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Abstract. We consider uniformly elliptic equations and inequalities of second

order in the non-divergence form Lu = aijDiju + biDiu = 0 (≤ 0, ≥ 0), in

a domain Ω ⊂ Rn. We derive an interior Harnack inequality, a boundary
Harnack inequalities and a comparison theorem for Lipschitz boundaries in

the case bi ∈ Ln, and a Hopf-Oleinik type estimate near flat boundary in the

case bi ∈ Lq , q > n. Our main tool are special Landis-type growth lemmas.

1. Introduction

In this paper, we derive interior and boundary pointwise estimates for solutions
to the equation

(1.1) Lu := aijDiju+ biDiu = 0 in a domain Ω ⊂ Rn,

and the inequalities Lu ≤ 0 or Lu ≥ 0, under minimal assumptions on the func-
tions aij and bi. We use the summation convention over repeated indices and the
notations Di := ∂/∂xi, Dij := DiDj . We assume that aij and bi are measurable
functions on Rn, aij satisfy the uniform ellipticity condition

(1.2) aij(x) = aji(x), ν |ξ|2 ≤ aij(x)ξiξj ≤ ν−1|ξ|2 ∀ξ, x ∈ Rn,

with a constant ν ∈ (0, 1], and |b| := (|bi|2)1/2, f ∈ Ln(Ω). Throughout the
paper, the operator L in (1.1) is applied to functions u in the class W (Ω) :=
W 2,n
loc (Ω) ∩ C(Ω), which implies, in particular, that u, Diu, Diju belong to the

Lebesgue space Ln(Ω′) for any bounded open set Ω′ ⊂ Ω′ ⊂ Ω.

The following estimate is crucial for our considerations. It is usually referred
to as the Aleksandrov-Bakel’man-Pucci (ABP) maximum principle. This estimate,
in a more general setting, which allows L to be non-uniformly elliptic, is contained
in [A66], Theorem A (see also [GT83], (9.14)).

Theorem 1.1 (ABP maximum principle). Let Ω be a bounded open set in Rn,
and let u be a function in W (Ω) such that Lu ≥ f in Ω. Suppose that the coefficients
aij satisfy (1.2), and |b|, f ∈ Ln(Ω). Then

(1.3) sup
Ω
u ≤ sup

∂Ω
u+N diam Ω · eNS ||f ||n,Ω,
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where

(1.4) S := S(Ω) :=
∫

Ω

|b|ndx, ||f ||n,Ω :=
(∫

Ω

|f |ndx
)1/n

is the norm of the function f in Ln(Ω), and N is a positive constant depending
only on n and ν.

Corollary 1.2. Let Ω be a bounded open set in Rn, and let u be a function
in W (Ω) such that Lu ≥ 0 in Ω. Then the maximum of u on Ω is attained on ∂Ω.

Remark 1.3. Note that the equality Lu = f in (1.1) and the inequality Lu ≥ f
in Theorem 1.1 hold true almost everywhere in Ω with respect to the Lebesgue
measure on Rn. It is easy to see that the function u(x) := 1− |x|2 satisfies

∆u+ biDiu = 0 in B1 := {x ∈ Rn : |x| < 1},

where bi(x) := −nxi ·|x|−2 ∈ Ln−ε(B1) for arbitrary small ε > 0, and the maximum
of u on B1 is not attained on ∂B1. Therefore, the assumption bi ∈ Ln is essential
for the whole theory, which is based on the maximum principle.

Remark 1.4. Note that the quantity S(Ω) in (1.4) is scaling invariant in the
following sense. If u = u(x) satisfies the equation Lu = 0 in Ω, then for any
constant k > 0, the function ũ(y) := u(ky) satisfies Diũ = kDiu, Dij ũ = k2Diju,
hence

L̃ũ := ãijDij ũ+ b̃iDiũ = 0 in Ω̃ := {y ∈ Rn : ky ∈ Ω},

where ãij(y) := aij(ky), b̃i(y) := kbi(ky). Therefore, |b̃| :=
(∑

b̃2i
)1/2 satisfies

S̃(Ω̃) :=
∫

Ω̃

|b̃(y)|ndy =
∫

Ω̃

|b(ky)|nkndy =
∫

Ω

|b(x)|ndx =: S(Ω).

Obviously, this argument also works for inequalities Lu ≤ 0 or Lu ≥ 0 in Ω.

In the next section, we will use the scaling invariance of S(Ω), together with
the maximum principle, in order to prove some special growth lemmas (Lemmas
2.1 and 2.4) and a doubling property of solutions (Lemma 2.2) in the case |b| ∈ Ln,
i.e. S(Ω) < ∞. The growth lemmas were first introduced by E.M. Landis [La67,
La71]. Among other applications of these lemmas, Landis gave alternative proofs
of results by De Giorgi and Moser on Hölder regularity and Harnack inequalities for
solutions to second order elliptic equations in the divergence form. These results
were extended to the equations in the non-divergence form with |b| ∈ L∞ in our
joint work with N.V. Krylov [KS80, S80] (see also the book [K85]). For this
purpose, we also used some variants of growth lemmas. Now this technique became
standard, see the paper by H. Aimar, L. Forzani, and R. Toledano [AFT01], in
which they treat Hölder and Harnack properties form an abstract point of view.

In Section 3, we use the growth lemmas and the doubling property of solutions
in order to derive the interior and boundary Harnack inequalities and the Hölder
estimates for solutions of equations (1.1) with |b| ∈ Ln. Note that the Hölder
regularity in the case |b| ∈ Ln was proved earlier by O.A. Ladyzhenskaya and N.N.
Ural’tseva [LU85]. However, the Hölder constants in that paper depend on the
modulus of continuity of |b| in Ln, or more precisely, on the constant ρ > 0 for
which the norms of |b| in Ln(Ω ∩ Bρ(x)) are small enough for all x ∈ Ω. In our
estimates, all the constants depend on b only through the quantity S(Ω) in (1.4).
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Finally, in Section 4, we prove a Hopf-Oleinik type estimate near flat boundary
for positive solutions of the equation aijDiju+ biDi = 0 with bi ∈ Lq, q > n.

Notations. x = (x1, . . . , xn−1, xn) = (x′, xn) are vectors or points in Rn,
(x, y) := xiyi – the scalar product of x, y ∈ Rn (the summation convention is
implied), and |x| := (x, x)1/2 – the length of x ∈ Rn. The standard orthonormal
basis in Rn consists of n vectors {e1, . . . , en}, so that x = xiei for all x ∈ Rn.
tr a :=

∑
i

aii – the trace of a n × n matrix a = [aij ]. For c ∈ R1, [c] denotes its

integer part (the maximal integer ≤ c), c+ := max{c, 0}.
Br(x) := {y ∈ Rn : |y − x| < r} – a ball of radius r > 0 centered at x ∈ Rn.
B′r(x

′) := {y′ ∈ Rn : |y′ − x′| < r} – a similar ball in Rn−1 centered at
x ∈ Rn−1. Br := Br(0), B′r := B′r(0).

∂Ω is the boundary of an open set Ω ⊂ Rn, |Ω| – its Lebesgue measure.
The notation A := B, or B =: A, means “A = B by definition”. Throughout

the paper, N, c (with indices or without) denote different constants depending only
on the prescribed quantities, such that n, ν, etc. This dependence is indicated in
the parentheses: N = N(n, ν, . . .), c = c(n, ν, . . .).

2. Growth Lemmas

The first growth lemma can be treated as a growth lemma for “narrow” do-
mains.

Lemma 2.1 (First growth lemma). Let Ω be an open set in Rn, and let u ∈
W (Ω), x0 ∈ Rn, and r > 0 be such that

u ≥ 0, Lu ≥ 0 in Ω; and u = 0 on (∂Ω) ∩B2r(x0).

We claim that for arbitrary constant β1 ∈ (0, 1), there is a constant µ1 ∈ (0, 1),
depending only on n, ν, S, and β1) ∈ (0, 1), such that from the estimate for the
Lebesgue measure

(2.1) |Ω ∩B2r(x0)| ≤ µ1 · |B2r|
it follows

(2.2) Mr := sup
Ω∩Br(x0)

u ≤ β1 ·M2r.

