[ﬂ])

DEFINITION: v — R([v]) € X, is given by:

: LR(%}])-T:—;/}@MT} vre s,

DEFINITION: v — [({v}) € 3, is given by:

Hence:



Substituting oy, = Vyup — R([4 — up]) — ({4 — up}) in the second

equation ([, o, - Vv —> [ [v]-{a} =", [ {0}[e] = |, fv) we
have:
find up, € Vi, : Bp(up,v) = (f,v) Yo eV,

where:

By, (un, ) :=/thh-vh'u—/R 6 — up]) - Vo
S ACCEDRIE WICRT Z/ I{o)

E/vhuh-vth/a—uh (V)
+Z/{u—uh}vhv Z/{a} Z/ [{v}



A NEW CHOICE OF FLUXES: FIRST BASSI-REBAY METHOD

e i={uptone, 4=0onecC N
— |4 —up] = —Jun], {&—un} =0
o o ={o} on every edge
— [6] =0, {6} ={on}
Consequently: o), = Vyup + R([un]) (R([uy]) = strain correction)

Therefore

> [ter p1=% /{vhuh} 1+ 3 /{R(M)} o

Substituting in By (up,v) gives the first Bassi-Rebay formulation.



FIRST BASSI-REBAY FORMULATION

up € Vi, : /Q[thh -+ R([[uh]])] . [Vh’U + R([[’U]l)] = /Qf?] Yo € V),

Equivalently:

/Q thh-vhv—; / {(Viun} - [v]
¥ [t (9w} [ Ri(w])-R(@e) = [ o et



INSTABILITY OF THE FIRST BASSI-REBAY-FORMULATION

° ® . u:1
e o. ° o‘ ° U:'l
e U=0

Example of a NON constant u such that

Vu+ R([u]) =0 in every E



STABILIZATION OF THE BASSI-REBAY-FORMULATION

DEFINITION: v — r.([v]) € ¥}, given by:

. /Qre([[v]])-T—i—/[[v]]-{T}:O Ve,

e

= ) re([v]) = R([v])

Second Bassi-Rebay formulation:

/ Vhun + R([un])] - Vo + R([o])

~ [ R ROD +e Y [ nllwd) @) = [ fo voev
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— [[?l — uh]] = —|[uh]], {’LAL — uh} =0
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o = {Vyupt—cr.([un]) on every edge
= [6] =0, {6} ={Vaunj—cire(lun])}

Then we have

/Q thh-vhv—%: / [[v]]-{vhuh}—%: / [un] - {V)0)
re3 [ et vt = [ £,

and we see that the difference with IP is only in the choice of the
stabilizing term.



BANDWIDTH CONSIDERATIONS




BANDWIDTH CONSIDERATIONS

A AN




VARIANTS OF THE B-R FORMULATION

As we have seen for the IP formulation, many variants are possible

for the first Bassi-Rebay formulation. For instance, taking
o U= {uptu_p one, 4=0onecC o
— |t —un] = —un), {t—wun}=L{unjo-p —{un}
e 6= {on}s—cle| '[un] on every edge
= [6]=0, {6} ={on}s—cle| '[u]
where, as before, {v}; = Bvt + (1 — f)v™, we obtain the LDG
method of Cockburn-Shu.



CONVERGENCE PROPERTIES
We need boundedness, stability and consistency in a suitable norm.
Define: V(h) =V, + H*(Q)NH(Q) C H*(F},)
with the norm:
[[oll[* = oli p + Zehglvl , + 2. Ire([vDl5q v e V(R)
Note: 3= [Ire([vDIg .0 ~ 22 he H[0]lI5e v e V(R)

e Boundedness Br(v,w) < Cyl||v]||] |]|w]]] Vv, w € V(h)

e Stability B (v,v) > Cs||v]|]? Yv eV,
e Consistency Bp(u,v) = (f,v) Vv € Vy

e Approximation |||lu — ur||] < Ch¥|ulki10



HINT OF ERROR ESTIMATES

We assume the following approximation property:
u—urls.p < ChET " *lulpirg s=0,1,2
Then
Colllur — unll|® < Bp(ur — un,ur — up) = Bp(ur — u, up — up)
< Cyllfur — unll| llur — wll] < Ch¥Julsiolllur — uall
For optimal L? estimates we need "adjoint consistency”:
Y € HY(Q) : B¥% = g, then B (y,v) = By(v,v¢) = (g,v) Yv € V(h)
Taking g = u — up he have then

lu—upllg = Br(u—un, ) = Bp(u—up, ¥ — 1) < Chl|aall|lu—un]









ESTIMATES FOR BASSI-REBAY 1

oc=—-Vu on = —Viun — R([up])

we have
o — anllo.a < Ch*ulii1q

1 Pr_1(u —up)lo.0 < Ch* Hulri1.0

where Pj_; is the projection operator (element by element) on the
space of polynomials of degree < k — 1.

For more detailed estimates on specific methods or classes of methods
see for instance Castillo-Cockburn-Perugia-Schotzau, Cockburn-Shu,
Dutra do Carmo-Duarte, Heinrich, Houston-Schwab-Siili,
Wheeler-Riviere-Girault (and many many others).






