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Topic of the talk

@ In this talk we will give an interpretation of some diffusion
equations as “gradient flow" of functionals in spaces of
measures

@ Definition of gradient flow of convex functionals in metric
spaces

@ Existence of contraction gradient flow and convexity

@ The case of the Wasserstein metric

@ The case of a new class of metrics
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Given a smooth function ¢ : RY — R

u'(t) = =Vo(u(t)), u(0) = up € RY, t€[0,+00).

If ¢ is convex, and u solves (GF), then

3 gelu(®) = v[> < é(v) = o(u(t)),  u(0) = uo,
Yv eRY, t € [0, +00).

If for every up € R? we can solve (EVI), then ¢ is convex and (GF)
holds.

The (EVI) in Banach spaces was formulated (in integrated form)
by Benilan (1972) for m-accretive operators (see also Brezis (1971,

1973)).
In metric spaces was formulated in Ambrosio-Gigli-Savaré (2006).
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From the concrete example to the abstract definition

@ The gradient flow of a convex function generates a continuous
semigroup,

@ and the evolution variational inequality holds.

These properties are purely metric and can be taken as definition
of gradient flow in a metric space.
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Let (X, d) be a metric space, not necessarily complete, and let

¢ : D(¢p) — (—00,+00] be a lower semi-continuous functional,
with dense domain in X.

A family of continuous maps S; : X — X, t >0, is a C%(metric)
contraction gradient flow of ¢ in (X, d) if

o Siin(u) = Sh(Se(u)), Vt,h>0, So(u)=u YuelX,
o limgjo Se(u) = So(u) VueX,

o 3d(Si(u),v) — 3d2(u,v) < t(6(v) — B(Se(v))),
Vt>0, ueX, veD(p).

In the definition the last inequality is equivalent to the following
conditions

° 5(X)C D(¢), Vt>0
o t— ¢(S¢(u)) is not increasing in (0, +00),

o 1L d2(Sy(u),v) < ¢(v) — $(Se(u)), Vu € X, v e D(g).
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Contractivity and uniqueness of Gradient flow in metric

spaces

If S; is a gradient flow of ¢ in (X, d) (according to the previous
definition), then

d(S:(v), Se(v)) < d(u,v), VuveX, t>0.

Consequently the gradient flow ¢ in (X, d), if exists, is unique.

Regularizing effect
B(Se(u)) < ¢(v) + 5d*(u,v), VueX, veD(g), t>0.
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Gradient flows and geodesic convexity

A curve u : [0,1] — X is said to be a constant speed geodesic in
(X, d) if

d(u(s), u(t)) = |s — t|d(u(0), u(1)), Vs, tel0,1].

Theorem

If there exist a C°- metric contraction gradient flow S; of ¢ in
(X, d), then the functional ¢ is convex along geodesics.

More precisely: if u: [0,1] — D(¢) is a constant speed geodesic
then

¢(u(s)) < (1 = 5)p(u(0)) + s¢(u(1)) Vs € [0,1].
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The case of the Wasserstein metric

Q Cf]Rd bounded, open convex set. _
P(Q) the space of Borel probability measures in Q.

Given po, p1 € 2(2) we define

W2y pr) = inf { fo g Ix =y P d(xy) 17 € o) |

where (o, 1) = {y € Z2(Q x Q) : 71'71%’)/ = p,o,wify =1}

(2(Q), W) is a compact metric space.
The topology induced by W coincides with the weak* topology.

For every two points pg, u1 € Z2(2) there exists a constant speed

geodesic p : [0,1] — £(Q2) connecting po to p1,

Wi(pe, ps) = |t — s|W(po, 1) Vs, t €[0,1].
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Internal energy functional

Let U : [0,4+00) — R be a smooth convex function,

Internal energy functional % : 2(Q) — R U {+oo}

V()= [ Ul e+ Vool @), = p 2+t

| \

Example
For 6 > 0 we can define

%w—{ﬁwﬁﬂ#l

plogp B=1
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Condition for the existence of the contractive Gradient

Flow

Condition on U for geodesic convexity:

s+— s9U(s?) is convex and non-increasing.

