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MOTIVATIONS

• Are discontinuous finite elements needed for purely elliptic

problems?

NOT REALLY

• They work very well for purely hyperbolic problems.

• It is worth analysing their behaviour on problems where the

elliptic part is present but it is not dominant.

(example: strongly advection-dominated equations, very thin

Reissner-Mindlin plates)
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ADVECTION-DOMINATED PROBLEM

−ε∆u+ β · ∇u = f, +B.C.

10ε= −6

u=0

u=0

u=0

(0,0) (1,0)

(1,1)(0,1)

β = (1, 2/3)

f = 1u=0
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PLAN:

• The flux formulation

• First choice of fluxes: IP and its variants

• Symmetry and adjoint consistency

• Second choice of fluxes: B-R and its variants

• Error estimates for various DG methods
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MODEL (TOY) PROBLEM

{
−∆u = f in Ω

u = 0 on Γ = ∂Ω

σ = ∇u






σ −∇u = 0 in Ω

− div σ = f in Ω

u = 0 on Γ
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STARTING POINT

(σ = ∇u, − div σ = f)

Th: decomposition of Ω into triangles E

•

∫

E

σ · τ = −

∫

E

u div τ +

∫

∂E

u τ · n ∀τ

•

∫

E

σ · ∇v =

∫

E

fv +

∫

∂E

vσ · n ∀v

To fix the ideas, we set for k ≥ 1

Vh =
{
v ∈ L2(Ω) such that v|E ∈ Pk(E) ∀E ∈ Th

}

Σh =
{

τ ∈
[
L2(Ω)

]2
such that τ |E ∈ [Pk(E)]

2
∀E ∈ Th

}
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FLUX FORMULATION - 1






find uh ∈ Vh, σh ∈ Σh such that:∫

Ω

σh · τ = −
∑

E

∫

E

uh div τ +
∑

E

∫

∂E

û τ · n ∀τ ∈ Σh

∑

E

∫

E

σh · ∇v =

∫

Ω

fv +
∑

E

∫

∂E

v σ̂ · n ∀v ∈ Vh

û = û(uh), σ̂ = σ̂(uh,σh) : numerical fluxes ≃ u|∂E , ∇u|∂E

Eh: set of all edges, E ′
h: internal edges

Consistent: if û(v) = v|Eh
and σ̂(v,∇v) = ∇v|Eh

, ∀v regular

Conservative: if fluxes (mostly σ̂) are single-valued on each e ∈ Eh
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AVERAGES AND JUMPS

E-

+
E

-

+n

n

Definition of average and jump on an internal edge:

{v} =
v+ + v−

2
; [[v]] = v+

n
+ + v−n

− ∀e ∈ E ′
h

{τ} =
τ

+ + τ
−

2
; [[τ ]] = τ

+
n

+ + τ
−
n
− ∀e ∈ E ′

h

On the boundary edges: [[v]] = vn; {τ} = τ
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A CRUCIAL FORMULA

Assume that q is an edge-wise smooth scalar, and τ an edge-wise

smooth vector. We obviously accept that they have different values

on the two sides of the same edge. Then, using the above definitions

of jump [[·]] and average {·}, we have

∑

E

∫

∂E

q τ · n =
∑

e

∫

e

[[q]] · {τ} +
∑

e′

∫

e′

{q}[[τ ]]

where e ranges over all edges and e′ ranges over internal edges.
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FLUX FORMULATION - 2

Using the classical Green formula

−

∫

Ω

uhdivhτ =

∫

Ω

∇huh · τ −
∑

E

∫

∂E

uhτ · n

and the previous crucial formula, we can rewrite the discrete problem

as





find uh ∈ Vh, σh ∈ Σh such that ∀τ ∈ Σh, ∀v ∈ Vh

∫

Ω

σh · τ =

∫

Ω

∇huh · τ +
∑

e

∫

e

[[û− uh]] · τ +
∑

e′

∫

e′

{û− uh}[[τ ]]

∫

Ω

σh · ∇hv =

∫

Ω

fv +
∑

e

∫

e

[[v]] · {σ̂} +
∑

e′

∫

e′

{v̂}[[σ̂]]
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ELIMINATING σh - 1

Important assumption (verified with our choice of Vh and Σh):

∇(Vh) ⊂ Σh

Then we can take τ = ∇hv in the first equation, and substitute in

the second equation
∫

Ω

σh·τ =

∫

Ω

∇huh · τ +
∑

e

∫

e

[[û− uh]] · τ +
∑

e′

∫

e′

{û− uh}[[τ ]]

