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We study local properties of weak solutions to the equations

(*)

(%)

where L is a second-order elliptic operator on a domain in IR".

Properties: local boundedness, continuity, Harnack inequalities,

isolated singularities.
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1 Elliptic Equations

Let {2 C R" be a domain, n > 3. The divergence type equation

V-.-a-Vu:= Z Op; 050z, u = 0 (1)

i,j=1
with a uniformly elliptic matrix of measurable bounded coefficients, i.e.
Jv > 0, M > 0 s.t. foralmost all x € )

n

Y ay(@)&8 > vIEP, £€R™ and ay(x)| < M.

1,7=1
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Weak solution

2/% Jo(z)dz =0 Vo e CP(Q).

1,7=1

e E.DeGiorgi (1957) - local boundedness, Holder continuity

e J.Nash (1958) - Holder continuity for parabolic

e J.Moser (1960,1961) - local boundedness, Holder continuity,

Harnack inequality

Let u be a positive week solution to (1) and Bir C (). Then

supu < C'inf w.
Bgr Br
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Perturbations: Lower order terms can destroy properties

—Au + ﬁu — () - no Harnack, LB, isolated singularities are

different.

e J.Serrin (1964)-Moser’s technique - lower order terms in terms of

LP-conditions and a class of quasi-linear equations.

e |Ladyzhenskaja, Uraltseva (1968) - DeGiorgi’s technique

For V-a-Vu+Vu=0

typical condition V' € L"/?*<_ For V' € L"/? some properties fail
(e.g. no LB)
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Kato class /1, (IR")

Viy)|d
VEKn<:>hmsup/ ‘ (y)’y:()
B

R—0 TER™ (@) ’x _ y‘n—Q

Typical singularity of /1,
1

e > 0,

2[2(log 1)1

but not
1
=

z|? log 7

||
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e Aizenman, Simon (1982) - probabilistic approach
Au+Vu=0VekK,

LB, continuity (no HC), Harnack inequality

e Chiarenza, Fabes, Garofalo (1986) - real functions techniques

and Green’s functions
—V-a-Vu+Vu=0,V e K,

e Kurata (1994)

—V-a-Vu+b-Vu+Vu=0,V,|b° €K,
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Quasi-linear equations
—Apu+ VululfP? =0, p>1.

Extension of Kato class condition

Ve K, & lim sup

/ Vyldy _
BR(CC) ‘x - y‘n—Q
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e M.Biroli (2001) - nonlinear Kato class /1, local boundedness,

Harnack, continuity

1

LN =1 (]
lim Sup/ { / V(y)dy} a 0 (3)
F=0zeqJo 77" JB,.(x) g
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Non-standard growth conditions (joint result with |.I.Skrypnik)
—div A(x,u, Vu) + ap(x,u, Vu) =0, x € (4)

A:QXRXR" - R"andag: 2 xR xR"” — R"s.t.
A(-, (&), ao(+,C, &) are measurable and A(z, -, -), ap(z, -, -) are

continuous for a.a. = € ().

A<x7u7€)€ Cl’f’p(x)7 1 < P1 < p(CIZ) < P2 <N,
A(z,u,8)] < e, (5)
ag(, u, §)] 9(@)|ulf + f(=),

with some positive constants ¢, ¢5 and nonnegative functions [, ¢.
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We say that . € 11/ (()) is a weak solution to (4) if

/A(mju,Vu)Vgoda:Jr/ao(x,u, Vu)pder =0  (6)
Q Q

forany ¢ € 11/ (€2), where 11/ (()) is the Banach space

W(Q) = {f € WH(Q) - / V()P di < 00}

with the norm

[fllwe =inf {350 [ |39f@)P dr <1} +
mf{)\>0 fQ} f(x |px)d:z:<1}
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A 1
x,y € S, \$—y\<§.

p(z) — p(y)

| < —
In |z —y|

The model equation (so-called, P(:C)-Laplace equation)
div(|Vu|/P®2Vu) =0

Alkhutov (1997) - Holder continuity, Harnack
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Class /C,,:

