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Abstract. We prove the continuity of bounded, weak solutions of the
singular parabolic equation B(u); = Lu, where Lu is a second-order,
uniformly elliptic operator in divergence form with bounded and mea-
surable coefficients and 3(-) is a maximal monotone graph in R x R
exhibiting an arbitrary but finite number of jumps.

1. INTRODUCTION

Let 3(+) denote a maximal monotone graph having two jumps, respectively
at s =0 and at s = 1. More precisely, we assume that 3(-) is given by

Bi(s) — v, s<0
[—Vl,O], s=0
B(s) = < Ba(s), 0<s<1
(1,14 ], s=1
B3(s) + va, s> 1,

where (3;(-) are monotone-increasing functions in their respective domains of
definition, almost-everywhere differentiable, such that

0<a0§ﬁ2(3)§011 /L.:]-7273a
for two positive constants ag and aq, and

£1(0) = 52(0) =0, Ba(1) = B3(1) = 1.
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Consider now the singular parabolic equation

0
ot (u)

Here, Q is a domain in RY, for T > 0 we denote by Q7 the cylindrical
domain Qr = Q x (0,T), a is a map from R*V*2 into RY, and b maps
R2V+2 into R.

Before stating the assumptions on a and b, let us first define the functional
framework.

For ¢, > 1 we denote by L, ,(£2r) the Banach space of those measurable
functions mapping Qr — R, with norm defined by

—diva(x,t,u, Vyu) + b(z, t,u,Vyu) =0 in D'(Qr). (1.1)

T
e = [ Nulfatdt, where Jullo(0 = [ fute0f do.
0
When ¢ = r = 2, Ly () coincides with the Hilbert space Ly(£27) whose
inner product (-,-)2,0, generates the norm | - |20, = || - [|2,2,0,-

Let W, °(Q7) denote the Hilbert space with inner product

Oou Ov
(u, U)WQI’O(QT) = (u, 'U)Q’QT + ;(8—, a—xi)&QT,

T

while ng ’I(QT) denotes the Hilbert space with inner product

ou Ov
(U’U)ng’l(QT) = (u, U)W;,O(QT) + (E’ a)zﬂrp-

o 1,1
With W, (Qr) we denote the space of those elements in VV21 1(Qr) whose
trace on 9§ x (0,T] is zero. On the coefficients a = (a1, az,...,ay) and b
we suppose the following:

a;, b are measurable over Qp x R¥*t, i=1,2,..., N;

N

S aila t,0,5)pi = Collol) Bl — ol ); (1.2)
i=1

|ai(z,t,v,p)| < po([v))Ipl + ¢1(x,t), i=1,2,...,N;

b(,t,v P)I p(Jo)1p* + pa(z, 1),

where Cp(+) : RT — R™T is continuous, decreasing, and strictly positive,
wi(-) : Rt — R are continuous and increasing (i = 0,1), and ¢; (i = 0,1,2)
are nonnegative and satisfy ||¢o, p2llg.70r, [@1ll26.2¢.0, < p2. Here ps is a
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given constant and ¢ and 7 are positive numbers linked by
1 n N 1 jel N L rel 1

- 5 — L+ 771, 4 a1 - o, T PR

2(1—m) l-m

- o], 0<vy <1
T 29
The partial differential equation in (1.1) is meant weakly; namely we have

Definition 1.1. By a weak solution of (1.1) in Q7 we mean a function
u € Wyt (Qr) defined by u = B~ (w), where w is a function defined in
Qr such that w C B(u), the inclusion being understood in the sense of the
graphs, and w and u satisfy

t ¢ o
/ w(z, 7)p(z, 7)dx +/ /[—w(ZL‘,T)—(,O(l‘,T) + (1.3)
Q o Ji, Jo or
+ a(x, 7,u, Vyu) - Voo + bz, 7,u, Vyu)p| dedr =0

o 1,1
for all ¢ € W, () and for all intervals [to,t] C (0,T].

We are not concerned here with the existence of solutions of (1.1) (under
this point of view see the references given in [1]). Moreover, our results are
local in nature and simply follow from (1.3), without the need to associate
to (1.1) any particular boundary-value problem.

When we talk about the data, we mean f;, v1, vo, N, and M (see below
for the origin of M), and when we say that a particular quantity depends
on the data, it means that it can be determined just in terms of 3;, v1, v,
N, and M.

Our goal is to prove local continuity for the weak solutions of (1.1). There-
fore, the main result is the following:

Theorem 1.2. Let u be a weak solution of (1.1) in the sense of Definition
1.1. Assume that u satisfies

[elloc.0r < M (1.4)

for some given M > 0. Then u is continuous in Qp. Moreover, for every
compact subset K C Qp, there exists a continuous, nonnegative, increasing
function

s = wdata,lC(S)y wdata,IC<O) =0
that can be determined a priori only in terms of the data and the distance
from K to the parabolic boundary of Q¢ such that
1
lu(z1,t1) — u(r2, t2)| < Wdata, k(|21 — 22| + [t1 — t2]2)

for every pair of points (z;,t;) € K, i=1,2.
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2. GENERAL REMARKS

It is well known that equations like (1.1) arise for example in the study of
problems connected to phase transitions (for more details under this point
of view, see [4], [6], and also the references therein).

The fact that the graph ( considered here has only two jumps is not
essential: actually any finite number of jumps would be acceptable, as will
be clear in the sketch of the proof.

Moreover, even if we stated the result assuming a very general elliptic
operator in divergence form, for the sake of simplicity all the calculations
will be carried through for the Laplacian; this is because all the estimates
needed in the proof do not depend on the precise form of the operator, but
just on its strong ellipticity.

The problem we consider here has already been dealt with in [4], using
a technique which gives the general result in the case of N = 2, but for
N > 3 works only for the particular case of the Laplacian. So, in a sense,
our work here can be seen as a proper generalization of that result. A lot
of what we do here relies on the analogous lemmata proved in [4]. However,
in the effort to keep this paper as self-contained as possible, we reproduce
here most of the statements involved and also we develop all the relative
calculations, whenever there is any (even slight) difference.

As we already explained in Section 1, once we consider the Laplacian
instead of the more general elliptic operator, the weak solution u satisfies

t t
/ w(z, 7)p(z,7)dx| + / / [—w(a:,T)gcp(x,T) + VuVaepldrdr =0
Q to to JQ 87_

(2.1)
for all ¢ € I/?/;I(QT) and for all intervals [to,t] C (0,7T] with w € f(u).
Let us now introduce the auxiliary function

B1(u(zx,t)) on [u < 0]
0 on [u = 0]

v(z,t) = Po(u(z,t)) = < Ba(u(w,t)) on [0 <u < 1] (2.2)
1 on [u=1]
Bs(u(z,t)) on [u > 1]

and set

w(:):,t) = ’U(IE,t) - Vl(xat)x[vg()] + VZ(xat)X[v21]v (23)
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where

I EZ (z,t) € [v< 0]
vi{@ 1) = {—w(x,t) (x,t) € [v=10] 24)
and
1+, (x,t) € [v>0]
va(, ) = {—i—w(x,t) (x,t) € [v=1]. (2:5)

It is easy to verify that if u € WQI’I(QT), then also v € W%’I(QT), and so it
is enough to prove the continuity of v.
Substituting (2.3) into (2.1), we obtain

t
/Q(’U(xv t) - (q’.v t)X[USO] + VQ(xa t)X[vzl])QO(xa T) dzx ¢ (26)
0

t
0
—|—// — (v(z,t) — vi(z,t) Xjp<o) + V2(z, )X, —plz, T
) L= ) = 10Xy + w2l Xz ol )
+ vavxgo] dedr =0

o 1,1
for all ¢ € W4y (1) and for all intervals [to,t] C (0,7]. This can be seen as
the weak formulation of

%ﬁ(v) —Av>30 in D'(Qr),

where 3 is the maximal monotone graph

s— 1 s<0
[—Vl,O] s=0
B(s)=14¢s 0<s<l1 (2.7)
1,1+ 9] s=1
k5+V2 s > 1.