∫

Ω

σh · ∇hv =

∫

Ω

fv +
∑

e

∫

e

[[v]] · {σ̂} +
∑

e′

∫

e′

{v̂}[[σ̂]]
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ELIMINATING σh - 2

In this way we obtain
∫

Ω

∇huh · ∇hv +
∑

e

∫

e

[[û− uh]] · {∇hv} +
∑

e′

∫

e′

{û− uh}[[∇hv]] =

∫

Ω

fv +
∑

e

∫

e

[[v]] · {σ̂} +
∑

e′

∫

e′

{v̂}[[σ̂]].

It remains to express û and σ̂ in terms of uh. This will be easy if we

take û = û(uh) and σ̂ = σ̂(uh,∇huh) (primal methods).

Most flux methods however take û = û(uh) but σ̂ = σ̂(uh,σh). In

this case, we shall need some additional work.
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A FIRST CHOICE OF FLUXES: INTERIOR PENALTY

• û = {uh} on e′, û = 0 on e ⊂ ∂Ω

=⇒ [[û− uh]] = −[[uh]], {û− uh} = 0

• σ̂ = {∇huh} on every edge

=⇒ [[σ̂]] = 0, {σ̂} = {∇huh}

Substituting in the previous equation and rearranging terms, we have
∫

Ω

∇huh · ∇hv −
∑

e

∫

e

[[uh]] · {∇hv}−
∑

e

∫

e

[[v]] · {∇huh} =

∫

Ω

fv,

where we recognize the nonstabilized version of IP method

(Douglas-Dupont, Wheeler, Arnold).

13



THE DIRECT DERIVATION OF THE BILINEAR FORM

Usually, one arrives (for instance) at the IP method with a simpler

argument. Take the equation −∆u = f , multiply it by a piecewise

polynomial function v, and integrate by parts. Rearranging terms

you have ∫

Ω

∇u · ∇hv −
∑

e

∫

e

[[v]] · {∇u} =

∫

Ω

fv.

Then, taking into account the fact that, for the solution u, one has

clearly [[u]] = 0, one adds a term to restore symmetry (???)
∫

Ω

∇u · ∇hv −
∑

e

∫

e

[[v]] · {∇u} −
∑

e

∫

e

[[u]] · {∇hv} =

∫

Ω

fv.

An additional term, penalizing the jumps of uh, is usually added to

stabilize the method.
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COMMENTS ON SYMMETRY

If the whole problem is not symmetric, adding a term which restores

symmetry in the diffusive part seems useless. For instance, Baumann

and Oden added the same term with opposite sign, to ensure better

stability properties. What can be useful, instead, is the property of

adjoint consistency. For instance, in a problem like −div(A∇u) = f ,

with A non symmetric, you would get, proceeding as before,
∫

Ω

A∇u · ∇hv −
∑

e

∫

e

[[v]] · {A∇u} =

∫

Ω

fv

In this case, you (should) want to add a term of the type:
∫

Ω

A∇u · ∇hv −
∑

e

∫

e

[[v]] · {A∇u} −
∑

e

∫

e

[[u]] · {A∗∇hv} =

∫

Ω

fv
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ADJOINT CONSISTENCY

If you have a problem Au = f that you approximate with

Bh(uh, vh) = (f, vh) ∀vh ∈ Vh,

the consistency property amounts to require that

Bh(u, vh) = (f, vh) ∀vh ∈ Vh.

The adjoint consistency property requires that for every adjoint

problem A∗ψ = g one has

Bh(vh, ψ) = (g, vh) ∀vh ∈ Vh.

This, among other advantages, is an essential instrument in the

duality argument for proving L2 error estimates.
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VARIANTS OF IP FORMULATION

We take:

• û = {uh} on e′, û = 0 on e ⊂ ∂Ω

=⇒ [[û− uh]] = −[[uh]], {û− uh} = 0

• σ̂ = {∇huh}−c |e|
−1[[uh]] on every edge

=⇒ [[σ̂]] = 0, {σ̂} = {∇huh}−c |e|
−1[[uh]]

Then we have
∫

Ω

∇huh · ∇hv −
∑

e

∫

e

[[v]] · {∇huh} −
∑

e

∫

e

[[uh]] · {∇hv}

+
∑

e

c |e|−1

∫

e

[[uh]] · [[v]] =

∫

Ω

fv,

and we obtain the stabilized IP method (Douglas-Dupont, Wheeler,

Arnold).
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VARIANTS OF IP FORMULATION

