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Consider a second order (non-degenerate) parabolic
operator L,

Lu(t,x) = Z aij(t,x)uxixj(t,aj)

d
+ Z b (t, r)ui(t,z) — Au(t, z),
1=1

with A > 0, acting on functions defined on |T", +00) X
R T e (—00, +00) and on R if T = —o0,

R = {(t,2): t e R,z = (!, ..., 2%) e R},

We study the equation
ug(t, x) + Lu(t,z) = f(t, 2), (1)

(t,x) € (T, +00) x R,
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The main result are global Schauder estimates for
the bounded solution wu like

sup [[u(t, ) |loya < Nsup [ f(E,)][a;  (2)
t>T t>T

assuming “measurability of the coeflicients in time”
and a-Holder continuity in the space variable,

We also do not assume the boundeness of b.

Schauder estimates of the form (2) for the heat

equation were first proved in [Brandt 1969 (see also
[Knerr 1980)).

Hypothesis 1 (i) The matriz (a¥(t, z)) is sym-
metric and there exist K € (0,00) such that

K’ﬂz 2 Z t L £’L£] -t ‘5‘27
1,)=1
for (t,z) € RO+ £ € R<:
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(i) a7, b' and f are measurable functions on
]Rd“; b is also locally bounded;

(11i) For some o € (0,1),

@' (t, 2)—a™ (t,y)|+]b'(t, )= (t,y)| < K|z—y|®,

forallt e R, 7,9 =1,....d, and x,y € R such
that
z—y| <1 (3)

(iii) there exist positive constants Fy and F,
such that

f(t,z)| < Fo (4)
f(t,2) — fty)] < Falz —y[*,
whenevert € R, x,y € R

Remark In the paper we also consider the general
case in which in the expression of L, \u(t,z) is
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replaced by
c(t, x)ult, ),

where ¢(t,z) > X > 0, (t,z) € R but ¢ can be
unbounded from above, i.e.,

‘C(t,l')—(j(t,y)’ < K’Qﬁ—y‘@, t € R? |$—y‘ < 17

but then we assume

f(t,2)| < Fye(t,z), teR, zeR?

Notation

- CY = CYRY), a € (0,1), is the Banach space
of real functions g on R with finite norm

19]la = llgllo + [g]a;
where

tllo = sup 19@)]. [gla = sup I8 ggy)\
r€R vy lz —
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- %Y = CZF(RY) s the Banach space of real
functions g on R? with finite norm

[9ll2+a = llgllo + [1Dgllo + [1D*gllo + [Dgla.

Dg — (ggjla "'agxd)a ng — (gxlxja Z?] — 17 "’ad)a
For any T' € (—o0, +00), we define

R4 = [T, 00) x RY,

and, if T' = —o0, we set Rg’zfl = R+
Definition of solution

Let C?T(T) be the set of bounded functions u(t, x)
defined on R%H such that



(i) w is continuous in R%H;

(i) for finite ¢ > T, we have u(t,-) € C**® and
|w(t, <)||24.q is bounded in ¢;

(iii) there exists a locally bounded function g(¢, x)
on R%H such that, for x € R? and any finite £ >
s>,

t
u(t,r) —u(s,x) = /S g(r,x)dr. (5)

For such a function u we write uy = g.

A solution to our equation (1) is a mapping u €
C2(T) such that, for any z € R? and finite ¢ > s
with s > 1", we have

t t
u(t,x)—u(s,x)-/g f(r,x) dr—/s Lu(r, x)dr.
(6)



Theorem 2 (a priori estimates) Let u € C*T(T)
satisfying (1). Then:

(i) There is a constant N = N(\, a,d, K) such
that, for all finite t > 1", we have

lu(t, )24 < N(Fo + Fa). (7)

(11) (elliptic case) If f and the coefficients of
L are independent of t, then, for any solution
= CQ—I—O&)

lull2ya < N(Fp + Fao).

Theorem 3 (i) There exists a unique u € C*T(T)
which satisfies (1).

(i1) (elliptic case) If coefficients of L and f are
independent of t then there exists a unique u €
C?H satisfying Lu = f.
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The proof of previous theorem uses the following
new maximum principle:

Theorem 4 Ifu € C°T%(T) is a solution to (1).
Then, for any finite t > T, x € RY,
£y

u(t,z) < —.

u(t, )] <
Remark In the paper we also prove Schauder es-
timates for Cauchy problems associated with L.
These are consequences of the previous theorems.