In the following, we will assume ( as in (2.7) for the sake of simplicity.
Moreover, it is evident that the previous scaling for s, in particular the fact
that the jumps occur at s = 0 and at s = 1, leads to no loss of generality.

Since the calculations in the proof are rather involved, let us try and
sketch the main ideas. Let’s consider the parabolic cylinder Q(p, 0p?) C Qr
given by

Qp,0p°) = K, x (=0p>,0), €N, 0>1

(see also the next section), and let’s partition it into smaller subcylinders of
the kind

Qi(p,p?) = K, x (—(i + 1)p* —ip®), i=0,1,2,...,0 -1, i€ N,
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Let Q be one of these subcylinders. If we set

= (2,51,59,)2)“’ oy = Q(Zig’gﬁ[ﬁ) Uy Wiy~ e, (2.8)
the key step of the proof will be to show that in a proper subset of Q the
solution u satisfies u > p_ + 55, where sg is a proper integer such that
S0 > 2. Then we can apply the logarithmic lemma of [4] and conclude that
u > i + 5¢ for a proper sp in a suitable subcylinder, whose upper base is
contained in the upper base of Q(p, 8p?).

This gives as an immediate consequence that there exists a family of
shrinking cylinders @, around (0,0) such that the essential oscillation wy,
of u in @, tends to zero as n tends to infinity in a way controlled just by
the data (a similar idea is developed in [2] for the boundary continuity of
the solution of a singular parabolic equation with g exhibiting just a single
jump).

In the following we want to study the continuity of u at the point (zg, tg) €
Q x (0,T). However, it is always possible to translate the axes such that
(zo,to) = (0,0). Therefore, for the sake of simplicity, all the statements
relative to the continuity result will be given for (0,0), assuming that the
point belongs to the parabolic domain we are working in.

As for (2.8), thanks to the particular structure of the graph § we are
considering, there is no loss of generality in assuming g4+ > 1 and pu_ < 0;
otherwise, we would be working with a graph like the one studied in [1] and
the continuity would directly follow from that result.

Moreover, we can assume p_ ~ 0 and gy ~ 1, since a possible loss of
continuity cannot occur in the regions [u < 0] or [u > 1|, where by classical
results (see [5]) the solution is known to be continuous.

3. PRELIMINARY ESTIMATES

In the following we present all the preliminary estimates we will need in
the proof of Theorem 1.2. Many of the results given here have already been
stated and proved in [4] under slightly different assumptions; therefore, we
will mostly concentrate on the differences, referring for the rest to [4], when
no difference occurs.

For p > 0 denote by K, the cube of wedge 2p centered at the origin; i.e.,

K,= N ; .
p={r €RT: max |z;| < p}
We let [y + K] denote the cube centered at y and congruent to K,; i.e.,
K, ={zreRM: — i < p}.
ly+ Kol = {z max |zi —yil < p}



CONTINUITY OF WEAK SOLUTIONS OF A SINGULAR PARABOLIC EQUATION 1347

For 6 > 0 denote by Q(p,0p?) the cylinder of cross section K, height fp?,
and vertex at the origin; i.e., Q(p, 0p*) = K, x (—0p?,0). For a point (y, s) €
RN*L let [(y, 5)+Q(p, 0p?)] be the cylinder of vertex at (y, s) and congruent
to Q(p, 0p°); L.,
[(y. 5) + Q(p, 0p°)] = [y + K] x (s — 00, 5).

For k € R the truncations (u — k)4 and (u — k)_ are defined by

(u— k)4 = max{u — k,0}; (u—k)- = max{k — u,0}.
We have the following:

Proposition 3.1. There exists a constant v = y(data) such that for every
k € [0,1] and for every cylinder

[(y,5) + Q(op,a0p®)] C [(y,8) + Qp,0p%)], o €(0,1),

we have

sup </[y+Kap] |(u— k)_|?(z,t) do + vik|[y + Kool N {u(-,t) < 0}|>

s—00p2<t<s
+// \Va(u —k)_|* dxdr
,S)+Q (op,00p2)
1
§w< )// (u—k)_|*dxdr
(1- ‘7)0/)2 (1-0) [(y,5)+Q(p,00°)

2
o // (u— k‘) dx dr; (3.1)
1 —0)0p? [(4,5)+Q(p,0p?)]

swp ([ (b P t) o (L) (LRl Kol 0) 2 1))

s—00p2<t<s ly+Kosp)
// \Ve(u — k), |* dxdr
75)+Q ap,a0p?)

<~ // (w— k)4 |*dedr
((1 - 0)99 (1-0) [(y,5)+Q(p,0p%)

2 (1
D+ ) // (u— k)4 dzdr, (3.2)
1 (1-0)fp? [(y,5)+Q(p,00?)]
moreover,

sup </[y+1<g,,] \(u — k) |*(z,t) dz + vik|[y + K, p] O {u(-,t) < 0}|>

s—o0p?<t<s
+// \Va(u—k)_|*dadr
(y,8)+Q(0p,00p?)
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1
<7 // (u—k)_|? dzdr
((1 - a)@pQ (1-0) [(y,5)+Q p9p2)]

+m|{@t(%t) <0} N [(y,5) + Q(p,0p°)]I; (3.3)

sup (/ |(u—k‘)+|2(x,t) dz+(141v2)(1-k)|[y+Kqp)n{u(-,t) > 1}|)

s—00p?2<t<s ly+Kqsp

]
+// \Va(u — k). |* dedr
,S)+Q (op,00p2)

1
<7 < ) // (u— dx dr
(1 - a)@p (1-o0) [(4,5)+Q(p,00%) O

(27(1—)9)21{ (z,t) 2 1} N [(y,s) + Q(p, 9p2)]|- (3.4)

Proof. Taking into account the expression of 3, as we have already seen,
the weak formulation of our equation becomes

t
/ (u(a,7) — v (2, ) Xjus) + v2(@, T)X o)l 7)

to
dp
u(z, ) —vi(z, 7)Xp<o) +v2(7, 7)Xju>1]) 5 o +VuVgpldrdr =0
to

for all ¢ € W2 (QT) and all intervals [to,t] C (0,7]. We recall that

w (;1;7t) S [’LL < O]
vi(x,t) = {—wl(a?,t) (x,t) € [u=0],

B 141y (.Z‘,t)E[U>1]
vo(w,t) = {wz(l‘,t) (z,t) € [u=1],

where w; and wy are respectively a selection out of [—v1,0] and [1,1 4 vs),
and 0 < wy(z,t) < vy and 1 < wy(z,t) < 1+ vy. First of all, let us remark
that we can rewrite the previous equation as

t t
_/ Vl(.CC,T)X[USO]QO(SC,T)dCC‘ +/ vo(, T)Xu>11p(, 7) dx
9) to 9) to

t ou
+/ /[—@ + Vo uV| dedr (3.5)
tO (9] 87—

t
0
+/ / (l/l(l',T)X[uSO] — V2(x’T)X[U21])a_(p drdr = 0.

to JQ T
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Now, up to translation, we may assume that (y, s) coincides with the origin.
Let us consider x — (;(z), a nonnegative, piecewise-smooth cutoff function
in K, satisfying

Ci(z) =1on Kyp, o€ (0,1)

Ci(z) =0 for z E 0K,

V2Gi(@)] < s

Moreover, we denote by t — (2(t) the cutoff function defined by

0 fort e (—oco,—0p?)
2
CQ(t) = (1tj—095%p2 for t € (_QPQ, _O-QPQ)
1 fort > —ofp?.