We set {v}β = βv+ + (1 − β)v− where v+ and v− correspond to a

given choice of an orientation on e. Then we take:

• û = {uh}(1−β) on e′, û = 0 on e ⊂ ∂Ω

=⇒ [[û− uh]] = −[[uh]], {û− uh} = {uh}(1−β) − {uh}

• σ̂ = {∇huh}β−c |e|
−1[[uh]] on every edge

=⇒ [[σ̂]] = 0, {σ̂} = {∇huh}β−c |e|
−1[[uh]]

Then we have
∫

Ω

∇huh · ∇hv −
∑

e

∫

e

[[v]] · {∇huh}β −
∑

e

∫

e

[[uh]] · {∇hv}β

+
∑

e

c |e|−1

∫

e

[[uh]] · [[v]] =

∫

Ω

fv,

and we obtain the method of Heinrich
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VARIANTS OF IP FORMULATION

We take, on the boundary of each element E:

• û = {uh} + nE [[uh]] on e′, û = 0 on e ⊂ ∂Ω

=⇒ [[û− uh]] = −[[uh]]+2[[uh]], {û− uh} = 0

• σ̂ = {∇huh} on every edge

=⇒ [[σ̂]] = 0, {σ̂} = {∇huh}

Then we have
∫

Ω

∇huh · ∇hv −
∑

e

∫

e

[[v]] · {∇huh}+
∑

e

∫

e

[[uh]] · {∇hv} =

∫

Ω

fv,

and we obtain the method of Baumann-Oden.
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VARIANTS OF IP FORMULATION

We take, on the boundary of each element E:

• û = {uh} + nE [[uh]] on e′, û = 0 on e ⊂ ∂Ω

=⇒ [[û− uh]] = −[[uh]]+2[[uh]], {û− uh} = 0

• σ̂ = {∇huh}−c |e|
−1[[uh]] on every edge

=⇒ [[σ̂]] = 0, {σ̂} = {∇huh}−c |e|
−1[[uh]]

Then we have
∫

Ω

∇huh · ∇hv −
∑

e

∫

e

[[v]] · {∇huh}+
∑

e

∫

e

[[uh]] · {∇hv}

+
∑

e

c |e|−1

∫

e

[[uh]] · [[v]] =

∫

Ω

fv,

and we obtain the stabilized version of Baumann-Oden (NIPG: see

Wheeler-Rivière-Girault) .
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CASES WHEN σ̂ DEPENDS ON σh

If σ̂ depends on σh, the elimination of σh from the equation
∫

Ω

σh · τ =

∫

Ω

∇huh · τ +
∑

e

∫

e

[[û− uh]] · {τ} +
∑

e′

∫

e′

{û− uh}[[τ ]]

and its substitution into
∫

Ω

σh · ∇hv =

∫

Ω

fv +
∑

e

∫

e

[[v]] · {σ̂} +
∑

e′

∫

e′

{v̂}[[σ̂]]

requires some additional work. It is now time to do it.
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INTRODUCING R, l

(

∫

Ω

σh · τ =

∫

Ω

∇huh · τ +
∑

e

∫

e

[[û− uh]] · {τ} +
∑

e′

∫

e′

{û− uh}[[τ ]])

DEFINITION: v −→ R([[v]]) ∈ Σh is given by:

•

∫

Ω

R([[v]]) · τ = −
∑

e

∫

e

[[v]] · {τ} ∀τ ∈ Σh

DEFINITION: v −→ l({v}) ∈ Σh is given by:

•

∫

Ω

l({v}) · τ = −
∑

e′

∫

e′

{v}[[τ ]] ∀τ ∈ Σh

Hence:

σh = ∇huh − R([[û− uh]]) − l({û− uh})
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Substituting σh = ∇huh − R([[û− uh]]) − l({û− uh}) in the second

equation (
∫
Ω

σh · ∇hv −
∑

e

∫
e
[[v]] · {σ̂} −

∑
e′

∫
e′
{v̂}[[σ̂]] =

∫
Ω
fv) we

have:

find uh ∈ Vh : Bh(uh, v) = (f, v) ∀v ∈ Vh

where:

Bh(uh, v) :=

∫

Ω

∇huh · ∇hv−

∫

Ω

R([[û− uh]]) · ∇hv

−

∫

Ω

l({û− uh}) · ∇hv −
∑

e

∫

e

{σ̂} · [[v]] −
∑

e′

∫

e′

[[σ̂]]{v}

≡

∫

Ω

∇huh · ∇hv+
∑

e

∫

e

[[û− uh]] · {∇hv}

+
∑

e′

∫

e′

{û− uh}[[∇hv]] −
∑

e

∫

e

{σ̂} · [[v]] −
∑

e′

∫

e′

[[σ̂]]{v}
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A NEW CHOICE OF FLUXES: FIRST BASSI-REBAY METHOD

• û = {uh} on e′, û = 0 on e ⊂ ∂Ω

=⇒ [[û− uh]] = −[[uh]], {û− uh} = 0

• σ̂ = {σh} on every edge

=⇒ [[σ̂]] = 0, {σ̂} = {σh}

Consequently: σh = ∇huh + R([[uh]]) (R([[uh]]) = strain correction)

Therefore

∑

e

∫

e

{σ̂} · [[v]] =
∑

e

∫

e

{∇huh} · [[v]] +
∑

e

∫

e

{R([[uh]])} · [[v]]

= −

∫

Ω

∇huh · R([[v]]) −

∫

Ω

R([[uh]]) · R([[v]])

Substituting in Bh(uh, v) gives the first Bassi-Rebay formulation.
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FIRST BASSI-REBAY FORMULATION

uh ∈ Vh :

∫

Ω

[∇huh + R([[uh]])] · [∇hv + R([[v]])] =

∫

Ω

fv ∀v ∈ Vh

Equivalently:
∫

Ω

∇huh · ∇hv −
∑

e

∫

e

{∇huh} · [[v]]

−
∑

e

∫

e

[[uh]] · {∇hv}+

∫

Ω

R([[uh]]) · R([[v]]) =

∫

Ω

fv ∀v ∈ Vh

25



INSTABILITY OF THE FIRST BASSI-REBAY-FORMULATION

u = 1

u = -1

u = 0

Example of a NON constant u such that

∇u+ R([[u]]) = 0 in every E
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STABILIZATION OF THE BASSI-REBAY-FORMULATION

Introduction of the strain correction on the edges e of Th

DEFINITION: v −→ re([[v]]) ∈ Σh given by:

•

∫

Ω

re([[v]]) · τ +

∫

e

[[v]] · {τ} = 0 ∀τ ∈ Σh

=⇒
∑

e

re([[v]]) = R([[v]])

Second Bassi-Rebay formulation:
∫

Ω

[∇huh + R([[uh]])] · [∇hv + R([[v]])]

−

∫

Ω

R([[uh]]) · R([[v]]) + c
∑

e

∫

Ω

re([[uh]]) · re([[v]]) =

∫

Ω

fv ∀v ∈ Vh
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FLUX FORMULATION OF THE SECOND B-R FORMULATION

We take:

• û = {uh} on e′, û = 0 on e ⊂ ∂Ω

=⇒ [[û− uh]] = −[[uh]], {û− uh} = 0

• σ̂ = {∇huh}−c re([[uh]]) on every edge

=⇒ [[σ̂]] = 0, {σ̂} = {∇huh}−c {re([[uh]])}

Then we have
∫

Ω

∇huh · ∇hv −
∑

e

∫

e

[[v]] · {∇huh} −
∑

e

∫

e

[[uh]] · {∇hv}

+c
∑

e

∫

Ω

re([[uh]]) · re([[v]]) =

∫

Ω

fv,

and we see that the difference with IP is only in the choice of the

stabilizing term.
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BANDWIDTH CONSIDERATIONS

u 6= 0 [[u]] 6= 0 R([[u]]) 6= 0

∫

Ω

R([[u]]) · R([[v]]) 6= 0
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BANDWIDTH CONSIDERATIONS

e

u 6= 0 re([[u]]) 6= 0

∑

e

∫

Ω

re([[u]]) · re([[v]]) 6= 0
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VARIANTS OF THE B-R FORMULATION

As we have seen for the IP formulation, many variants are possible

for the first Bassi-Rebay formulation. For instance, taking

• û = {uh}(1−β) on e′, û = 0 on e ⊂ ∂Ω

=⇒ [[û− uh]] = −[[uh]], {û− uh} = {uh}(1−β) − {uh}

• σ̂ = {σh}β−c |e|
−1[[uh]] on every edge

=⇒ [[σ̂]] = 0, {σ̂} = {σh}β−c |e|
−1[[uh]]

where, as before, {v}β = βv+ + (1 − β)v−, we obtain the LDG

method of Cockburn-Shu.
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CONVERGENCE PROPERTIES

We need boundedness, stability and consistency in a suitable norm.