R 1
1 p(z)=1
lim sup/ / lg(2)|dz T =0
R—0 20 Jg rn=p(@) By (x) I

Theorem 1.1. Letu > 0 be asinto (4) in() with [, g € IC,,.
Thend Ky, 0 > 0 s.t. for any xy € € such that for Byr(xq) C §2

sup u(z) < K[ inf wu(z)+ 0f(R) + Rz, (7)
B (x0) Bg(fb‘o)

K5, 0 depend on fB4R(xO) w(z)® +HDET=P7) dy and

n, p1, P2, C1, C2, A andp™ = Bm‘%X)P( ),p_ — Bmi(n)P( )
4R\X0 4R\X0

R T g
f(R) = sup sup )fo2 (W fBr(:U)f(Z)dZ> d7.

xo €S xEBR(xo
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w(R) = oscpu = sgpu — iélf u.
R R

The above theorem leads

w(R/2) < (1 —-7T)w(R)+~f(R), 7€ (0,1),v>0.

Hence — continuity if f(/2) — 0 (/2 — 0),

but NOT Holder continuity in general.
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Example 1.2. Let us consider the homogeneous equation
—Ayu + gululP~* =0

in the unit ball in R", 1 < p < n, with potential

o) = (n — p)ar[z| 7 (1og °
€T

Then u(x) = (1og ﬁ) is a solution to (8), which is 1 at the
boundary of the unit ball, nonnegative inside and zero at the origin.
Harnack inequality is not valid for (8), the reason — stronger

singularity of g than it is allowed by the conditions of Theorem 1.1.

1—p+e
g(x) ~ clz|™P (log ﬁ) is in I<,, for= > 0 but not fore = (.
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Isolated singularities Let 1o € (), 7 < 1st. Br(xg) C . Letu

Au=0 in Q\ {zo}

Ifu(x) = o (|x — xo|™™%), n > 2, then the singularity is

removable.

e J.Serrin (1964) - positive solutions to general quasi-linear elliptic

egns, [”-conditions on lower order terms

n—p

u(m):()(\x—xo p1>,1<p<n, (9)

e J.-L.Vazquez, C.Yarur (1976) —Au+ Vu =0, V € K,
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e L& I.I.Skrypnik (2008)

—Apu + VululP~ =0,

for Ve K,ifp>2andV € Ky, if 1 <p < 2. Class K ,:

S|
lim sup / / ]dy— = 0.
R—0 ZEEQ B (CIJ)

Example 1.3. (1) = \:z:\p i (log ‘x‘) solves

—1
A+ VPl = 0in By(0) \ {0} with V = c|a|? (log : ‘)

6]
g(x) = clz|™P (log %) is from IX,, for 3 > p — 1, and from
Ko, for 3 > 1.
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2 Parabolic Equations

Qr =0 x(0,7),Q € R"
ou=V-a-Vu= Z 0; ;101U
i, k=1
a,;1. - measurable, uniformly elliptic
e J.Nash (1958) - Holder continuity
e |Laduzhenskaya, Solonnikov, Ural’'tseva (1962) - Holder continuity

e J.Moser (1964) - parabolic Harnack inequality
(SIZQ,t()) - QT, Qp — Bp<£170) X (to — pQ,tQ -+ pQ]
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For ()2, C 27 3y > 0

u(xg,ty) < VBif(lf | u(x,to + p°).
p L0

e K.-Th.Sturm (1994) - probabilistic approach, Harnack inequality

e Qi Zhang (1996)

u=V-a-Vu+Vu, VeK,

Potential V' € L, ((0,00) x R") is in the non-autonomous

loc

Kato class NV Ix if

lim N, (V)=0 and lim N (V) =0,

oa—(0 a—0
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where for v > ()

Sup/ / ki(x —y)|V(s+ty)ldydt
RN

ki(x) = (4mt)~N/2e = andV( ) :=0for7 < 0.

e L& Semenov (2000)

O =V -a(t,z)  Vu—bt,z) - Vu+ Vb(t,z)u+ V(t,z)u

|x—y|2 |z — y|2
it ze et < r(t,z;s,y) < cat” 2@ calt—3)

(r(t,x; s, 1) - fundamental solution)
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_p// A=y = )Wy

_sup/8+h/RN (T = s,y —2)|W(r,)|dy (TT_S)

»(0) = 0 and /OT A0 47 < o0

-

+

Condition: 7, — Oash — 0
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Global bound for F.S. to
Au+ bVu —u; = 0in R™ x (0, 00).