Proof. Using translation in Rn, and multiplying u by a constant, we can
assume x0 = 0, Mr > 0, and M2r = 1. Moreover, since S(Ω) is invariant with
respect to rescaling (Remark 1.4), we can choose any convenient value r > 0.

(a) We first take r = 1 and assume that S := S(Ω) ≤ 1. By Corollary 1.2, the
maximum of u on Ω ∩B1 is attained at some point y0 ∈ Ω ∩ (∂B1). Consider the
function v(x) := u(x)− |x− y0|2 on the set Ω′ := Ω ∩ B1(y0). Since v ≤ u = 0 on
(∂Ω) ∩B2, and v = u− 1 ≤ 0 on Ω ∩ (∂B1(y0)), we have v ≤ 0 on ∂Ω′. Moreover,

Lv = Lu− 2 tr a− 2 (b, x− y0) ≥ f := −2nν−1 − 2|b| in Ω′.

Applying Theorem 1.1 to the function v in Ω′, and having in mind that S(Ω) ≤ 1
and |Ω′| ≤ µ1 · |Ω ∩B2| ≤ µ1 · |B2|, we get

(2.3) M1 := sup
Ω∩B1

u = u(y0) = v(y0) ≤ N0 · ||f ||n,V ≤ N1 ·
(
µ

1/n
1 + S1/n

)
,

with constants N0, N1 ≥ 1, depending only on n and ν.
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Now fix an arbitrary constant β1 ∈ (0, 1), and set µ0 := S0 := (β1/2N1)n. If
S ≤ S0, we can take µ1 = µ0, and then the desired estimate M1 ≤ β1 follows from
(2.3).

(b) In the remaining case S > S0, we set m := [S/S0] + 1 > S/S0 > 1. It is
convenient to take r := 4m. Then we divide Ω ∩ (B8m \B4m) into m disjoint sets

Ωk := Ω ∩
(
B4m+4k \B4m+4k−4

)
for k = 1, 2, . . . ,m.

We have
m∑
k=1

∫
Ωk

|b|ndx ≤
∫

Ω

|b|ndx =: S.

Since S < mS0, at least one of the integrals on the left side ≤ S0. Fix the corre-
sponding index k = k0 for which this is the case. Finally, we set µ1 := (4m)−nµ0.
By the maximum principle,

(2.4) Mr := sup
Ω∩B4m

u ≤ sup
Ω∩B4m+4k0−2

u = u(y)

for some y ∈ Ω ∩ (∂B4m+4k0−2). Note that the set Ω ∩ B2(y) is contained in Ωk0
hence the integral of |b|n over this set ≤ S0, and moreover, from (2.1) it follows

|Ω ∩B2(y)| ≤ |Ω ∩B8m| ≤ µ1 · |B8m| = µ0 · |B2|.
From the previous part (a) of the proof it follows that

u(y) ≤ sup
Ω∩B1(y)

u ≤ β1 · sup
Ω∩B2(y)

u ≤ β1 ·M2r.

Together with (2.4), this completes the proof. �

Lemma 2.2 (Doubling property). Let x0 ∈ Rn, r > 0, and a function v in
W (B4r(x0)) be such that

(2.5) v ≥ 0, Lv ≤ 0 in B4r(x0); and v ≥ 1 in Br(x0).

Then

(2.6) v ≥ λ = λ(n, ν, S) > 0 in B2r(x0).

Proof. Without loss of generality, we assume x0 = 0, r = 1. In the part (a)
below, we consider the case n = 1, part(b) deals with n ≥ 2 and small S, and part
(c) – with general S < ∞. We need to treat the case n = 1 separately, because in
our approach, we use the fact that the spheres ∂Br ⊂ Rn are connected. This fails
if n = 1, because in this case ∂Br consists of two disjoint point ±r.

(a) In the case n = 1, we have

v ≥ 0, av′′ + bv′ ≤ 0 in (−4, 4); and v ≥ 1 on [−1, 1],

where 0 < ν ≤ a ≤ ν−1, and b ∈ L1(−4, 4). Using properties of weak derivatives
(the product formula (7.18) and the chain rule in Lemma 7.5, [GT83]), one can
rewrite the above differential inequality as follows:

(2.7) (Av′)′ ≤ 0, where A(x) := exp

[∫ x

0

b(y)
a(y)

dy

]
.

The function A(x) satisfies

(2.8) N−1
0 ≤ A(x) ≤ N0 := exp(ν−1S) in (−4, 4), S :=

∫ 4

−4

|b(x)|dx.
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If suffices to get the estimate v ≥ λ = λ(n, ν, S) > 0 on the interval [−2,−1],
because a similar estimate on the symmetric interval [1, 2] can be obtained by
replacing x with −x. Denote κ := min

[−2,−1]
v. We can assume κ ≤ 1/2, because

otherwise the estimate v ≥ λ holds true with λ = 1/2. By the maximum principle,
i.e. Corollary 1.2 applied to the function −v, we have κ = v(−2). Since v is
continuous and v(−2) = κ ≤ 1/2 < 1 ≤ v(−1), there is h ∈ (0, 1] such that

v(−2 + h) = 1, and v(x) < 1 for all x ∈ [−2,−2 + h).

Furthermore, for each y ∈ (−4,−2 + h) the minimum of v(x) on [y,−2 + h] is
attained at the point y. This means that the function v(x) is non-decreasing on
(−4,−2 + h], and therefore v′ ≥ 0 in (−4,−2 + h). From (2.7) it follows that the
function Av′ is non-increasing. Together with (2.8), this implies

κ = v(−2) ≥
∫ −2

−2−h
v′dx ≥ 1

N0

∫ −2

−2−h
Av′dx ≥ 1

N0

∫ −2+h

−2

Av′dx

≥ 1
N2

0

∫ −2+h

−2

v′dx =
1
N2

0

[v(−2 + h)− v(−2)] ≥ 1
2N2

0

=: λ.

This proves the estimate (2.6) in the case n = 1.

(b) In the rest of the proof of this lemma, we assume n ≥ 2. First consider
the case when S := S(Ω) ≤ S0 = S0(n, ν) – a small positive constant to be chosen
below in (2.10). Note that

L0

(
|x|−γ0

)
:= aijDij

(
|x|−γ0

)
= γ0 ·

[
(γ0 + 2)aijxixj

|x|2
− tr a

]
· |x|−γ0−2

≥ γ0 ·
[
(γ0 + 2)ν − nν−1

]
· |x|−γ0−2 ≥ 0 for x 6= 0,

provided γ0 + 2 ≥ nν−2. Fix such γ0 = γ0(n, ν) > 0, and consider the function

w(x) :=
|x|−γ0 − 4−γ0

1− 4−γ0
in Ω1 := {x ∈ Rn : 1 < |x| < 4}.

We have L0w ≥ 0 in Ω1, w ≤ v on ∂Ω1. Therefore,

L(w − v) ≥ Lw = L0w + (b,Dw) ≥ (b,Dw) in Ω1,

and by Theorem 1.1,

(2.9) sup
Ω1

(w − v) ≤ N0 · ||(b,Dw)||n,Ω1 ≤ N1 · ‖ |b| ‖n,Ω = N1 · S1/n,

with some constants N0, N1 ≥ 1 depending only on n and ν. Next, fix the constants

(2.10) λ0 :=
2−γ0 − 4−γ0

2 ·
(
1− 4−γ0

) ∈ (0,
1
2

)
, and S0 :=

(
λ0

N1

)n
,

which also depend only on n and ν. Then from S ≤ S0 and (2.9) it follows w− v ≤
λ0 in Ω1. On the other hand, obviously w ≥ 2λ0 on the set {1 ≤ |x| ≤ 2} ⊂ Ω1.
Therefore, v(x) ≥ λ0 for 1 ≤ |x| ≤ 2. Since also v(x) ≥ 1 for |x| < 1, the desired
estimate (2.6) holds true with λ = λ0(n, ν) > 0, provided S ≤ S0 = S0(n, ν).