If we now set p(x,t) = £(u — k)+(1(2)?¢(t)?, with k € R, and substitute,
we obtain

- [ e sl BsG @R de |

—0p2
t
+/_0p2 /Kp V1(1:,T)X[ugo]%[i(u_k)icl(zv)zCQ(T)Q] e de

+ [l N = D)6 @)% () do |

—0p2
P Op

— / / 1/2(33, T)X[uzl] aﬁ[i(u - k)i<1(a}>2C2 (T)Q] dx dr
9p K, T

/ gy / (=) C1 (22 (12 TV ((u— ) £ (2)2Ca(7)2) ) dr=0.
P

We now put

@f(k, —9p2, t,() = /K vi(z, T)X[USO] [£(u— k)j:C]_(l’)QCQ(T)Q] dx '

—0p2

¢ 5 2 2
_ /;9{)2 /I(p V1($,T)X[u§()] or [:l:(u — k):l:CI(x) C2(7-) ]d.’L‘ dr
and

cI);:(k»’ _01027 t, C) = / VQ(J}: 7_)X[uZl] [:t(u - k):l:Cl(x)QCQ(T)Z] dx

P

t
+/9p2 /Kp VQ(CE,T)X[uZH%[i(u— k) oG (2)2Co(r)?) da dr

—0p2



1350 Uco GIANAZZA AND VINCENZO VESPRI

with ¢ € (—60p?,0) and rewrite the previous relation as
t
0
[ g @Rl £ Vol - k) @) dedr
—0p2 JK, T

= OF (k, —0p%,t,¢) + 5 (k, —0p%, 1, C).
We now have

/ep/ - e @ drdr = /ep/ K2 [2)CEE dodr

0
=5 [ - RariGa|” /9,, = GG dwar

and the first term calculated at t = —6p? is zero. Furthermore,

t
/ / +V,uV,((u — k)+C3¢3) de dr
—0p2 JK,

t t
= / / |V (u—k)+|?¢C2CE dr dr+2 / (G (u—k)+V,uV o ( da dr.
0p2 JK,

—0p2 JK,
Therefore,

1
=i /gp /Kprv u— k)G dudr

/ep/ u—k)y|? (1C2—d:1:d

t
+2/9 2/ C1C22‘(U—k):tHVa:(U—]‘u'):l:va;{l’dl‘dT—i—@it_|_(p3:‘
—0p* JK,

By Holder’s inequality,

t
/ G2 (u — Bl [Vl — k)£ ||Vaa| da dr

—9,02 K

t
<e / / Vaolu— k)22 dedrt
—002 Kp

t
+C(e) /_9p2 /K Gl — k)2 21V, i do dr.

Therefore, relying on the properties of the test functions, we can conclude
that

sup / \(u—k‘)i|2(x,t) d:v—i—// |Vx(u—k)i|2 dr dr
—00p2<t<0J Kyp Q(op,c0p?)
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1
§7< + >// (u— dwdT—I—w@i—l—'y(I)
(1—0)6p? <1—a Q000%) £l o)

where v is a proper constant depending only upon the data. Let us now
concentrate on <I>1i and <I>2i and show how we can give a finer estimate of
these two quantities when k € [0, 1].

Let us first take

t/1. _p-2 _ B 242 t
(bl (k7 Op 7t7<) - Vl(x’T)X[uSO][j:(u k)iCICQ]d'r _op?

Kp

t
[ ] e = @R R dedr.
—0p2 JK, T

If £ > 0 it is immediate to conclude that q)f = 0, and the same holds for
®, when k = 0. Let us now take £ > 0 and concentrate on ®;. We have

92

t
0
[ ] e s - b6 de dr
—0p? J K

= /Vl(l‘ 7)Xu<o) (k — )Cl(de‘

o7 = [ ol - 0o |

—0p?

¢
/ep / vi(z, 7)Xpu<o) (b — u)( 82d xdr
/ / vi(z, T X[u<0]C1C ( >dxdT
0p?

t
:/ vi(z, 7)u CICde‘ o k:/ (2, T)Xu<0) (T ¢5 da ,
P K, —0p

/ / vi(z, T X[u<0]C1( ) CQ dx dr
0p2 JK,

/ / V1$7C1<28u dx dt
0p2 JK,

t
<k / o1 (2, 7)Xueg C2CE da (3.7)

—0p2

9Ca
+ 2/ / vi(x, —u)(o—dx dr
o e 12, 7)CE (k= u)Co 57
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t
— 2/ / ylg%u_@% dx dr,
—0p2 JK, T

and since the last quantity is negative we conclude

@7 (k, —0p°, t(<21/1/ /u— dd
0p?
k/K vi (2, T)Xpu<o/ (76 dﬂf’

p

i Lo J i
< u—k)_drdr —k vi(z, 7)X, dx
= (1—0)0p2 op? Kp( ) K, 1(2, )X u<0 61 €2 ‘—902

for any k£ > 0. Let’s now take

5 (k, —0p,t,() = — /K va(@, T) Xy ) [ (u — k) £CF¢3] da ‘ t

—gp2
t 0
+/ / vo(z, T)X[uzlla_[i(u — k)+C3¢3 dx dr.
—0p2 JK, T

If £ <1 it is immediate to conclude that ®, = 0, and the same holds for
<I>; when k = 1. In the case of k < 1, estimates analogous to the ones given
above hold. So we can conclude that for any & < 1 we have

O (k, —0p%,1,¢) < 1_4;”92[) /9 /K w—k) dedr  (3.9)
p* JK,

(3.8)

—0p2

t
-8 [ ey GE ]
P
If we now substitute (3.9) and (3.8) into (3.6), shift on the left-hand side the
corresponding negative term, and take the supremum over t € (—6p?,0) for
this same term, we come up with (3.1) and (3.2).
To prove (3.3) it is enough to estimate in a finer way the term

2
/ / vi(x, X[u<0](1( ) C dr dr
0p?

). Namely,

/ / vi(z, T X[u<0]C1( ) CQ dx dt
0p2 JK,

< 2]{5/ / I/1X[u<0]C1C2 d:L’ dr + 2/ / 1/1C1§2u,— dx dr,
02 0p2 JK,
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and the last term cancels the equivalent one with the negative sign. The
same procedure is to be followed for (3.4). O

Remark 3.2. The main difference with the usual parabolic energy inequal-
ity lies in the presence of the L! term on the right-hand side of (3.1)—(3.2)
and (3.3)—(3.4). If k is close to zero or to one, the term (u — k)4 is larger
than |(u — k)+|?, and therefore (3.1)—(3.2) and (3.3)—(3.4) give poorer esti-
mates than the corresponding ones considered in [5], which in turn yield the
Hoélder continuity of the solution. Therefore, the main difficulty will be in
dealing with the regions where u >~ 0 or u ~ 1.

Remark 3.3. If k < 0, it is easy to see that we reduce to

sup (/WKGP] [(u— k)_|*(z,t) dz + vik|[y + Kyp] N {u(-t) < 0”)

s—o0p2<t<s

// \Vo(u —k)_|? dadr (3.10)
+Q(op,09p
<~ // (u—Fk)- 2 dx dr,
(( )Hp (y,5)+Q(p,0p?) H-

and an analogous estimate holds for (u — k)4 if k > 1. This is no surprise
considering what we said above about the continuity of w in the sets [u < 0]
and [u > 1].