Remark In the special case of f and the coeffi-
cients of L independent of ¢, we get the estimate

lull2ra < N[ flla-

This shows that the Schauder constant in the orig-
inal (elliptic) Schauder estimates involving bounded
coefficients (see |Gilbarg-Trudinger 1983|) are in fact
independent of the L°°-norm of the lower order co-
efficients.



TWO MOTIVATIONS AND REFERENCES

(Motivation I) Recent interest in Schauder es-
timates for elliptic and parabolic PDEs with un-
bounded coeflicients. Such equations arise in the
study of SDEs and in Mathematical Finance.

Related Papers

|Cannarsa-Vespri 1987], [Da Prato-Lunardi 1995],
Lunardi-Vespri 1995|, [Cerrai 1996, 2002|, |Lunardi
1998], [Priola 2003], [Bertoldi-L. Lorenzi 2004].

We mention [Da Prato-Lunardi 1995]. They con-
sider constant a;;(t, ) = a;; and b;(t, v) = (Ax, e;),
z € RY for a fixed d x d matrix A, i.e.,

d
Lu(zx) = Z aijuxq;xj(x) + (Az, Du(z)) — Au(x),

i j=1
(8)

and prove Schauder estimates for L (the so-called
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Ornstein-Uhlenbeck operator).
After [Da Prato - Lunardi 95| a question arises:

Schauder estimates are true for (8) if we
allow a'/ to be variable, bounded and Holder
continuous 7?7 (possible applications to SPDESs)

An attempt: To get a-priori estimates (assuming
to have a solution v € C*T*(R%)) in the classical
case one uses a localization procedure, multiplying
u by a suitable test function (), zp € RY, such
that

SUPP<77xo) C B(z,9)

where 0 > 0 is chosen small enough. If coefficients
are bounded one gets

1wz ll240 < Cll fllas

with C independent of xg. This does not work in

our situation since we will have to estimate the
“bad term”

(Az, Dngy(x))u(z).
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The previous question has only been answered with
the present paper. However we mention related re-
sults.

- [Lunardi 97| proves Schauder estimates assuming
in addition that there exists

xli_)mooa”(x):&”, i,7=1,....d.

- [Lunardi - Vespri 95] assumes that a¥ € Cg (R
and moreover

(Da¥(z), Az) € LOMRY), i,j=1,...,d.

- [Cerrai 96, 2002], [Lunardi 98| and [Bertoldi and
Lorenzi 2005 deal with autonomous operators L of
the form

Luzz Ui (T +Zb7’
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in which coefficients a%, b* can growth more than
linearly. However coeflicients must be smooth enough
in order to apply the Bernstein method or stochas-
tic methods.

(Motivation II) To complete the theory of second
order parabolic operators with coefficients which are
Holder continuous in the space variable and discon-
tinuous 1n time.

Indeed as far as we know after the pioneering works
[Brandt 1969] and [Knerr 1980] the existence and
uniqueness of solutions to (1) was not completely
established even in the case of bounded coefficients.

We should mention Schauder estimates of |L. Lorenzi
2000] for Cauchy problems associated to L when
coeflicients are bounded, Holder continuous in the
space variable and discontinuous in time.
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Some ideas from the proof of the priori
estimates

We sketch the various steps which we need.

Step I Let
b =0, a’(t,z)=da"(¢).

If u € C*TYT) with compact support then, for any
r € R? and finite ¢ > T, we have

[Du(t,)]a <N sup [(ug + Lu)(rs las - (9)

This estimate is based on an explicit representation
formula for u available in this case.

Step II Let

bL(t, ) = bi(t), av(t,x) = a¥(¢),
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Let v € C°TY(T) such that, for any finite Sy >
S1 > T, thereexists K = Kg, g, > 0withu(t,z) =
0, for any |x| > K, t € |51, 59].