(c) Now it remains to consider the case n ≥ 2, S > S0. As in the proof of
Lemma 2.1, we set m := [S/S0] + 1 > S/S0 > 1. Choose ρ0 ∈ (0, 1/2) of order 1/2
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and y1, . . . , ym ∈ ∂B1/2 such that the balls Bρ0(yk) are disjoint for k = 1, . . . ,m.
Then the “tubes”

Tk := B4

⋂(⋃
t≥1

Bρ0(tyk)
)
, k = 1, . . . ,m,

are also disjoint. Since S < mS0, we can fix k = k1 such that the integral of |b|n
over Tk1 does not exceed S0. Further, divide B4 \B2 into m disjoint shells

Ωk := Brk \Brk−1 , where rk := 2 +
2k
m

; k = 1, . . . ,m,

and choose k = k2 such that the integral of |b|n over Ωk2 does not exceed S0.
Finally, set

R := 2 +
2k2 − 1
m

∈
(

2 +
1
m
, 4− 1

m

)
, ρ :=

1
4

min
{
ρ0,

1
m

}
.

Fix an arbitrary y ∈ ∂BR. One can move the ball B4ρ(z) continuously inside
Tk1 from z = yk1 ∈ ∂B1/2 to z = 2R · yk1 ∈ ∂BR, and then inside Ωk2 to z = y.
Therefore, there is a sequence

z0 := yk1 , z1, . . . , zj0 , zj0+1, . . . , zm0 := y,

such that

(2.11) B4ρ(zj) ⊂ Tk1 for j ≤ j0; B4ρ(zj) ⊂ Ωk2 for j ≥ j0 + 1,

|zj+1 − zj | ≤ ρ for all j = 0, 1, . . . ,m0 − 1, and m0 is of order m.
We claim that

(2.12) v ≥ λj0 in Bρ(zj) for j = 0, 1, . . . ,m0,

where λ0 = λ0(n, ν) > 0 is a constant in part (b), i.e. in (2.10), which corresponds
to S = S0. For j = 0, this inequality is contained in (2.5), because Bρ(z0) =
Bρ(yk1) ⊂ B1/2(yk1) ⊂ B1. Moreover, if (2.12) is true for some j, then the function
vj := λ−j0 v satisfies (2.5) with x0 = zj and r = ρ. By our construction of the sets
Tk1 and Ωk2 , from (2.11) it follows S(B4ρ(zj)) ≤ S0 for all j. Therefore, we can
apply the preceding part (b) of this proof, which yields vj ≥ λ0 in B2ρ(zj). Since
|zj+1 − zj | ≤ ρ, we have Bρ(zj+1) ⊂ B2ρ(zj), hence v ≥ λj+1

0 on Bρ(zj+1). By
induction, (2.12) holds true for all j = 0, 1, . . . ,m0. Here m0 does not exceed a
constant m1 depending only on n, ν, and S. Therefore,

v(y) = v(zm0) ≥ λm0
0 ≥ λm1

0 =: λ = λ(n, ν, S) > 0.

Here y is an arbitrary point in ∂BR. From the inequalities Lv ≤ 0 in BR and v ≥ λ
on ∂BR it follows v ≥ λ on BR. Since R > 2 = 2r, the desired estimate (2.6)
follows. �

Corollary 2.3. Let x0 ∈ Rn, r > 0, and a function v in W (Br(x0)) be such
that

(2.13) v ≥ 0, Lv ≤ 0 in Br(x0); and v ≥ 1 in Bεr(x0),

where 0 < ε ≤ 1/2. Then

(2.14) v ≥ εγ in Br/2(x0),

where γ = γ(n, ν, S) = − log2 λ > 0, and λ is the constant in the previous lemma.
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Proof. We assume x0 = 0. Set rj := 2−jr for j = 1, 2, · · · , and choose
natural k such that 2−k−1 < ε ≤ 2−k, so that rk+1 < εr ≤ rk. By our assumptions,
v ≥ 1 on Bεr ⊃ Brk+1 . The previous lemma with r = rk+1 yields v ≥ λ in Brk .
Repeatedly using this lemma again, we get

v ≥ λ2 in Brk−1 , . . . , v ≥ λk in Br1 = Br/2.

Since λk = 2−kγ ≥ εγ , the corollary is proved. �

The following technical lemma will help us to deal with functions defined on a
ball Br rather than on a general open set Ω ⊂ Rn.

Lemma 2.4 (Extension lemma). Let Ω be an open set in Rn, and let u be a
function in W (Ω), such that

u ≥ 0, Lu ≥ 0 in Ω; and u = 0 in (∂Ω) ∩Br,
where Br := Br(x0) for some r > 0 and x0 ∈ Rn. We claim that there are functions
uε ∈W (Br) defined for each ε > 0, such that

uε ≥ 0, Luε ≥ 0 in Br; uε ≡ 0 in Br \ Ω,

and uε → u as ε→ 0+ uniformly on Ω ∩Br.

Proof. We partially follow [CS07], pp. 6–7. Fix a standard function

0 ≤ η ∈ C∞(R1), such that η(t) ≡ 0 for |t| ≥ 1, and
∫

R1
η(t) dt = 1;

and set ηε(t) := ε−1η(ε−1t − 2) for ε > 0, t ∈ R1. These are smooth functions
vanishing on R1 \ [ε, 3ε]. Further, by repeated integration of ηε, define the functions
Gε ∈ C∞(R1) satisfying the properties

Gε ≡ 0 on (−∞, ε], G′′ε ≡ ηε on R1.

Now we set
uε := Gε(u) in Ω, uε ≡ 0 on Br \ Ω.

From the properties of ηε it follows G′ε ≥ 0, G′′ε ≥ 0, and (u−3ε)+ ≤ uε ≤ (u−ε)+.
Since u = 0 on the set (∂Ω) ∩ Br, the functions uε vanish near this set. Hence we
have uε ∈W (Br), uε ≥ 0, and |uε − u| ≤ 3ε on Ω. Finally,

Luε = LGε(u) = G′ε(u) · Lu+G′′ε (u) · aijDiuDju ≥ 0 in Ω.

Lemma is proved. �

In comparison with the first growth lemma (Lemma 2.1), the next lemma states
that, roughly speaking, from (2.1) with µ1 < 1 it follows (2.2) with β1 < 1.

Lemma 2.5 (Second growth lemma). Let Ω be an open set in Rn, and let
u ∈W (Ω), x0 ∈ Rn, and r > 0 be such that

u ≥ 0, Lu ≥ 0 in Ω; and u = 0 on (∂Ω) ∩B2r(x0).

We claim that for arbitrary µ2 ∈ (0, 1), there is a constant β2 = β2(n, ν, S, µ2) ∈
(0, 1), such that from

(2.15) |Ω ∩Br(x0)| ≤ µ2 · |Br|
it follows

(2.16) Mr := sup
Ω∩Br(x0)

u ≤ β2 ·M2r.
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Replacing Ω by Ω ∩ B2r(x0), and u by const · u we can assume that 0 ≤ u ≤
M2r = 1 in Ω. Taking

v := 1− u, µ := 1− µ2 ∈ (0, 1), and β := 1− β2 ∈ (0, 1),

we see that this lemma follows from the following one.

Lemma 2.6. Let Ω be an open set in Rn, and let v ∈ W (Ω), x0 ∈ Rn, and
r > 0 be such that

v ≥ 0, Lv ≤ 0 in Ω; and v ≥ 1 on (∂Ω) ∩B2r(x0).

We claim that for arbitrary µ ∈ (0, 1), there is a constant β = β(n, ν, S, µ) ∈ (0, 1)
such that from |Br(x0) \ Ω| ≥ µ · |Br| it follows v ≥ β on Ω ∩Br(x0).

Proof. We follow the lines of the proof of Lemma 2.3 in [S80], though some
details are different. As before, we assume x0 = 0. Moreover, applying the extension
lemma (Lemma 2.4) to the function u := 1−v, we can also assume that the function
v belongs to W (B2r) and satisfies v ≥ 0, Lv ≤ 0 in B2r. One needs to show that
from |Br∩{v ≥ 1}| ≥ µ·|Br| with 0 < µ < 1 it follows v ≥ β = β(n, ν, S, µ) ∈ (0, 1)
on Br.

First consider the case

(2.17) |Br ∩ {v ≥ 1}| ≥ µ0 · |Br|, where µ0 := 1− µ1(n, ν, S, 1/2),

i.e. µ1 is the constant in Lemma 2.1 corresponding to β1 = 1/2. Then

|Br ∩ {u > 0}| = |Br ∩ {v < 1}| = |Br| − |Br ∩ {v ≥ 1}|
≤ (1− µ0) · |Br| = µ1 · |Br|.