Let us now set
H];t = sup (u—k)x,
[(%,5)+Q(p,00%)]
take ¢ € (0, H), and define
Hy
—k)x + c) '

+ (0 — 1t
U(HE, (u—k)s,c) = In (Hi_(
We have

Proposition 3.4. There exists a constant v = y(data) such that for every
k € [0,1] and for every cylinder

[(y.5) + Q(op,00%)] C [(y,8) + Qp,0p°)], o €(0,1),

we have

sup (/[erKUp] \(u — k) |*(z,t) dv + vik|[y + K,p) 0 {u(-,t) < 0}|)

s—0p2<t<s

+// \Vae(u—k)_|*dzdr (3.11)
(y,5)+Q(op,00?)
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1
S | (k)2 dw dr
[(1 —0)?p? [(4,5)+Q(p,00%)]

—I—/ |(u—k)|2(x,s—9p2)d:v—|—1/1/ (u—k)_(x,s — 0p%) dx|;
[y+K)] [y+Kp]

sw ([ bt de
s—0p2<t<s [y+Kopl

(14 12) (1= B)lly + Fop] 1 -, 1) > 1))

// \Ve(u — k)1 |? dadr
(y,5)+Q(ap,0p?)

<y 7// (u— k) 2 da dr (3.12)
{(1 — V0 ) S+ '
bR P 07 ok (1) [ (bl - 057) da
[y+Kp] [y+Kp]
moreover,
sup / U2 (z,t) dx < 7{/ U2(x,s — 0p?) dz (3.13)
3*9P2§t§5 Kap KP

1
+/ \I/(:J:,s—ﬁp2)d:v+—// U(x,7)dxdr|.
K (L =0)20% ) Jiw.0)+Qip00%)

P

Proof. Once again, as in the previous proof, we may assume that (y, s) co-
incides with the origin. Let us start with the proof of (3.11) and (3.12). Take
¢ = +(u—k)+(1(x)? with (1 as in the proof of Proposition 3.1. Substituting
in equation (3.5), we have

—/ vi (@, ™)Xoy [£(u — k)G (2)?) do

‘ —0p?

[ umx[u<m§[ (1~ B)sGi( )] dedr
0p® JK,

G U N S

t
0
/ vo(x, TX[u>1]a [E(u—k)+G(2)?] dedr
0p? JK,

-/
+f t ) [ w3 p K)2G1(2)? £ VouVa((u — k)46 (2))] da dr = 0.

0
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As before, we label the first two terms as —@f and the third and fourth as

—<I>§E. Moreover,

/0p /K,, (u—k iCl()d:EdT——/ep/ 87 (u— k)4 22) dzdr

=5 [ (=RPd et a5 [ (k2P e 057 da

5 Ky p
1

z—[( sup / k) t) dr) ~ / (0 k), —0p) do
2L\ pp2cico /K, K,

an

/ / +V,uV e ((u— k)+C?) da:dT—/ / k)+|*¢? da dr
0p2 0p? JK,

+2 / Vot — k)i (u — K)2Gi VoG d dr
0p% J K,

/ / k)+|? dedr
0p?

- 2/9p /Kp Va(u —k)+|(u— k)+G[Vai| do dr.

Hence, working as before, we come up with

sup / ((u— k)+|?(z, 1) d:E—I—/ / k)+|? dz dr
ap Gp

—0p2<t<0J K,
Y / / )
(1—0)2p? J_g2 Kp’( ) (3.14)
+ ’Y/ |(u — k)< *(x, —0p%) dx + y®F + y0F,
KP

where for the sake of simplicity we omitted the arguments in (I% and <I>§t.
Once again we have to estimate the last two terms. It is not difficult to see
that, as before, ® = 0 for k > 0 and ®] = 0 for & = 0. On the other hand,

if k> 0 we have

o7 S/ vi(u—k)_(z,7)dx —k/ Vl(a:,T)X[u<0}C12da: . (3.15)
K T=—0p2 K, - T=t

P
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Analogously, ®; =0 for k < 1 and ®] =0 for k = 1, and if k < 1 we have

<1>2+§/K (14wve)(u—k)y(x,7)dz

p

—(1—l<:)/ I/Q(CL',T)X[uZHC%dx
K, T=t

(3.16)
Once more, if we substitute (3.15) and (3.16) into (3.14), shift on the left-
hand side the corresponding negative term, and take the supremum over
t € (—0p?,0) for this same term, we come up with (3.11) and (3.12).
Let us now come to the proof of (3.13). Take ¢ = +WW’'(;(x)? with (; as
in the proof of Proposition 3.1. Substituting in equation (3.5), we obtain

T=—0p2

t
_ / D1 (2, 7)X e [0V Gy (2)?] dar ‘ ]
K, —0p

t
+ / / v1(7, 7)X[u<q] 3[:l:\Il\IJ/Cl (2)?] dzx dr
—0P2 Kp - 67_
t
=+ / I/Q((L', T)X[uzl] [:t\I’\I’/C1 (1‘)2] d.’L‘ ‘
K, —0p?

t
— / / vy (z, T)X[u>1]83[:|:\I/\I//C1(x)2] dx dr
0p% JK, T

/ / i \I/\ng 2)? £ V,uV, (W' ¢ (2)?)] da dr = 0.
0p% JK,

We use the same notation as before for CI’%E and ‘I>i. It is easy to see that
for ¥ to be positive, we need to take (u — k)1 > ¢ > 0. Hence,

/ep/ to— wgld dT_/ep /Kp wgd dr
=3[, ],

- §/Kp(‘1’ () (z,t) dx — %/Kp(qﬂgf)(x? —0p?) d.

Moreover,

t
/ / +V,uV, (V' ¢?) dr dr
—0p2? K,

t
_ / Vo (u— K)o Vo (W' C2) do dr
0p* JK,
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t
:i/ /n(mmﬁzﬂvxm-miﬁdxdf
K
+ 2/ / Vw(u — k)i\If\I//C1V$C1 dx dr
0p2 JK,
t
/‘ / (1 4+ )2V (u — k) |? dedr
p? JK)p
t

+ 2

T 3

Vx(u — k)i\If\I//C1V$C1 dx dr.
0p% JK,

Therefore, since ¥ > 0 and 0 < ¥’ < %, we obtain

0
sup / U2 (z,t) d:c—l—/ / (1+ )2V, (u — k)+|* dodr
Ko'p —9P2 Kﬂ

—0p2<t<0
1 0
< 5/}( \IJQ(x, —9p2)d:c+2/9 2/K ’Vx(u_k>i’\I,qJIC1‘vx<1‘d$dT
P —0p p
+ &y + Dy
1
§§/K U?(z, —0p%) da:+/9 /K k)4 [PO02¢2 d dr
p p?
+/ / q”val|2dxdT+®1i+®§t
0p% JK,
1
4 —0p?
T 23 v dz dr + ®F + &F.
+(1_U)2p2/0p2/Kp (z,7) dxdr + T + P;3
Hence,

sup / U2(x,t) da
—0p2<t<0J Ko,

gy/ W2(x, —9p)dx+ / / U(z,7)dxdr + T + &5
K, 0p® JK,
Let us now consider @f. We have

t
q):lt = / j:l/l(l‘,T)X[ugo]\I’\P/C% dx | 9
K, —0p
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t
d
— X [0/ ¢2] dzdr.
/;GPQ /Kp Vl(g:’,r) [USO}QT[ Cl] o

If k > 0, it is immediate to see that ®] = 0 since we must have (u — k); >
¢ > 0. If we now come to ®; and consider k£ < 0, we must have (u—k)_ > ¢;
that is, u < k — ¢ < 0! Hence

t t AV
o7 = —/ ea A% da;‘ —|—/ / viCE ANTT) dx dr
K, —0p2 —0p2 JK, or

t

= / e A% dx‘ , +/ nGow dx’ ,
K, —0p K, bp

Analogously, ®; = 0 for k < 1 and ®] = 0 for £ > 1, so we only have
to estimate ®; for k£ > 0 and <I>3' for £ < 1. Now we can apply the same
techniques used in the previous proofs and conclude that

sup / U2(z,t) de < 'y[/ U2 (z, —0p?) dx
—0p2<t<0JK,, K,

1
+/ U (z, —0p* d:z:—l—i// U(z,7)dxdr|.
K, ( ) (1—0)?p? Q(p,0p?) ()

P

t
=0.