Define: V (h) = Vh +H2(Ω) ∩H1
0 (Ω) ⊂ H2(Th)

with the norm:

|||v|||2 = |v|21,h + ΣEh
2
E |v|

2
2,h +

∑
e ||re([[v]])||

2
0,Ω v ∈ V (h)

Note:
∑

e ||re([[v]])||
2
0,Ω ≃

∑
e h

−1
e ||[[v]]||20,e v ∈ V (h)

• Boundedness Bh(v, w) ≤ Cb|||v||| |||w||| ∀v, w ∈ V (h)

• Stability Bh(v, v) ≥ Cs|||v|||
2 ∀v ∈ Vh

• Consistency Bh(u, v) = (f, v) ∀v ∈ Vh

• Approximation |||u− uI ||| ≤ Chk|u|k+1,Ω
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HINT OF ERROR ESTIMATES

We assume the following approximation property:

|u− uI |s,E ≤ Chk+1−s
E |u|k+1,E s = 0, 1, 2

Then

Cs|||uI − uh|||
2 ≤ Bh(uI − uh, uI − uh) = Bh(uI − u, uI − uh)

≤ Cb|||uI − uh||| |||uI − u||| ≤ Chk|u|k+1,Ω|||uI − uh|||

For optimal L2 estimates we need ”adjoint consistency”:

ψ ∈ H1
0 (Ω) : B∗ψ = g, then B∗

h(ψ, v) ≡ Bh(v, ψ) = (g, v) ∀v ∈ V (h)

Taking g = u− uh he have then

||u−uh||
2
0 = Bh(u−uh, ψ) = Bh(u−uh, ψ−ψI) ≤ Ch|ψ|2,Ω|||u−uh|||
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Method û σ̂

IP {uh} {∇huh} − αj

BO {uh} + nE · [[uh]] {∇huh}

NIPG {uh} + nE · [[uh]] {∇huh} − αj

H {uh}(1−β) {∇huh}β − αj

BZ uh|E −αj

BR 1 {uh} {σh}

BR 2 {uh} {∇huh} − αr

BMMPR {uh} {σh} − αr

LDG {uh}(1−β) {σh}β − αj

BMMPR uh|E −αr
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Method cons. a.c. stab. type cond. H1 L2

IP X X X αj c > c∗ hk hk+1

BO(k ≥ 2) X × X - − hk hk

NIPG X × X αj c > 0 hk hk

H X X X αj c > c∗ hk hk+1

BZ × × X αj c ≈ h−2k−1 hk hk+1

BR 1 X X × - - [hk] [hk+1]

BR 2 X X X αr c > 3 hk hk+1

BMMPR X X X αr c > 0 hk hk+1

LDG X X X αj c > 0 hk hk+1

BMMPR × × X αr c ≈ h−2k hk hk+1
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ESTIMATES FOR BASSI-REBAY 1

The error estimates in the previous table, for the Bassi-Rebay

formulation, need some explanation. Setting

σ = −∇u σh = −∇huh − R([[uh]])

we have

||σ − σh||0,Ω ≤ Chk|u|k+1,Ω

‖Pk−1(u− uh)‖0,Ω ≤ Chk+1|u|k+1,Ω

where Pk−1 is the projection operator (element by element) on the

space of polynomials of degree ≤ k − 1.

For more detailed estimates on specific methods or classes of methods

see for instance Castillo-Cockburn-Perugia-Schötzau, Cockburn-Shu,

Dutra do Carmo-Duarte, Heinrich, Houston-Schwab-Süli,

Wheeler-Rivière-Girault (and many many others).
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CONCLUSIONS

• The present framework allows an easy comparison of various DG methods for

diffusive problems (or for the diffusive part of advection-diffusion problems)

• Virtually all existing methods can be set within the present framework

• Primal formulations are easier to deal with, and, in general, produce a smaller stencil

• Flux formulations are more in the spirit of the methods for dealing with convective

terms and/or purely hyperbolic problems

• Much work, and much more numerical experiments are still to be done in order to

assess the relative merits of the various methods

• The potential of DG methods in connection with Domain Decomposition Methods

and h, p or hp adaptive algorithms has still to be explored

• We hope that the present classification can help the future work
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