By Lemma 2.1 applied to Ω′ := Ω ∩ Br ∩ {u > 0} and r/2 in place of r, we get
u ≤ 1/2, and v = 1 − u ≥ 1/2 on Br/2. Now by the doubling property (Lemma
2.2), v ≥ β0 = β0(n, ν, S) := λ/2 > 0 on Br. We have proved that from (2.17) it
follows v ≥ β0 = β0(n, ν, S) > 0 on Br, so that the estimate v ≥ β > 0 holds true
for µ ≥ µ0 with β = β0.

Now consider the remaining case when the set Γ := Br ∩ {v ≥ 1} satisfies
µ · |Br| ≤ |Γ| < µ0 · |Br|. Almost every point x in the set Γ is its density point,
which implies that Bρ(x) ⊂ Br and |Γ∩Bρ(x)| > µ0 · |Bρ| for small ρ > 0. One can
include Bρ(x) into a monotone continuous family of balls Bθ, 0 ≤ θ ≤ 1, such that
B0 = Bρ(x) and B1 = Br. Then ϕ(θ) := |Γ ∩Bθ|/|Bθ| is a continuous function on
[0, 1] with the boundary values ϕ(0) > µ0 > ϕ(1). Therefore, for some intermediate
value θ0 ∈ (0, 1) we have ϕ(θ0) = µ0, and the corresponding ball B := Bθ0 satisfies

(2.18) B ⊂ Br, |B ∩ Γ| = |B ∩ {v ≥ 1}| = µ0 · |B|.

Denote by Γ1 the union of all the balls B satisfying (2.18). By the previous
argument v ≥ β0 > 0 on Γ1. Obviously |Γ \ Γ1| = 0, because Γ1 contains all the
density points of Γ. Further, by the simple Vitali lemma, there is a finite collection
of disjoint balls B(1), B(2), . . . , B(m), satisfying (2.18), such that

m∑
j=1

|B(j)| ≥ c0 · |Γ1|, where c0 = c0(n) > 0.
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This implies

|Γ1 \ Γ| ≥
m∑
j=1

|B(j) ∩ (Γ1 \ Γ)| =
m∑
j=1

|B(j) \ Γ|

= (1− µ0)
m∑
j=1

|B(j)| ≥ (1− µ0)c0 · |Γ1| ≥ (1− µ0)c0 · |Γ|,

and

(2.19) |Br ∩ {v ≥ β0}| ≥ |Γ1| ≥ c1 · |Γ| = c1 · |Br ∩ {v ≥ 1}| ≥ c1µ · |Br|,

where c1 = c1(n, ν, S) := 1 + (1− µ0)c0 > 1. If the left side is < µ0 · |Br|, then we
can apply this estimate again with the function β−1

0 v in place of v, then to β−2
0 v,

etc, which gives us

|Br ∩ {v ≥ βk0}| ≥ ck1µ · |Br| for k = 1, 2, . . . .

This iteration stops when the left side becomes ≥ µ0 · |Br|. Since ck1µ ≤ 1, we must
have k ≤ k0 = k0(n, ν, S, µ) := [− lnµ/ ln c1]. Finally, since the function β−k00 v

satisfies (2.17), it follows β−k00 v ≥ β0 > 0 on Br, and the estimate v ≥ β > 0 on
Br holds true with β = β(n, ν, S, µ) := βk0+1

0 > 1. Lemma is proved. �

Hölder regularity of solutions to non-homogeneous equations Lu = f with
f ∈ Ln follows from Theorem 1.1 and Lemma 2.5 in the same way as Theorem IV.2.5
in [K85], or Theorem 4.1 in [S80], are derived from the corresponding statements.
The next theorem is quite similar to these results, therefore we formulate it without
proof. We only note that the proof uses approximation of u by solutions of equations
with regular coefficients, so that some auxiliary boundary value problems have
solutions. This part is provided be the approximation Lemma 4.2 below.

Theorem 2.7. Let u be a function in W (B2r), r > 0, such that Lu = f in
B2r, where f ∈ Ln(B2r). Then there are constants α ∈ (0, 1) and N > 0, depending
only on n, ν, and S, such that

(2.20) sup
x,y∈Br

|u(x)− u(y)|
|x− y|α

≤ N

rα
·
(

sup
B2r

|u|+ r · ||f ||n,B2r

)
.

3. Interior and boundary Harnack inequalities

Theorem 3.1 (Interior Harnack inequality). Let u be a function in W (B8r)
satisfying u > 0, Lu := aijDiju+ biDiu = 0 in B8r for some r > 0. Then

(3.1) sup
Br

u ≤ N1 · inf
Br
u, where N1 = N1(n, ν, S) ≥ 1, S :=

∫
B8r

|b|ndx.

Proof. We partially follow the proof of Theorem 3.1 in [S80].
Without loss of generality, we assume r = 1. Let γ = γ(n, ν, S) > 0 be the

constant in Corollary 2.3. Since 2− |x| ≥ 1 in the ball B1 := B1(0), we have

(3.2) sup
B1

u ≤M := sup
B2

(2− |x|)γu = (2− |x0|)γu(x0)

for some x0 ∈ B2. Further, consider the function

u0 := u− u(x0)
2

in the ball Bρ(x0), where ρ :=
2− |x0|

2
.
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Since 2− |x| ≥ ρ in Bρ(x0), we also have

sup
Bρ(x0)

u0 < sup
Bρ(x0)

u ≤ sup
Bρ(x0)

(
2− |x|
ρ

)γ
u ≤ ρ−γM = 2γu(x0) = 2γ+1u0(x0),

and

sup
Bρ/2(x0)

u0 ≥ u0(x0) > β1 · sup
Bρ(x0)

u0, where β1 = β1(n, ν, S) := 2−γ−1 > 0.

Now we can use Lemma 2.1 in an equivalent form “if (2.2) fails, then (2.1) fails”,
with Ω := B8 ∩ {u0 > 0}, r := ρ/2, and u0 in place of u. By this lemma, there is a
constant µ1 > 0 depending only on n, ν, and S, such that

(3.3) |Bρ(x0) ∩ {u0 > 0}| > µ1 · |Bρ|.

Next, the function v := u/u0(x0) satisfies

v > 0, Lv = 0 in Ω′ := B8 ∩ {v < 1} = B8 \ Ω,

and v = 1 on (∂Ω′) ∩B8. Moreover, by virtue of (3.3),

|Bρ(x0) \ Ω′| = |Bρ(x0) ∩ {v ≥ 1}| = |Bρ(x0) ∩ {u0 ≥ 0}| > µ1 · |Bρ|.

Applying Lemma 2.6 to the function v in Ω′, with r := ρ, we obtain the estimate

v ≥ β = β(n, ν, S, µ1) > 0 in Bρ(x0).

By the choice of x0 and ρ,

u =
u(x0)

2
· v ≥ c1 :=

β

2
· (2ρ)−γM in Bρ(x0).

Finally, we apply Corollary 2.3 to the function c−1
1 u with r = 6 and ε := ρ/6 ∈

(0, 1/6). In our case, B3(x0) = Br/2(x0) ⊂ B6(x0) ⊂ B8, so that the estimate (2.14)
implies c−1

1 u ≥ εγ in the ball B3(x0), which contains B1 := B1(0). Therefore,

inf
B1
u ≥ inf

B3(x0)
u ≥ εγc1 =

(ρ
6

)γ
· β

2
· (2ρ)−γM =

βM

2 · 12γ
.

This estimate together with (3.2) imply the Harnack inequality (3.1) with N1 =
N1(n, ν, S) := 2 · 12γ · β−1 ≥ 1. �

As a standard consequence of the interior Harnack inequality, we have

Theorem 3.2 (Liouville). Let u be a bounded from above or from below function
in W (Rn) := W 2,n(Rn) ∩ C(Rn) such that u > 0, and Lu := aijDiju + biDiu = 0
in the entire space Rn, with aij satisfying (1.2) and |b| ∈ Ln(Rn). Then u = const
in Rn.