O
Fix now # > 0, and consider a cylinder [(y,s) + Q(2p, 20p?)] C Qr. Set
o [(y,s)Jer(lgp,QHpQ)} s = [(y,s)+ér(l2fp,29p2)] o
and denote by w a positive number satisfying
W Z 0SC((y,5)+Q(2p,20p2)| U = Mt — Hi—-
Let ¢* € (0,1) and set
AL ={(@.t) € [ 5) + Q.07+ u(wt) > py — €}, (347)
AD = {(@.t) € [(:5) + Qp.0pY)] : u(wt) <p_+€ 7w (318)

Then we have the following:

Proposition 3.5. Suppose that 0 < py — 7w < py — %5‘%} < 1. Then
there exists a number v™ depending upon the data and the numbers £1, 0,
and w such that
AL | < v 1Q(p, 007 (3.19)
implies
2 p 0p?
u(w,t) < pg — §§+W Vi(z,t) € [(y,8) + Q5 )l (3:20)
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Remark 3.6. The proof shows that the number v is determined by

N+2

=0y ten)

with C' = C(data).
Proposition 3.7. Suppose that 0 < p_ + %f‘w < p—+ & w< 1. Then

there exists a number v~ depending upon the data and the numbers £, 0
and w such that

A | <v71Q(p, 0% (3.21)
implies
2 p 0p?
w@w ) > p 4w Vel +4 L (32)
Remark 3.8. The proof shows that the number v~ is determined by
—_ oL ( 0¢~w )N—+
O\l + 0w

with C' = C(data).

Proof. Here we limit ourselves to the proof of (3.20), since (3.22) follows
exactly in the same way. Moreover, as we have already done before, we
can assume (y, s) to coincide with the origin. As in [4], let us consider the
sequence of radii

~ _ PntPnt1 _p 3 P
P _+2n+1’ =y Tt g
and the sequence of numbers
2 1&F
€n=§f++§2—n7 kn = py — Enw.

Due to the hypotheses above, 0 < k, < 1, for any n € N. Let us consider
(3.2): since we will need to do it in the following, we can already take 6 >> 1;
moreover, 1— < ﬁ as o € (0,1); finally, v can take into account also v
and v9, which in a sense are data of the problem. Therefore, we can rewrite
(3.2) in the following way:

sup / |(u— kn)s|*(z,t) daz+// \Ve(u — kp)y |*dodr
70'9p2<t<0 K()'p (op,00p2?)

u— dx dt
e // RO
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9// . (u—k dxdr} (3.23)

Let’s now write (3.23) over the pair of cylinders

Qn = ( epn’ ) Qn = pn X (*ep?“())

with 1 —o = 2_("+3) Taklng into account the definition of A£ T We have
// (u— kn) 1| drdr + = // (u—k d:ch]
Q(p.0p%) Q(p,0p?)
72 O [sup(u— k)3 1AL, |+ Sstplu— k- |4E
< Y {Sup kn + + = Sup —k + - A :|
21+ 420, Sl 70 g, S
4n+4

1
SR PREsy (s = (s = &uw))* + 5 (s — (g — &))]IAL |

A + "2 o +
S 02 no 1+ 0§+w]|A§n7pn’ :7? "1+ 9§+w”‘4£n,pn|’

where 4 takes into account the purely numerical factor 4*. From here on the
proof proceeds exactly as in [4], to which we refer. O

Proposition 3.9. Let the cylinder [(y, s) + Q(p, 0p?)] be fived, and let £+ €
(0,1). If 0 < py —ETw < pg — %{*w <1 and

w,s—0p°) <pyp —Ew Vo e ly+ Ky,
then there exists a number v € (0,1) depending only on N and 0 such that
AL | < v*1Qp.007)| (3.24)
implies
wwt) <ps— 6w V() el ) +QE0ML  (329)
On the other hand, if 0 < p— + 36w < p_ + & w <1 and
w(z,s—0p") > p-+&w  Vrely+ Ky,
then there exists a number v~ € (0,1) depending only on N and 6 such that
AT | < 17 1Qp, 00| (3.26)
implies

(@, t) > p + gg—w V(n,1) € [(5.5) + Q2,657 (3.27)
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Proof. As usual, let (y,s) = (0,0). Take now n =0,1,2,... and assume as
in Proposition 3.5

_P, P ~_pn+pn+1_p+3p
fn=9Tonr T Ty T T g T e
and
2 1&
5n=§§++§2—n, kn = pg — Enw.

As before, due to the hypotheses above, 0 < k,, < 1, for any n € N. Since
u(z, —0p*) < py — T w, Vo € K,

the last integrals in (3.12) vanish. From here on the proof proceeds as in [4].
Analogous estimates hold if we work with k,, = u_+&,w once we guarantee
that 0 < k,, <1 (the same choices as above will do). O

The same remarks as in Remark 3.2 of [4] hold here.
Let £€* € (0,1) and set

AL W) ={zely+ K] uz,t) > py — T w}, (3.28)
AE,7p(t) ={rely+K,]: u(z,t) <p-+§ wh (3.29)
We have the following:

Proposition 3.10. Let the cylinder [(y,s) + Q(p,0p?)] be fized, and take
53[ € (0,1) such that

n &
O<,u+—§0w<u+—zw<1
and
0<u7+%w<uf—|—§gw<1.
If
u(w,s —0p?) < py —Efw Vo e [y + K, (3.30)

then for every vt € (0,1), there exists a number £+ € (0, %{J) depending
only on the data, §ar, and 6 such that
+ + 2
]A£+’%p(t)| <v |K%p|, Vit € (s —0p7,s). (3.31)
On the other hand, if

u(w,s —0p?) > p_ + &5 w, Vo e [y + K, (3.32)
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then for every v~ € (0,1), there ezists a number £~ € (0,1¢) depending
only on the data, &, and 0 such that

Az L O <vT KLl VEe(s— 0p%, 5). (3.33)

&30
Proof. As usual, let (y,s) = (0,0). We will prove (3.31), since (3.33) is
completely analogous. Take Proposition 3.4 and put k = p4 — far w, o= %,
¢ = &tw, with £+ € (0, 247) to be chosen. Since k € (0,1), (3.13) applies.
Moreover, due to (3.30), the integrals on the right-hand side at time ¢t = —6p?
vanish. Therefore, we are left with

4 0
sup / U2(x,t) de < —Z/ / V(z,7)dxdr
—0p2<t<0 Kg P™ J—0p2 JK,

with N
G o)
]{;r - (u - ]{7)+ +£+w

+
Now put 4y = ~*. It is easy to see that ¥ < In g—kw and since Hlj =
SUPQ(p,0 2)(

=InT

— k:)+, we must have Hf < py — py + §{fw = fsrw. Hence,

u

— U(x,7)dedr <~ 9|K\ln <2’y Oln(=— )
—0p2 2£+

since §+ € (0,3& ) If we consider A;r o (t) = {:E € Kp: u(z,t) > py —

£tw} as integration set for the integral on the left-hand side instead of the

larger Kz, we have HY —(u—k)4 +&Tw < 26T w; hence, ¥ > ln(2§+) Then
we obtain

(m 25£o+) AL, (D] < 501n(

with 4 = 29* = 8~; that is,

2,5+>|f< ol Ve (—65%,0)

0
AL (O] < —To|Ky| Vi e (00,0

n 2
In(5¢r)
If we choose T such that v+ = ﬁ we are done.
It is just to remark that for (3.33) we have to choose
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Let [(y,s) + Q(p, p?)] C Qr be fixed, and consider the sets Agi p(t) with

t € (s — p?, s) introduced in the previous lemma with the choice § = 1 and
the sets

S
+ +
e /S_pz A (1) dt.
We have the following:
Proposition 3.11. Suppose that

| 1Ak o= i), (3.34)
s=p
where v™ are the numbers claimed in Proposition 3.5 with 6 = 1.