Then, for any finite t > T (with summation con-
vention,),

[Du(t, -)]a

< N sup|(ut + aijuw%j + biuxz' — \u)(s, )|a-
s>t

To prove this, we may assume that v € C*TY(T)
with compact support (in the general case, we use

u'(s,x) = ((s/n)u(s,z), with ¢ € C§°, ¢(0) =1)
Define

t
B(t) = /O b(s)ds, v(t,x)=u(t,xz+ B(t)).

Note that v € C>T*(T') and has compact support,
since b 1s locally bounded.
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By inserting v in place of u in (9) we obtain the
assertion.

Step III Let u € C?TY(T) be a solution; we show
that

sup[Du(t, o < N(Fy+ Fo) + N sup |Ju(t, )2
t>T t>T

/‘\

10)
To prove (10) fix an € € (0,1/2) and ¢ € Cj°(R d)
with support in B(0,2¢) and such that ((x) = 1
for |x| < e.

Let (tg, zq) € ]R%H and introduce z(t) = x70:%0 (¢)
as a solution (not necessarily unique) of

t
x(t) = xg +/t b(s,x(s))ds, teR,

where b(t, z) is the vector with coordinates b'(t, x), i =

., d. Set

16



77<t7 x) — C(CE — x@))? U<t7 I) — u(tv I) 77<t7 I)

Observe that if n(t, z) #

0, then |z — z(t)| < 2¢;
moreover, when |z — z(t)| < 2¢ we have

—_— )

a(t, x) — afl ()] < 2°Ke,

b(t, x) — bo(t)| < 2% Ked,

It 1s crucial that

ne(t, x) + bé(t)nxi(t, r) =0

(the “bad term” disappears)
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Applying the previous step v, for any x € R? such
that |z — zg| < e, we have n(tg,x) = 1 and

| D?ulty, x) — D?ulty, z0)|

I
[ — 20|
|D?v(tg, z) — D?v(tg, 7))
|z — p|®

< N sup [(vg + Lov)(s, -)]a-
s>t

Here
vt + Lov =

=nf+n(Ly— L)u+u &6]773:@'33]' + 2a6‘777x¢uxj.

[t 1s now standard to see that

I < N(¢)(Fo+ Fy) + Ne° sup [D*u(s, )a
S>1)

+N(e) sup [lu(s, )2
s>t
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where N = N(d, o, K, \)and N(g) = N(e,d, o, K, \).

Due to the arbitrariness of xg and x, we obtain

u(to, ))ora < N(e)(Fp + Fa)

+Ne® sup [Dzu(s, Na + N(g) sup ||u(s,-)||o.
s>t s>1

Upon taking the sup of both sides with respect to
to > T we conclude

sup [ D2u(t, Vo < N(&)(F + Fa)
t>T

+Ne® sup[D?ult, )]a + N(€) sup ||ult, -)||o.
t>T t>T

After choosing ¢ appropriately, we finally get the
assertion.

19



Step IV.  We have to prove a maximum prin-
ciple: if u € C*T(T) is a solution then it holds:

Iy d+1
\u(t,az)\ < 77 (t,ZC) S RT .

This maximum principle is also a non-standard re-
sult; indeed we are not assuming that u(-, x) is dif-
ferentiable.

From Step III, using the maximum principle and
the next interpolation inequality

v]lo < N(e)||v]|g+e[D*v]a, €>0, veC*T?,

we get the desired a priori estimate. _

Finally, as far as the time regularity of solutions is
concerned, we have
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Theorem 5 Let T, 15, and R be finite numbers
such that T < T7 < 15 and R > 0. Then, for

any solution u € C*TY(T), we have:

t— s uls, @) — ult, z)|

1+

+|t — s|” 2 |Du(s,x) — Du(t, x)|

+ |t — S]_O‘/2 |D%u(s, z) — D*u(t, x)

whenever |x| < R and s,t € [T1,TH

< N,

, t < s,

where N depends only on A\, a, d, K, Fy, Fq,
R, and sup norms of |b(t,0)], c(t,0), |f(t,0)| over

Ty, T).
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We use

Lemma 6 For anyu € C*TY(T) and finite t, s >
T and © € R we have

1D2u(t,z) — D*u(s, )| < NI|t — s|2, (11)

|Duf(t, ) — Du(s,z)| < NI|t — s|1T)/2
where N depends only on d and

I= sup ([uglr, Yo+ [u(r, Vasa)
re(s,t]
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