Indeed, replacing u by const ± u is necessary, we can reduce the proof to the
case inf

Rn
u = 0. In this case, taking the limit in (3.1) as r →∞, we get u ≡ 0 in Rn.

The following theorem is a more general form of the interior Harnack inequality,
which is convenient for applications.
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Theorem 3.3. Let Ω be a bounded open set in Rn, and let u be a function in
W (Ω) satisfying u > 0, Lu = 0 in Ω. Then for arbitrary constant δ > 0, such that
the set Ωδ := {x ∈ Ω : dist(x, ∂Ω) > δ} is nonempty and connected, we have

(3.4) sup
Ωδ

u ≤ N2 · inf
Ωδ
u, where N2 = N2(n, ν, S, δ/diam Ω), S :=

∫
Ω

|b|ndx.

Proof. Fix points x, y ∈ Ωδ. One can choose a sequence x(0), x(1), . . . , x(m)

in Ωδ, such that

x(0) = x, x(m) = y, and |x(k) − x(k−1)| < δ/8 for all k = 1, . . . ,m;

and m does not exceed a number m0 which depends only on n and δ/diam Ω.
Applying Theorem 3.1 to the balls Br(x(k)), k = 1, . . . ,m ≤ m0, we obtain

u(x) = u(x(0)) ≤ N1u(x(1)) ≤ . . . Nm
1 u(x(m)) = Nm

1 u(y) ≤ Nm0
1 u(y),

where N1 = N1(n, ν, S) is the constant in (3.1). Since the points x, y ∈ Ωδ can be
selected in an arbitrary way, the inequality (3.4) follows with N2 := Nm0

1 . �

We now proceed to the boundary estimates for positive solutions vanishing at
the “bottom” of a Lipschitz cylinder. Here ψ is a Lipschitz function on Rn−1 with
a Lipschitz constant K ≥ 0, i.e.

(3.5) |ψ(x′)− ψ(y′)| ≤ K · |x′ − y′| for all x′, y′ ∈ Rn−1.

For r > 0, denote

Qr := {x = (x′, xn) ∈ Rn : |x′| < r, 0 < xn − ψ(x′) < r},
Γr := {x = (x′, xn) ∈ Rn : |x′| ≤ r, xn = ψ(x′)} ⊂ ∂Qr.

(3.6)

The following theorem contains a Carleson type estimate for equations (1.1)
with |b| ∈ Ln.

Theorem 3.4 (Boundary Harnack inequality). Let ψ be a function on Rn−1

satisfying the Lipschitz condition (3.5), ψ(0) = 0, and let u be a function in W (Q2r)
for some r > 0, such that

(3.7) u > 0, Lu = 0 in Q2r; and u = 0 on Γ2r,

where Q2r and Γ2r are defined according to (3.6). Then

(3.8) sup
Qr

u ≤ N3u(0, r), where N3 = N3(n, ν, S,K) ≥ 1.

Proof. Since all the conditions here are invariant with respect to rescaling
(see Remark 1.4), we can assume that r = 1.

(a) First we show that there is a constant γ = γ(n, ν, S,K) > 0, such that

(3.9) M := sup
Q2

dγu ≤ N1u(P1), where d = d(x) := dist(x, ∂Q2),

N1 = N1(n, ν, s) ≥ 1 is the constant in Theorem 3.1, and P1 := (0, 1).
Fix x ∈ Q2. The ball of radius d(x) centered at x touches ∂Q2 at some

point y. A simple geometrical consideration shows that there is a smooth curve
parameterized by the arc length C := {z = z(s), 0 ≤ s ≤ s0} ⊂ Q2, connecting the
points y = z(0) and P1 = z(s0), passing through the point x, i.e. z(s1) = x for
some s ∈ (0, s0], and such that

(3.10) cs ≤ d(z(s)) ≤ s for all s ∈ [0, s0],
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with a constant c ∈ (0, 1) depending only on K. (This property means that Q2 is
a John domain)

Set θ := 1− c/8. Then for arbitrary s ∈ (0, s0] and t ∈ [θs, s], we have

|z(t)− z(s)| ≤ |t− s| ≤ (1− θ)s =
cs

8
≤ d(z(s))

8
.

From Theorem 3.1, with r = d(z(s))/8), it follows

(3.11) N1u(z(s)) ≥ u(z(t)), 0 < θs ≤ t ≤ s ≤ s0.

Fix a constant γ = γ(n, ν, S,K) > 0 such that 1 ≥ θγN1. Then

ϕ(s) := sγu(z(s)) ≥ N1(θs)γu(z(s)) ≥ (θs)γu(z(θs)) = ϕ(θs), 0 < s ≤ s0.

For each s ∈ (0, s0], there is an integer k ≥ 0, such that θs0 < θ−ks ≤ s0. Using
the previous inequalities, including (3.11) with s = s0, we get

ϕ(s) ≤ ϕ(θ−1s) ≤ · · · ≤ ϕ(θ−ks) ≤ N1u(z(s0)) = N1u(P1).

Therefore, at the point x = z(s1),

dγu(x) = dγu(z(s1)) ≤ sγ1u(z(s1)) = ϕ(s1) ≤ N1u(P1).

Since x ∈ Q2 can be chosen in an arbitrary way, the estimate (3.9) follows.
(b) Our next step is to prove the estimate

(3.12) M0 := sup
Q2

dγ0u ≤ N0M, where d0 = d0(x) := dist(x, (∂Q2) \ Γ2),

with a constant N0 = N0(n, ν, S,K) ≥ 1. Note that dγ0u = 0 on ∂Q2, hence the
supremum in (3.12) is attained at some point x0 ∈ Q2, i.e. dγ0u(x0) = M0. We
claim that

(3.13) d(x0) ≥ ε0d0(x0) with ε0 = ε0(n, ν, S,K) ∈ (0, 1/4].

The constant ε0 will be specified below. Suppose (3.13) fails, i.e.

ρ := d(x0) < ε0ρ0, where ρ0 := d0(x0), 0 < ε0 ≤ 1/4.

Since 4ρ < 4ε0d0(x0) < d0(x0), the intersection (∂Q2) ∩B4ρ(x0) lies in Γ2, so that
u = 0 on this set. Further, the ball Bρ(x0) touches ∂Q2 at some point y0 ∈ Γ2. By
(3.6), Γ2 is the graph of a Lipschitz function xn = ψ(x′) restricted to |x′| ≤ 2. It is
easy to see that the measure

|B2ρ(x0) \Q2| ≥ |Bρ(y0) \Q2| ≥ µρn with µ = µ(n,K) ∈ (0, 1).

Now we can apply Lemma 2.5 with r := 2ρ and µ2 := 1− 2−nµ. By this lemma,

u(x0) ≤ sup
Q2∩B2ρ(x0)

u ≤ β · sup
Q2∩B4ρ(x0)

u, where β = β(n, ν, S,K) ∈ (0, 1).

By the triangle inequality,

d0(x) ≥ ρ0 − 4ρ > (1− 4ε0)ρ0 on Q2 ∩B4ρ(x0).

Combining these inequalities, we obtain

M = ργ0u(x0) ≤ (1− 4ε0)−γβ · sup
Q2∩B4ρ(x0)

dγ0u ≤ (1− 4ε0)γβ ·M.

For small enough ε0 = ε0(n, ν, S,K) ∈ (0, 1), the right side is strictly less that M ,
and we get the desired contradiction.
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The above argument proves the estimate (3.13), which in turn implies (3.12)
with N0 := ε−γ0 ≥ 1 as follows:

M0 = dγ0u(x0) ≤ ε−γ0 dγu(x0) ≤ ε−γ0 M.

(c) Both “top” and “bottom” portions of ∂Q2 are graphs of Lipschitz functions
xn = ψ(x′) + c, with c = 0 or 2. An elementary geometric reasoning shows that
d0(x) ≥ (1 +K2)−1/2 on Q1. Hence

sup
Q1

u ≤ (1 +K2)γ/2 sup
Q1

dγ0u ≤ (1 +K2)γ/2M0.

This estimate together with (3.12) and (3.9) yield the desired estimate estimate
(3.4). Lemma is proved. �

In the following Theorem 3.6, which is preceded with a technical Lemma 3.5,
we deal with ratios u1/u2 of positive solutions. Note that only the numerator u1

vanishes on Γ2r, while u2 is just a positive solution. In particular, in the case
u2 ≡ 1, Theorem 3.6 is reduced to Theorem 3.4.