Then for any A > 1 such that uy — Aétw € (0,1) and for any n € (0,1)
there exists a point (y*,s*) € [(y,s) + Q(p, p?)], a number 51 € (0,1), and
a cylinder

(7, 5%) + Q(8+p,85%)] € [y, 5) + Qlp, p*)]
such that
{(z,t) € (7, 55) + Q049,07 p7)] s ulw,t) > py — ATw}
> (1=n)ll(y}, s5) + Q840,807 (3.35)
with 64 = 04 (data, \,n, £+, w).

On the other hand, for any A > 1 such that p— + X~ w € (0,1) and for
any n € (0,1) there exists a point (y*,s*) € [(y,s) + Q(p, p?)], a number
d_ €(0,1), and a cylinder

(=, s%) + Q(8-p, 82 p*)] € [(y. 5) + Qlp. p*)]
such that
{(z,t) € (v, 5) + Q(0-p, 82 p*)] : ul,t) < p— + AW}
> (L=n)ll(y", s%) + Q(3-p, 8% p?)]| (3.36)
with d— = d_(data, \,n,{ ", w).
Proof. Once we check that puy — AéTw or p_ + A~ wis in (0, 1), the proof
is completely analogous to the one given in [4] for (5.2).

Just a minor change is needed in the proof of Lemma 7.1 of [4]: in fact,
here we have to apply inequality (3.11) to the function (u — k)_ with k =
iy —Atw and A = 2EL over the pair of cubes [(7, ) +Q(r, e2r2)], [(7, s%) +
Q(2r, €2r?)] with € € (0,1) to be chosen. If we keep just the first term on
the left-hand side, we come up with

/ (u— (g — AE*w))_[A(a ) e
y+ K,
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4 [0 - 5
<oz [l e =3Pl dedr
r —e2r2 J Ko,
[l (o= 3¢H0)Plas} - %) da
K2r

+ 1/1/ (u— (pg — ATw))_(z, 8% — *r?) da|.
Koy
Now

| G =3 Plast - &%) da
Ko

<2M (u— (ug — ATw))_ (2,85 — *r?) da
Koy

with M as in (1.4). Hence,
| (= 37w Plast - &%) da
Ko
+1 / (u— (ug — NTw)) (2,85 — *r?) da
Koy

<fdata) [ (= (o = 3 W) (a5} - ) d,
Ko

and the rest follows as in [4]. O

Remark 3.12. Propositions 8.1 and 9.1 of [4] hold in our context with-
out any significant change. Therefore we directly refer to them, without
reproducing them here explicitly.

4. PROOF OF THEOREM 1.2

To prove the continuity of u at a point (y,s) € Qp we assume, up to a
translation, that such a point coincides with the origin and will work within
the cylinder Q(p, 0p?) with = 2" and n € N to be fixed later, anyway such
that Q(p,0p?) C Qr.

The numbers gy, p—, and w are defined as in Section 3.

We can now regard Q(p, 0p?) as partitioned, up to a set of measure zero,
into disjoint layers of the type

[(0,t) + Q(p,p°)]  ti=—ip®> i=0,1,2,...,(60—1). (4.1)

Let &£ =L, A =2, and § € (0,1) as determined in Proposition 8.1 of [4].
Reducing § if necessary, we can assume 6 ' to be an integer.
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There is no loss of generality in assuming 0 < py — %w < g — 1—18w <1
and0§u7+1—18w<,u,+%w§ 1since py =~ 1, p_ ~ 0, and w > py — p—_;
this allows us to apply the lemmata proved in the previous sections, which
all require 0 < k£ < 1.

Now fix any box of type (4.1) and assume for the moment that its ver-
tex coincides with the origin, so that such a layer coincides with Q(p, p?).
Moreover, fix m € N to be later specified. We partition this layer (that is,
Q(p, p?)), up to a set of measure zero, into m~ m? pairwise-disjoint cylinders.

If we denote their vertices by (x,tp), each of these cylinders takes the
form [(xla th) + Q(%pv #p2)]7 where

1
th:(l—h)WpQ h=1,2,....m*> VYi=12...,m". (4.2)
Therefore,
m2 mN
2 1 2
Qp,p”) = [(z1,th) + Q(—=p, —5p7)]
h=11=1

Within each [(z;,t,) + Q(Lp, # p?)] consider coaxial cylinders of the type
(21, 7) + Q(r,r?)] with

e [ty — (#;ﬂ —12) ] (4.3)
e [%p, %p]- (4.4)

Then we have:

Proposition 4.1. There exists a positive integer m, which can be determined
a priori only in terms of w and the data, such that for some cylinder [(z;, tp)+
Q(%p, #pZ)] making up the partition of Q(p,p?) and for some cylinder
[(z1,7) + Q(r, )] C [(x1,th) + Q55 p: 7z p?)] either

{(x,) € [(21,7) + Qr,r?)] = w(w,t) > py — 1—12w}| <v|Q(r,r?)|  (4.5)
{(2,1) € [(21,7) + Qr,r?)] = u(w,t) < p— + %w}! <v|Q(r,1*)| (4.6
with

N+42

V:C’(data)< 12 )N.

1+
Proof. See Proposition 22.1 of [4]. O

cle
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Remark 4.2. w — §(w) is an increasing function of w with lim,~\ o d(w) = 0,
whereas w — m(w) is a decreasing function of w with lim,\ g m(w) = +o0.

We can now give a refinement of the previous proposition.
Lemma 4.3. For each box of the type [(0,t;) + Q(p, p?)] making up the
partition of Q(p,0p?) there exist two disjoint subcylinders of the type

(s t) + Qg o PP (w1 t12) + Qs (5o Vo)

with

= (=G =12 (e

for each 1 =1,2,...,q(w) with g(w) = 4;25;), and analogously for tno, such
that both

w(wt) < py =gV 0) € s ba) + Qop %) ()
and

W) > p e V() € [ be) + Qop %) (48)
hold with 6o = do(w) = 1.

Proof. Paragraph 23 of [4] states that either

u(z,t) < py — %w Y (2,t) € [(211,tn1) + Q(Jop, 60°p*)] (4.9)
or
u(z,t) > p— + %w YV (x,t) € (21, tha) + Q(Sop, 602p?)]- (4.10)

Suppose now that in a layer [(0,%;) + Q(p, p*)] only (4.9) holds and that
(4.10) is never satisfied. Then

[{(z,) € [(x1,7) + Q(r, )]+ u(z,t) < p— + 1—18w}| <v|Q(r, 1),

and so we can apply Proposition (3.1)~ of [4] and conclude. An analogous
method can be followed to prove the other implication. O

Remark 4.4. It is evident from Remark 4.2 that w — dp(w) is an increasing
function of w and limy\ o dg(w) = 0.
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_ Let us now consider one of the cylinders of (4.1), and let us denote it by
Q, namely, Q = [(0,t;) + Q(p, p?)] for a proper value of ¢;. Moreover, let us

suppose that Q* = [(x1,7) + Q(dop, 650°)] C [(0,ti — p*) + Q(p, p*)] is a box
which satisfies (4.8).
It is evident that

ti =202+ 02p° <7 < t; — p. (4.11)