(L& Qi Zhang 2004) b € L7 (R™), ¢-FS.

loc

(i) there exists a constant 3 > (0 such that for any ¢ € C5°(IR"),

/ b[2¢2dx < B/ Vé|2da; (10)

(i) there exists 0 > (0 such that

/n [divb|g?dx < (2 — §) /n Vol
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(il) the quantity
(divb)~(y)

‘nQ

K((divb)™) = Sup/ dy

rER” JRn ‘Qf—

is sufficiently small.

Then g(t,7,y) < — /2 exp(—co|z — y[*/1).
Suppose

Ki(b) = sup / bly) dy < o0,

rER™ JRn ‘x_y’n !

K(|bl?) = sup / ’ L

rER™ L — y‘n—Q
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Then there exist positive constants ¢; and ¢, such that, for any
z,y € RN andt > 0,

q(t, z,y) > tN/Q exp(—colz — y[* /1),
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Quasi-linear Equations

Parabolic p-Laplace equation

Ou — Apu=0, in Qp, p>2. (13)

p-Laplace equation (13) admits explicit similarity solution (p > 2)

(Barenblatt solution)

>p/(p1)> (p—1)/(p—2)

+

Slide 25



e E.DiBenedetto (1983-84) — Holder continuity, intrinsic Harnack
iInequality:
Let  be a nonnegative solution to (13) Let (g, 1) € ()7 s.t.

u(xg, to) > 0. Consider the parabolic cylinder

Qi(ﬂ?g, to) — Bp(élfo) X (to — QIOp, t() -+ Qpp),

p—2
where () = ( < ) and ¢ > ( is fixed.

u(wo,to)

Iy >0  u(xg,ty) < vBi]ilf)u(x,to + 0p").
p\ L0

Intrinsic scaling is necessary — Barenblatt solution provides an

example
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General divergence type quasi-linear equations

u — div A(x, t,u, Vu) = ap(x, t,u, Vu), (x,t) € Qp (14)

A‘(x7t7u7 C)C p7 C 6 Rn? 2 < p < n?
A(z,t,u, Q) Pt g (@)l + ful),

ao(, 1, u, Q)] Pt g (@) ul T + folw).
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Weak local solutions

we C(0,T; L2 ()N L?

loc loc

t1,t9 C (0,7

(0, T; W,2P(Q)) sit. VO, € Q and

loc

t2
° 4 / {—up; + Az, 7,u, Vu) - Vo tdrdr
11 1

t2
— / / aop(x, 7, u, Vu)drdr
11 4

for all locally bdd ¢ € W,22(0, T'; L?(€2,)) N LY

loc loc

(0, T; W(,))

For g1, 9> = Oand [, [5in L”-classes, Y.Chen (1984),
E.DiBenedetto and A.Friedman (1985) — Holder continuity.
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Intrinsic Harnack inequality — long standing problem
E. Di Benedetto, U. Gianazza and V. Vespri (Acta Mathematica 2008)

for 11, f2, g1, g> constants.

(L& I.1.Skrypnik)

Let g1, /1 be s.t.

I / : / (2)]7T + |gi(2) |77 d i 0
1m su ~)|p—1 V| =1z R
[0 xeg o L™ JB.(2) 1 . r

Let g2, fo € [{,. Then weak solutions to (14) are locally bounded

and continuous. Intrinsic Harnack inequality holds for positive

solutions.

One cannot expect Holder continuity under Kato class conditions!

Slide 29



Let 1 be a weak solution to (14) in (). Let (1, s) € () be an
arbitrary point. Consider the cylinder Q) (y.s) C ),

Q(y,s) = By(y) x (s — 0p%,8), 6>0.

py >esssupu(z,t), p_ <essinfu(x,t), w>puy — pu_.