Let ψ = ψ(x′) be a function on Rn−1 satisfying the Lipschitz condition (3.5),
and ψ(0) = 0. For r > 0 and h ≥ 0, denote

Qr,h := {x = (x′, xn) ∈ Rn : |x′| < r, 0 < xn − ψ(x′) < h},
Q+
r,h := {x = (x′, xn) ∈ Rn : |x′| < r, h/2 < xn − ψ(x′) < h},

Γr,h := {x = (x′, xn) ∈ Rn : |x′| ≤ r, xn = ψ(x′)},
Sr,h := {x = (x′, xn) ∈ Rn : |x′| = r, 0 < xn − ψ(x′) < h}.

(3.14)

Comparing these notations with (3.6), we see that Qr = Qr,r, Γr = Γr,0. For
r, h > 0, the boundary ∂Qr,h of the “cylinder” Qr,h is the union of three disjoint
sets: the “top” Γr,h, the “bottom” Γr, and the “lateral side” Sr,h. If ψ ≡ 0, this
terminology is understood in the usual sense.

Lemma 3.5. Let w be a function in W (Qr,h) for some 0 < h ≤ r, such that

(3.15) Lw = 0 in Qr,h, w ≥ 0 on Γr,

and

(3.16) inf
Γr,h

w ≥ sup
Sr,h

(−w)+.

We claim that there is a constant ε1 = ε1(n, ν, S,K) ∈ (0, 1/4], such that from
h ≤ ε1r it follows

(3.17) w(0, xn) ≥ 0 for 0 ≤ xn ≤ h.

Proof. Without loss of generality, we assume r = 1, and the left side of (3.16)
is equal to 1. Then

(3.18) w ≥ 1 on Γ1,h, w ≥ 0 on Γ1, and w ≥ −1 on S1,h.

(a) Consider the function

u := −w on the set Ω := Q1,h ∩ {w < 0}.

Obviously, it satisfies

0 < u ≤ 1, Lu = 0 in Ω; u = 0 on (∂Ω) ∩Q1,h.
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For each x0 ∈ Ω ∩ S3/4,h, the measure

|Ω ∩B1/4(x0)| ≤ |Q1,h| ≤ N0 · h with N0 = N0(n) > 0,

so that we can apply Lemma 2.1 with x0 ∈ Ω ∩ S3/4,h and r = 1/8 to the function
u := −w. Since also u ≤ 0 on the remaining part of ∂Q3/4,h, we obtain the estimate

(3.19) sup
Q3/4,h

(−w)+ = sup
S3/4,h

(−w)+ ≤ β1 = β1(n, ν, S, h)→ 0+ as h→ 0+.

(b) Next, set w1 := w + β1. By the maximum principle, (3.18), and (3.19), it
follows

w1 ≥ 0, Lw1 = 0 in Q3/4,h; w1 ≥ 0 on Γ3/4, w1 ≥ 1 on Γ3/4,h.

For an arbitrary x0 = (x′0, x0n) ∈ Γ1/2,h and ρ := (1 + K2)−1/2h/2, the inter-
section (∂Q3/4,h) ∩B2ρ(x0) lies in the set Γ3/4,h, which is the graph of a Lipschitz
function. Therefore, the measure |Bρ(x0) \ Q3/4,h| ≥ µ · |Bρ| with a constant
µ = µ(n,K) ∈ (0, 1). Using Lemma 2.6 with Q3/4,h, w1, ρ in place of Ω, v, r re-
spectively, we get the estimate

w1 ≥ β = β(n, ν, S,K) > 0 on Q3/4,h ∩Bρ(x0).

Further, by Theorem 3.3, applied to the function w1 on the intersection Q3/4,h∩
{|x′ − x′0| < ρ}, it follows

w1(x0 − ten) ≥ β0 = β0(n, ν, S,K) > 0 for 0 ≤ t ≤ h

2
.

Since x0 is an arbitrary point in Γ1/2,h, we get the estimate

(3.20) w1 ≥ β0 > 0 in Q+
1/2,h.

(c) It is important that the constant β0 in (3.20) does not depend on h. By
virtue of (3.19), one can choose the constant ε1 = ε1(n, ν, s,K) ∈ (0, 1/4] in such a
way that from h ∈ (0, ε1] it follows 2β1 ≤ β0. Then the estimates (3.20) and (3.19)
imply

(3.21) inf
Q+

1/2,h

w = inf
Q+

1/2,h

w1 − β1 ≥ β1 ≥ sup
Q1/2,h

(−w)+.

Note that ∂Q+
1/2,h contains the set Γ1/2,h/2 = Γr/2,h/2, and Q1/2,h contains

S1/2,h/2 = Sr/2,h/2. Therefore

inf
Γr/2,h/2

w ≥ sup
Sr/2,h/2

(−w)+.

This simply means that the inequality (3.16) remains true with r, h being replaced
by r/2, h/2. Iterating this procedure, we can replace r, h by 2−kr, 2−kh for k =
1, 2, . . .. Correspondingly, the first inequality in (3.21) implies

w ≥ 0 on Q+
2−k−1r,2−kh

for k = 0, 1, 2, . . . ,

and (3.17) follows by continuity of w. Lemma is proved. �

Theorem 3.6 (Comparison theorem). Let ψ be a function on Rn−1 satisfying
the Lipschitz condition (3.5), ψ(0) = 0, and let let u1 and u2 be functions in
W (Q3r), r > 0, such that

(3.22) u1,2 > 0, Lu1,2 = 0 in Q3r; and u1 = 0 on Γ3r.
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Then

(3.23) sup
Qr

u1

u2
≤ N4 ·

u1(0, r)
u2(0, r)

, where N4 = N4(n, ν, S,K) ≥ 1.

Proof. Multiplying u1,2 by appropriate constants if necessary, we can assume
u1(0, r) = u2(0, r) = 1. By Theorem 3.4

(3.24) u1 ≤ N3 in Qr,

where N3 = N3(n, ν, S,K) ≥ 1 is the constant in this theorem. Then set h := ε1r,
where ε1 = ε1(n, ν, S,K) ∈ (0, 1) is the constant in the previous lemma. Applying
the Harnack inequality, Theorem 3.3, to the function u2, we obtain

(3.25) u2 ≥ c0 = c0(n, ν, S,K) > 0 on Qr \Qr,h.
Finally, we set

N4 := 2N3/c0, and w := N4u2 − u1.

Then

w ≥ N4c0 −N3 ≥ N3 on Qr \Qr,h, and − w ≤ u1 ≤ N3 in Qr.

Therefore, the function w satisfies all the assumption of the previous lemma, which
implies w(0, xn) ≥ 0 for 0 ≤ xn ≤ r.

This construction remains valid if we move the origin 0 ∈ Rn to any point
y = (y′, yn) ∈ Γr. Under this translation, the set Q2r will be replaced by

Q2r(y) := {x = (x′, xn) ∈ Rn : |x′ − y′| < 2r, 0 < xn − ψ(x′) < 2r},
which is a subset of Q3r. As a result, we have w ≥ 0, or equivalently, u1/u2 ≤ N4,
on the whole set Q1. Theorem is proved. �

Corollary 3.7. Let u1 and u2 be functions in W (Q3r), r > 0, satisfying
(3.22), and in addition, u2 = 0 on Γ3r. Then

(3.26) sup
Qr

u1

u2
≤ N2

4 · inf
Qr

u1

u2
,

where N4 = N4(n, ν, S,K) ≥ 1 is the constant in (3.23).

Proof. Since both functions u1 and u2 vanish on Γ3r, we can interchange u1

and u2 in (3.23), so that(
inf
Qr

u1

u2

)−1

= sup
Qr

u2

u1
≤ N4 ·

u2(0, r)
u1(0, r)

.