Now from Q* we want to build a long, thin cylinder with vertex at the top
of [(0,4) + Q(p, p*)]. We set 4 = dyp and consider the new cylinder given
by [(z1,t;) + Q(4r,40r?)] with

p? + 02 p% < 46r% < 2p?
according to (4.11). Hence,

41463 - 8
— = <h< . 4.12
7 <=5 (412
Thanks to (4.8) we have
- 1
u(z, t; — 40r*) > p_ + T Vo e [z + Karl, (4.13)

but this is exactly (3.32) with p = 4r and {; = g-. Therefore, we can
apply Proposition 3.10 and conclude that for every v= € (0,1) there exists
¢ €(0,3&) = (0, 155) such that
|Ag- 0, ()] SV |[m + Kop]| V€ (t; — 4007, ty),
where
A= op(t) ={z € [11 + Kop] + u(w,t) < p- + & w}
and ¢~ depends only on 6, v~ and the data through the relation
__ mi(data)4d
T a1 N
ln(216§*)
If we now integrate over t € (t; — 4072, t;), we obtain
{(z,t) € [(z,ts) + Q(2r,40r%)] : w(x,t) < pu_ + £ w}| < v~ |Q(2r, 40r2)).
(4.14)

Once we fix v~ = such that 0 < p_ + %ﬁfw <p-+Ew <1, we
have exactly satisfied the hypotheses of Proposition 3.9, and we can conclude
that

y2(data)

u(z,t) > p_ + §§7w V(z,t) € [(21,t;) + Q(r, 40r%)).
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Since £~ < iﬁo_, we have £~ < W18' On the other hand, since u_—i—%f_w > 0,
we must have £~ > ¢g for a proper value ¢y > 0, and that can be obtained
with a suitable choice of v ™.

Hence we have proved:

Lemma 4.5. There exists a number £~ € (e, 1ag), with €9 = €o(w, data),
which can be determined a priori only in terms of w and the data, such that

ast) > e+ Ew V) € (o t) + Q(r, 46r2)] (4.15)
with 0 as in (4.12).
Remark 4.6. If z; = 0 and ¢; = 0, the previous lemma could directly lead
to the proof of our continuity theorem as already remarked in [4] at the end
of the proof of Proposition 24.1; we can always assume ¢; = 0 without loss of
generality. What is not true in general is 2; = 0. In [4] the proof of continuity

is achieved by showing that there is a proper “spread of positivity” after a
sufficiently long time. Here we follow a different approach.

Remark 4.7. Let us remark that the long, thin cylinder obtained in the
procedure above has been stretched along the t-axis, but has reduced its
radius by a factor of four.

Remark 4.8. Since in each layer [(0,t;) + Q(p, p?)] there is a subcylinder
which satisfies (4.8), it follows that the result of Lemma 4.5 can be repeated
for any layer, with the possible exclusion of the bottom one.

Lemma 4.9. In the cylinder Q(p, (6 — 1)p?) we have
w
Hx e K,: ul-t) >,u,+2—n}| > vl K| (4.16)
Vt e [—(0—1)p* 0] and Vn € N such that 0 < p_ + 5% < p_ + &w, where &
is the constant given by Lemma 4.5 and previously denoted by £~ and g is
a proper constant.

Proof. According to (4.15) and to Remark 4.8, we have u(z,t) > p_ + w
for a proper value of £ and V(x,t) € B, where B is the union of all [(z;, ;) +
Q(r,40r%)] given by (4.15). It is evident that

|B] > Q(r, (9 — 1)r?)].
Hence, for any t € [—(0 — 1)p?, 0] we have
wz,t) > p_+&w Vo e K,.
Therefore, if we take 0 < p_ + 5% < p— + &w we have

{ule,) > pe+ o} = () > pe+ gw =,
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If we set

we are done. 0
From now on, for the sake of simplicity we directly set 0 instead of 6 — 1.

Lemma 4.10. For any 0y € (0,1) there exists an ny = ny(data,w,by) and
a0 =2 such that
w

\H%QGQ@ﬁf)iM%ﬂ<u—+§;ﬂﬁ%wmﬁfﬂ (4.17)

Remark 4.11. Up to now 6 has remained undefined. Lemma 4.10 definitely
sets its value.

Proof. Let us set

App(t) ={u(t) <k} N K,  te[-0p,0],

0
A]w) = / A]w,(T) dr.
—0p2

A well-known result due to De Giorgi (see for example [3]) states that, given
[ > k, we have

N+1
p

07
[Kp \ Ao Ja,,0an,0)

Let us now apply (4.18) to u(-,t) with | = p_ + 527, k = p— + 5%, and
n € N such that

(l - k)Ak,P(t) < ’vxu|(7 t) dx. (4'18)

w

w
0§M—+2—n§,u—+2n_1 <L
Since | — k = 5%, we obtain
N+1
d p |Vu(-,t)| de.

—|A, ()| < O
n 14OV < ST 0 o oo

Thanks to (4.16) we have that

1Ko\ Aup()] 2 70Ky = 700"

for any t € [~6p*,0] and for any n € N such that 0 < p_ + & < p— + &w.
Therefore,
w Cp

sl < 22 Veu( 1) da
70 Al,p(t)\Ak,p(t)



1370 Uco GIANAZZA AND VINCENZO VESPRI

If we now integrate over [—fp?,0], square both sides and apply Holder’s
inequality on the right-hand side, we obtain
2

w Cp\2p [ w
—|A w 2§(—> {/ / Vae(u— (- + — _1?dzdr| x
22n| ﬂ7+2n ,P| ’YO 70p2 Kp| JZ( ( Qn)) ’
XA oo\ Au 50l
Let us now set

An:A ATL—].:A

B—t37,p p—t ZR=T P

We can then rewrite
22n
|An‘2 / / U— M —|' )) |2d$d7}|An 1\A |
6p?

Now we have to estimate the integral on the right-hand side. If we apply
(3.3) over the cylinders Q(p, 8p?) and Q(2p, 20p?) we obtain

0 w
[ Vet e P
—0p2 JK, 2n
0 w
Z[[, ] e+ goy-Pasar
2002 J I3, 2

/26p /Kg u— (u— +2n)) dl‘d’i‘}

< 5|0 s (ae+ 59)-7)1Q(20,260)]
P™ L Q(2p,20p?)
F 50 s (= (u+ 2))IQ(0, 2007
Q(2p,20p?)
1
< |G + 5] 1.0

where « in different lines stands for different constants. Putting everything
together, we find

Ayl < %[H 21000, 077140 \ Auy| (4.19)

0
since w > 1.
Inequality (4.19) holds VO and Vn > ng as long as p— + 5% > 0. Let us
recall that ng is defined by the condition

H— +270_/J +§w
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Let n; > ng to be later selected, and assume p— + 57r > 0. Summing up
(4.19) for n = ng,no + 1,...,n1 — 1, we obtain
C?y 1

A, |2 <
|An,|” < 2 i —mg

1+ 2R 04 (420)

since all sets A4,, \ A,_1 are disjoint and

ni—1

U (An \ An—l) g Ano-

n=ng

Therefore, we can further estimate

Co 2m

[1+ 7”@(/% 0p°)I%, (4.21)

where Cj takes into account all the constants given in (4.20). We can now
fix 6, which has been left undecided up to now. In order to have
pl

it is enough to take 6 = 2™, Then we have

Ch
‘An1 |2 < H‘Q(pv 9ﬂ2)|2

and we have proved the lemma, once we take n; such that

[Any | <
ny —no

Cl 2 w
<62, 4+ — >0 4.22
n—ng =0 M-+ 1 (4.22)
that is,
1 w

ny > ng+ —, ng < ————.

03 || log 2
O

From now on we will assume 8 = 2™, Moreover,

Corollary 4.12. There exists Q = [(0,;) + Q(p, p?)] with i a proper indez,
such that

{(@,t) € @ ule,t) < o+ o} < 60]Q(p. p°)] (4.23)

with the same ny and 6y as in Lemma 4.10.

Proof. Suppose that for all [(0,;) + Q(p, p?)] making up the partition of
Q(p,0p%), (4.23) is false. This means that for all i = 0,1, ...