QZP(%S) QZP(y’S)

R
f1(R) = Sup/ < np/ (91 + f1)2?1d2>
z€Q Jo r By (z)

fQ(R) — sup - / (gg + fg)dZ) !
By (x) r

e
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Theorem. Fix§, a € (0,1), (§w)P" > > 2.3 B> 1landv € (0,1)

depending only on the data and ¢, £, w and a such that if
{(2,t) € Q%,(y,5) : u(z,t) <+ &w}| < v|Q%,(y, )],
then either Ew < B(p + F1(2p) + F2(2p)), or
u(x,t) > p_ + afw for almostall (a.a.) (z,t) € Qg(y, s).

Likewise,if

{(z,t) € Q5,(y,5) : ulz,t) > py — Ew}| < v|QS,(y,s)],

then either Ew < B(p + F1(2p) + F2(2p)), or

u(x,t) < py — alw for almost all (a.a.) (x,1) € Qﬁ(y, s).

Slide 31



Expansion of positivity

There exist numbers B, by < by and o € (0, 1) depending only on
the data such that if

u(z,s) > pu_+ N forx € B,(y),

then either N < B(p + F1(2p) + F2(2p)), or

w(z,t) > p_+oN foraa x € By,(y),

forall s + N?7PbhipP <t < s+ N2 PhypP.

If on the other hand

u(z,s) < pp — N forz € BP( ).

Slide 32



then either N < B(p + F1(2p) + F2(2p)), or

u(z,t) < py —oN foraa. x € By,(y),

forallt s.t. s + N2 PbypP <t < s+ N*"Phyp.
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On a proof of local boundedness (Kilpelainen and Maly technique)

Let (CEQ, to) = QT, QR = BR(QfQ) X (to — RQ, tog + RQ) S.i.

Q2r C Q. Fix (y,s) € Qg(ajo, to). One can find the sequences
(1)5: (95)5: 05 = lj+1 — l; 2 0, st

,0] p— R2_j, BJ — Bpj (y>, Q] — B] X (S — 532-_20,0?, S + 5]2—pp§9)
the inequality holds

J+1_lp2// (u_lj
e iN{u>1;} J+1 lj+1 ]

u ( u— 1
+sup— l |

£ 07 B xgpnfusyy b+ i+ — 1
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with 2z dependent on the known data only, and

1

0j < 5051

1

+ v(pfn/ ﬂ(l‘)dﬂﬁ) +v<ﬂ§”/ fz(l‘ﬂl’) -
B; B;

where 1 = (g1 + f1)7~1, Fo = g2 + fo.

Tools: energy estimates and Sobolev imbedding
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Summing up w.rt. 7 [; < Yoo+
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Thus [; — L.

1+-2)(p—1
For a Lebesgue point (1, s) of u(u — l)(+ P71 e concludes

u(y, s) <.
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The sequences of positive numbers (/; ) ;- and (0;) ;e are defined

inductively as follows.

Set [y = 1 and assume that /1, [5,....[;and 0y, 01, ..., 0,1 have

been already chosen. Let us show how to chose ;. and 0;.

Define the sequence (v, ) < by

1
T F(R)

;= pPj
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Forl > [; + o set

l - l - Z (1+M)(p—1)
A(l) = W / / (“ ) P drdr

— lls
+sup— G( >§dx
t p] L(t)l l—l

where Zj = ij N Qr N{u(z,t) > 1},
Q=B x (s = (L= 1;)* " s + (L= 1;)*77pf).

Fix a positive number 2« € (0, 1) depending on 72, p, ¢1, ¢o, which
will be specified later. If

Aj(lj -+ Oéj) S i

)
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wesetl; 1 = [; + a;.
Note that A, (/) ~, 0as ! — co. So if
Aj(lj + Oéj) > M,

there exists [ > [, + «; such that A (/) = ». In this case we set

lj_+_1 — l

In both cases we set 0, = [;.; — [;. Note that our choices guarantee
that (); C @)

Aj(lj1) < 2.

Slide 40



Open questions
e p < 2 Parabolic p-Laplace equation with lower order terms
e Parabolic p(x)-Laplace equation with lower order terms

e Degeneracy in structure conditions of the type

where w1 is a weight function satisfying certain admissibility

conditions
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