Multiplying both sides of this inequality by the corresponding sides of (3.23), we
get the desired estimate (3.26). �

4. Boundary Hopf-Oleinik estimates

In a particular case ψ ≡ 0 and b ≡ 0, the function u2(x) = u2(x′, xn) := xn
satisfies Lu = 0 and vanishes on the {xn = 0}. In this case Qr := {|x′| < r, 0 <
xn < r}, and the estimate (3.26) provides both upper and lower bounds for the ratio
u1(x)/xn near the origin in Rn. In 1952, the lower bounds of such kind for solutions
of uniformly elliptic equations Lu = 0 with |b| ∈ L∞ were independently obtained
by E. Hopf [H52] and O.A. Oleinik [O52]. They considered domains Ω satisfying
the interior sphere condition at a point y0 ∈ ∂Ω, i.e. there exists a ball Br(x0) ⊂ Ω
such that (∂Ω) ∩ ∂Br(x0) = {y0}. The Hopf-Oleinik estimates state that for any
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function u ∈ C2(Ω) ∩ C(Ω) satisfying u > 0, Lu ≤ 0 in Ω, and u(y0) = 0, and any
vector v ∈ Rn such that (v, x0 − y0) > 0, we have t−1u(y0 + tv) ≥ const > 0 for
small t > 0. See the books by M.H. Protter and H.F. Weinberger [PW67], and
by D. Gilbarg and N.S. Trudinger [GT83], for further references on this subject.
Here we only mention that in a majority of sources, such kind of estimates are
obtained by means of more or less standard barrier technique, which requires the
boundedness (at least locally) of coefficients.

Our approach uses special iterations based on Theorem 1.1 and Lemma 2.1. It
allows us to derive a Hopf-Oleinik type estimate in the case |b| ∈ Lq, q > n. On
the other hand, this estimate fails if |b| ∈ Ln, as the following example shows.

Example 4.1. Consider the functions

u1(x) :=
xn∣∣ ln |x|∣∣ and u2(x) := xn ·

∣∣ ln |x|∣∣
in the cylinder Q := {x = (x′, xn) ∈ Rn : |x′| < 1/2, 0 < xn < 1/2}, extended as
u1 = u2 = 0 on (∂Q)∩ {xn = 0}. Each of these two functions can be considered as
a positive solution to the equation

∆u+ (b,Du) := ∆u+ biDiu = 0 in Q,

where the vector function b := −∆u · |Du|−2Du satisfies

|b| = |∆u|
|Du|

≤ const
|x| ·

∣∣ ln |x|∣∣ ∈ Ln(Q) for n ≥ 2.

However, in any neighborhood of 0 ∈ Rn, inf(u1/xn) = 0 and sup(u2/xn) =∞.

In fact, if |b| ∈ Lq with q > n, then any positive solution of the equation
Lu = 0 in Q2r vanishing on Γ2r (we follow notations (3.6) with ψ ≡ 0) satisfies a
two-sided estimate

(4.1) 0 < inf
Qr

u

xn
≤ sup

Qr

u

xn
<∞.

The first inequality here is contained in Theorem 4.3 below, the second one can be
derived in a similar manner. The following lemma helps to reduce the proofs of
such kind of results to the case when the coefficients of L are smooth.

Lemma 4.2 (Approximation lemma). Let Ω be a bounded open set in Rn sat-
isfying an interior cone condition, i.e. there a constants K > 0 and r0 > 0 such
that for each y ∈ ∂Ω, there is a Cartesian coordinate system centered at the point
y = 0, such that the cone

(4.2) C := {x = (x′, xn) ∈ Rn : K · |x′| < xn < Kr0} ⊂ Ωc := Rn \ Ω.

Let u be a function in W 2,n(Ω) ∩ C(Ω) satisfying the inequality

(4.3) Lu := aijDiju+ biDiu ≤ f in Ω,

where aij satisfy (1.2), |b| ∈ Ln(Ω), f ∈ Ln(Ω).
We claim that there are approximations of functions aij , bi, f by functions

aεij , b
ε
i , f

ε ∈ C∞(Ω), ε > 0, such that aεij satisfy (1.2),

(4.4) aεij → aij a.e. in Ω; bεi → bi, fε → f in Ln(Ω)

as ε→ 0+, and solutions uε ∈ C∞(Ω) ∩ C(Ω) of the Dirichlet problems

(4.5) Lεuε := aεijDiju
ε + bεiD

ε
i u = fε in Ω, uε = u on ∂Ω,
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satisfy

(4.6) sup
Ω

(uε − u)→ 0 as ε→ 0+.

The solvability of the problems (4.5) in Lipschitz domains for equations with
smooth, or even Hölder or just continuous, coefficients is well known; see e.g. [M67],
Theorem 3.

Proof. (a) We first consider the case |b| ∈ L∞(Ω). The coefficients aij are
defined on the whole space Rn, and also bi, f can be extended from Ω to Rn by
setting bi, f ≡ 0 on Rn \ Ω. One can approximate aij , bi, f by convolutions aεij :=
aij ∗ ηε, bεi := bi ∗ ηε, fε := f ∗ ηε with standard kernels ηε, ε > 0, satisfying

0 ≤ ηε ∈ C∞(Rn), ηε ≡ 0 on Rn \Bε, and
∫

Rn
ηε(x) dx = 1.

Then aεij , b
ε
i , f

ε ∈ C∞(Rn), aεij satisfy (1.2), and

(4.7) aεij → aij , bεi → bi as ε→ 0+ a.e. in Ω.

This convergence follows from the properties of the Lebesgue sets (see [St70], Sec.
I.1.8). Moreover, fε → f in Ln(Rn) as ε → 0+ (see [GT83], Sec. 7.2). Having in
mind the application of Theorem 1.1 to uε−u, we need to estimate from below the
functions

Lε(uε − u) = Lεuε − Lu+ (L− Lε)u ≥ F ε := fε − f + (L− Lε)u.
We have

(L− Lε)u := (aij − aεij)Diju+ (bi − bεi )Diu→ 0 in Ln(Ω) as ε→ 0+.

(Here we use our additional assumption bi ∈ L∞). By Theorem 1.1, from the
property (4.7) it follows:

sup
Ω

(uε − u) ≤ N · ||F ε||n,Ω → 0 as ε→ 0+.

(b) In the general case |b| ∈ Ln(Ω), fix a small constant δ > 0, and choose an
open subset Ωδ ⊂ Ω, such that |b| ∈ L∞(Ω \ Ωδ), and the norms in Ln(Ωδ),

||aijDiju||n,Ωδ , ||bi||n,Ωδ , ||f ||n,Ωδ ≤ δ.

Define the functions bi, f as follows

bi ≡ 0, f := aijDiju on Ωδ, bi ≡ bi, f ≡ f on Ω \ Ωδ.

The inequality (4.3) remains valid with the modified bi and f :

Lu := aijDiju+ biDiu ≤ f.
By the choice of Ωδ, we also have

(4.8) ||bi − bi||n,Ω = ||bi||n,Ωδ ≤ δ, ||f − f ||n,Ω = ||aijDiju− f ||n,Ωδ ≤ 2δ.

Since bi ∈ L∞, we can apply the argument in (a) correspondingly with

bδ,εi := bi ∗ ηε, fδ,ε := f ∗ ηε, uδ,ε, in place of bεi , , f
ε, uε.

One can go through this construction for each δk := 2−k, k = 1, 2, . . .. There-
fore, there is a sequence εk ↘ 0 such that

||bδk,εi − bi||n,Ω ≤ δk, ||fδk,ε − f ||n,Ω ≤ δk; and sup
Ω

(uδk,ε − u) ≤ δk
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for all ε ∈ (0, εk]. Here bi and f are defined above for δ = δk. Together with (4.8),
the first two of these inequalities imply

||bδk,εi − bi||n,Ω ≤ 2δk, ||fδk,ε − f ||n,Ω ≤ 3δk.

Finally, for each ε > 0, we take aεij := aij ∗ ηε, as in the part (a), and define
bεi , f

ε in two steps: (i) find k from the relations εk+1 < ε ≤ εk; then (ii) take
bεi := bδk,εi , fε := fδk,ε. This choice of aεij , b

ε
i , f

ε satisfies all the requirements of
our lemma. Lemma is proved. �

Theorem 4.3. Let Ω be an open set in Rn, and let u be a function in W (Ω)
satisfying u > 0 and Lu = 0 in Ω. Let y0 ∈ ∂Ω and r > 0 be such that in a
Cartesian coordinate system centered at y0 = 0, the cylinder

(4.9) Q2r := B′2r × (0, 2r) = {x = (x′, xn) ∈ Rn : |x′| < 2r, 0 < xn < 2r}

is contained in Ω, and u(0) = 0. Suppose that

(4.10) S :=
∫
Q2r

|b|ndx <∞, and S1 := rq−n
∫
Q2r

|bn|qdx <∞,

where q = const > n. Then

(4.11) x−1
n u(0, xn) ≥ c1 · r−1u(0, r) for 0 < xn ≤ r,

where c1 = c1(n, ν, S, S1, q) ∈ (0, 1].