(1) € 1(0,8) + Qo p7)] + ule, ) < i + o H > B0lQ(p, 7).
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Summing up over i, we obtain
w
{(@ 1) € Qp, 0p%) + u(w,t) < p + -3 > 00lQUp, 09%)],

which is the exact opposite of (4.17) just proved. O

Let us then denote by Q the particular cylinder which satisfies (4.23). We
do not know its exact location between the layers of Q(p, 0p?), we just know
that it exists. R

Let us now consider ) and set

P, P
Pi=735 + CYEsR (4.24)
We define the sequence of cylinders Q; = [(0,t;) + Q(p;, pjz)] (recall that 7 is
fixed and determines Q).

Now, given C; > 0 and k € (0, 1) proper real values, we have two possible
alternatives, which we will study in the following.
I alternative

]{u(q:,t)gO}ﬂQj]§01|{0<u(x,t)<§}ﬂQj| Vi>1.  (4.25)

This case will be studied in Lemmata 4.14 and 4.15.
II alternative

35 > 1 such that [{u(z,t) <0}NQ;| > C1{0 < u(z,t) < g}ﬁQﬂ. (4.26)

This case will be studied in Lemmata 4.16 and 4.18.
The combination of these two alternatives will lead to the final proof of
our theorem.

Remark 4.13. If (4.25) holds, then the integral term dominates the measure
term on the right-hand side of (3.3), whereas the opposite happens if (4.26)
is satisfied.

Heuristically, (4.25) means that the singularity (actually u ~ 0) plays
a negligible role, and this is the favorable situation; (4.26) says that the
singularity occupies a large set, but we will show that due to the parabolicity
of the equation, the solution cannot grow too fast.

Lemma 4.14. There exists n, such that if
w w .
|{U(9E7t)§0}m@j|§2T*|{0<U(l‘at)<ﬂf+m}ﬁ@j‘ Vji>1

(4.27)
and

w w w
O<N—+%<M—+2n*+2</~”—+27*<17 (4.28)
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then
2

u(z,t) > pe + V(1) € [(0,t) + Q5.5 (4.29)

QMx OMet2

Proof. (4.23) states that the region where u(z,t) < p— + 577 is very small.
In order to verify (4.28), we just possibly need to take nj larger: it is imme-
diate that if (4.23) holds with a certain nq, it holds for any larger one. For
the sake of simplicity, we assume Q = Q(p, p?); that is, we take t; = 0. Let
us consider (3.3) with § = 1. Then

sup / l(u—k)_|*(z,t) dx+// \Ve(u—k)_|*dzdr
—0p?<t<0JK Q(op,op?)

ap

1
S’yi// uw—k)_|?dzdr
[(1_0)2/)2 Q(p,pQ)‘( -

i ﬁHu(m,t) <0}N Q(p,p2)l],

where k stands for p_ + 2% with n < n,, where n, is to be later specified.
We have

ﬁuu(x,t) <0}NQp, )|

1 w w
S 1- U)2p2(2—n)2\{u(x,t) < p-+ W} NQ(p, p*)-
On the other hand,

(2n+1) {u(z, t)<p- +2n+1}ﬂQ p, p* |<// —(u+o, )),|2da:dr.

Therefore,

ﬁ“{u(m,ﬂ <0} N Qp, ?)|

w
Sﬁ//@( 2)I(u—(uﬂrQ—n))fl%lasdﬂ
PP

and so

sup /K M= et )P0 de

—op2<t<0

e e e ) e
Q(op,0p?) 2



1374 Uco GIANAZZA AND VINCENZO VESPRI

g w 9
= m//@(pﬂl(u—(quQ—n)H dx dr (4.30)

for ng < n < n, and not just for p but for all p; given by (4.24). Now,
by classical theory (see [5, pages 110-128]), it follows from (4.30) that there
actually exists n, = n.(data,w) such that

u(x,t) > p- +

4>|’°M

w p
gz V@) € QG
O

If we compare (4.23) with (4.28)—(4.29), the heuristical meaning is that
. w . .
the region where u(z,t) < p_ + o ends up being completely outside the

eylinder [(0,¢;) + Q(5, 2)].
Let us now recall that

u(z,t) > p— + V(z,t) €

I

ICIF DY

QM +2

where % stands for [(O ti) +Q(5, 5 )] Now set 4r = £ and consider the
cylinder Q = Q(4r,m17?), where 7, is given by imposing that the height of
the cylinder must be %2 + ip?, namely, n;r? = 771(%)2 = pQ(i +i),i €N
denoting the position of Q within Q(p,0p?). Therefore, n; = 16(1 + 4i). Let
us now set & = ﬁ Then we have

Lemma 4.15. (First alternative concluded) There exists & € (0,&o), which
can be determined a priori only in terms of the data and w, such that

wz,t) > po +&w  Y(x,t) € Qr, ﬂﬂ) (4.31)
with
0<p_+&w< p_ +&uw < 1.
Proof. It is the same as for Proposition 24.1 of [4]. O

Let us now consider the other possibility. From here on n, will be the one
given by Lemma 4.14. We have

Lemma 4.16. If there exists QQ; such that

w w
Hule,t) <0}y N Qs > 5 {0 <wlz,t) <p-+ 753N @l (4.32)
then
Q.
u(x,t) > p— + oY) V(z,t) € 7] (4.33)
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Proof. Without loss of generality, we can assume @); = Q. In fact, if Qj C
Q, since & < p; < p, we can always take into account that

1 .
Q1> 533 10)

and therefore rescale all the constants by a factor 2~(V+2). So we can start
with

o Hule ) < pe + 55530 Q1 < ula,t) <030 Q)

w ~ ~
< Hu(z,t) < -+ 503N QI < 60]Q)
since Q is chosen just to satisfy the last inequality. Then

2% )

w

w ~
{u(e, 1) < p+ g} Q) <

where (9(2) > ¢ a5 stated in Lemma 4.10. Therefore, if we take n; so large

ni—no
that oneg
0 < v (4.34)
w
with v~ as in Remark 3.8, then we can apply Proposition 3.5 and conclude
that u(z,t) > p— + 5n5, V(,t) € % O

Remark 4.17. It is clear that n; must be very large in order to satisfy
(4.34), and this shows that the starting cylinder Q(p,#p?) must be very
long, since we set 6 = 2. This need to take nj large is strictly connected to
what we were saying at the beginning of the proof of Lemma 4.14. Moreover,
a situation similar to the one seen for the first alternative holds also in this
case: again u is small outside [(0,%;) + Q(§, &)].

Since

w
’U,(J},t) > u_ + W V(.’E,t) € —

and @; D %, we directly obtain that

w
U(.T,t) > [— + W \V/(l‘,t) S (435)
We can then reason as before and conclude that

Lemma 4.18. (Second alternative concluded) There ezists & € (0,&),

which can be determined a priori only in terms of the data and w, such

that )
w(z,t) > p-+bw  V(z,t) € Q(z @T—)

51 (4.36)
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with
O0<p—+&w< pu_+&w<1
and 1y defined analogously as ;.
Remark 4.19. As in [4], it can be easily shown that § = & (w), & = & (w)
are such that lim,\ o &(w) =0, =1,2.

Now we have all the elements to conclude. If we put

g(w) = maX{El(w)a 52((‘})}7 9_ = min{la 767_111, %}7

=3I

57
from (4.31) and (4.36) we obtain that
osco gyt < (1 — £(w))w, (4.37)
where w is any number satisfying oscg(, g,2)u < w with ¢ defined as before
and with p such that Q(2p,20p?) C Qr.
Then we can consider a family of shrinking cylinders around the vertex
(x,t) = (0,0) and reasoning exactly as in paragraph 25 of [4] we conclude.

Remark 4.20. All the proof is built working on (u — k)_, but obvious and
analogous implications as the ones proved above hold for (v — k) ; therefore,
the same result could be proved just working the other way around.
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