Remark 4.4. This theorem provides a Hopf-Oleinik type estimate for equations
with |q| ∈ Lq, q > n. One can modify this formulation in different directions.

(i) One can replace the condition Q2r ⊂ Ω with y0 ∈ (∂Q2r) ∩ (∂Ω) by the
interior sphere condition Br ⊂ Ω with y0 ∈ (∂Br) ∩ (∂Ω), in both cases u(y0) = 0.
One case is reduced to another by an appropriate C2-transformation of coordinates.

(ii) Using Lemma 4.2, and the comparison principle, one can replace the equal-
ity Lu = 0 in Ω by the inequality Lu ≤ 0 in Ω.

(iii) By the interior Harnack inequality, from (4.11) it follows that for any vector
v = (v1, . . . , vn) ∈ Rn such that vn > 0, we have t−1u(tv) ≥ const > 0 for small
t > 0.

Proof of Theorem 4.3. All the quantities in the above formulation are in-
variant with respect to transformations x→ const ·x and u→ const ·u. Therefore,
without loss of generality, we assume r = 1 and u(0, 1) = 1. By the previous
lemma, we can approximate the function u from below by solutions uε of equations
with smooth coefficients, so we can also assume that aij , bi ∈ C∞(Ω).

Set β := 1−n/q ∈ (0, 1), α := β/2, and for k = 1, 2, . . . , rk := 2−k, hk := r1+α
k ,

Ωk := Qrk := B′rk × (0, rk), Ω+
k := Ωk ∩ {xn > hk}, Ω−k := Ωk ∩ {xn < hk}.

By the Harnack inequality, the quantities

(4.12) mk := inf
Ω+
k

x−1
n u > 0, k = 1, 2, . . . ,

are estimated from below by a positive constants depending on the prescribed
quantities and k. Our goal is to eliminate the dependence on k. From the definition
of mk it follows

vk := mkxn − u ≤ 0 on Ωk ∩
(
{xn = 0} ∪ {xn = hk}

)
.
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We can ”split” vk into two functions: vk = wk + zk on Ω−k , where wk and zk
are solutions of the problems

Lwk = Lvk = mkbn in Ω−k , wk = 0 on ∂Ω−k ;

Lzk = 0 in Ω−k , zk = vk on ∂Ω−k .
(4.13)

These problems have classical solutions because of our smoothness assumptions on
the coefficients aij , bi. By Theorem 1.1,

sup
Ω−k

w ≤ Nrkmk · ||bn||n,Ω−k with N = N(n, ν, S).

The last factor is estimated by Hölder’s inequality (1/n = 1/q + 1/p):

||bn||n,Ω−k ≤ ||bn||q,Ω−k · || 1 ||p,Ω−k ≤ NS
1/q
1 r

n/p
k , N = N(n).

Since n/p = 1− n/q = β > 0, we get

(4.14) w ≤ Nr1+β
k mk in Ω−k .

Here and in the rest of the proof, N denotes different constants depending only
on n, ν, S, S1, q. Our next step is to evaluate, for 0 < ρ ≤ rk and fixed k,

M(ρ) := sup
D(ρ)

(zk)+, where D(ρ) := B′ρ × (0, hk).

Consider the case M(ρ) > 0, and 0 < ρ ≤ rk − hk. Since zk = vk ≤ 0 on
{xn = 0} ∪ {xn = hk}, by the maximum principle, the value M(ρ) is attained by
zk on the lateral side of D(ρ):

M(ρ) = zk(x(ρ)) = zk(x′(ρ), xn(ρ)), where |x′(ρ)| = ρ, 0 ≤ xn(ρ) ≤ hk.

In a subcase 0 ≤ xn(ρ) ≤ hk/2, one can apply Lemma 2.5 to the function zk with
Ω := Ω−k ∩ {zk > 0}, x0 := (x′(ρ), 0), and r := hk/2. Obviously, the measure
condition (2.15) holds true with µ2 = 1/2. From this lemma and the maximum
principle, it follows

M(ρ) = zk(x(ρ)) ≤ sup
Ω∩Bhk/2(x0)

zk ≤ β · sup
Ω∩Bhk (x0)

zk ≤ β ·M(ρ+ hk),

where β = β(n, ν, S) ∈ (0, 1). If hk/2 ≤ xn ≤ hk, then these inequalities remain
valid with x0 := (x′(ρ), hk).

Let k be large enough, so that the integer part j := [rk+1/hk] = [2kα−1] ≥ 1.
Then rk+1 + jhk ≤ 2rk+1 = rk, and iterating the previous estimate, we get

M(rk+1) ≤ β ·M(rk+1 + hk) ≤ . . . ≤ βj ·M(rk+1 + jhk) ≤M(rk) ≤ βjmkhk.

Here

βj ≤ β−1 · β2kα−1
= β−1 · exp

(
− cr−αk

)
, where c := −2−1 lnβ > 0.

This estimate together with (4.14) yield the estimate for mkxn−u =: vk = wk+zk:

(4.15) mkxn − u ≤ N ·
(
r1+β
k + exp

(
− cr−αk

))
·mk in D(rk+1).

From the definition (4.12) of mk it follows that if mk > mk+1, then

(4.16) mk+1 = inf
∆k

x−1
n u, where ∆k :=

(
Ω+
k+1 \ Ω+

k

)
⊂ D(rk+1),
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Since xn ≥ hk+1 = r1+α
k+1 = 2−1−αr1+α

k , and β = 2α, the properties (4.15) and
(4.16) imply

mk −mk+1 ≤ N ·
(
rαk + r−1−α

k exp
(
− cr−αk

))
·mk.

We proved the last inequality in the case mk > mk+1. In the opposite case mk ≤
mk+1 it is obvious, so this inequality holds true without any restrictions.

Since the exponential term converges to 0 as k → ∞ faster than any posi-
tive power of rk, there are large natural numbers k0 and N0, depending only on
n, ν, S, S1, q, such that

mk −mk+1 ≤ N0r
α
kmk, and N0r

α
k ≤ 1/2 for all k ≥ k0.

From mk+1 ≥
(
1−N0r

α
k

)
mk, together with an elementary inequality ln(1−t) ≥ −2t

for 0 ≤ t ≤ 1/2, we obtain

lnmk+1 − lnmk ≥ ln
(
1−N0r

α
k

)
≥ −2N0r

α
k , k ≥ k0.

For any integer k1 > k0,

lnmk1 − lnmk0 =
k1−1∑
k=k0

(
lnmk+1 − lnmk

)
≥ −2N0

∞∑
k=k0

rαk =: N1.

This implies the estimate

mk ≥ c0 = c0(n, ν, S, S1, q) > 0 for all k > k0.

In particular, x−1
n u(0, xn) ≥ c0 for all xn ∈ (0, rk0+1). By the Harnack inequality,

this estimate holds true for xn ≥ rk0+1 as well, possibly with a different constant,
because k0 depends only on the prescribed quantities, and the desired estimate
(4.11) follows. �

Remark 4.5. In our recent paper [S08], the Oleinik-Hopf type estimate (4.11)
was extended to the case when Qr is represented in the form (3.6) with

(4.17) ψ(x′) := ψ0(|x′|), where ψ0 ≥ 0, ψ′0 ≥ 0, and
∫ 1

0

t−2ψ(t) dt <∞.

This condition is sharp in a sense that if the integral in (4.17) diverges, then (4.11)
fails. However, in [S08] we assumed bi ≡ 0. In the present paper, we impose the
“complementary” conditions ψ ≡ 0, and |b| ∈ Lq, q > n. In our forthcoming work,
we plan to combine the results and techniques of these two papers in order to cover
the general case: ψ satisfying (4.17), and |b| ∈ Lq, q > n.
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