McCann (1996) and called displacement convexity.
It is immediate to verify that Ug of the previous example satisfies
the condition for 8 > 1 —1/d.
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Assumptions
o Q Cc R is a bounded convex open set
o Ue W20, 400), convex

loc

o rU"(r) € Ljp([0,+00))

Mc Cann condition

s+ s9U(s79) is convex and non-increasing.
Equivalently P'(r)r—(1—1/d)P(r) >0, Vr e (0,+0c0), where
= [, sU"(s) ds.

Theorem ((Carrillo-L.-Savaré-Slepcev), (Daneri-Savaré),

(Ambrosio-Gigli-Savaré))

If the previous assumptions hold, then the functional % generates
a unique metric contraction gradient flow S in the space

(2(@). W).
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Gradient flow of % with respect to W

The trajectory of the Gradient Flow of % with respect to W solves

Otp — AP(p) =0 in (0,+00) x Q
VP(p)-n=0 on (0, 400) x 90
p(0,x) =po(x)  inQ

where P, pressure, is defined by

P(r) = /r U"(s)s ds.

0
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The condition for displacement convexity can be stated in terms of
the pressure P(r) = [ U"(s)s ds:

P'(r)r— (1—1/d)P(r) >0, Vre (0,+00). ]
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Dynamical formulation of Wasserstein distance

(Benamou-Brenier)

Given pg, 111 € Z(Q)

W2 ) =i { [ 0o - (5.v) € Ao, )}

A(o, p11) denotes the set of p: (0,1) x Q — [0, 4+00) and
v:(0,1) x Q — R9 such that the continuity equation holds

Otp+ V- (pv) =0 in Q x (0,1)

and
po-L = po, P L = .
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New distance, non linear mobility

Given a (possibly) non linear function (mobility function)
m: [0, M) — [0, 400), where 0 < M < +00, we define

W2 (1o, 11) mf{ / [ ne) (o)) de s (o, )EAm(Mmm)},

where Ap (10, 111) denotes the set of p: (0,1) x Q — [0,+00) and
v:(0,1) x Q — R9 such that the nonlinear continuity equation

holds
Otp+ V- (m(p)v) =0 in Q x (0,1)

and
poL? = o, ML = .

This distance was studied in Dolbeault-Nazaret-Savaré (2008), in
the present paper and in Lisini-Marigonda (2009).
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Convexity of the integrand

The functional to be minimized in the previous “definition” of the
distance is

[ el () o
Q

The function (p,v) — |v|?m(p) is, in general, not convex.
In order to overcome this difficulty we consider

Ooep+V-w=0
instead of
Otp+ V- (m(p)v) = 0.
Using the identity vm(p) = w, the functional can be rewritten as
we(x)?
a m(pe(x))

In this case the function (p,w) +— |w|2/m(p) is convex if and only
if m is concave.
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Precise definition

The natural framework for considering the variational problems in
the definition of the new distance is that of time dependent
families of Radon measures in RY.
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Continuity equation

We say that (u, V) satisfy the continuity equation
Otpie +V -ve =0

in R x (0,1) if

w is a weak* continuous curve p : [0,1] — .ZtRY,

v is a Borel family of vector measures v; € .#(R9; RY), satisfying
fol v |(RY) dt < +o0,

and, denoting v = w; vy,

1 1
/ Orp dyir dt+// w:-Vodvy dt =0, Ve C°(RYx(0,1)).
0JRd 0JRd
Given u%, ut € .#*(Q), we denote by CE(u®, ut; Q) the set of

(1, v) satisfying the continuity equation and o = 1, py = pt and
supp(ue) C Q, supp(ve) C Q, Vte|[0,1].
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Given the mobility function satisfying

m € C°([0, M)), concave, m(0) =0, 0< M < +oo

m(r) >0, Vre(0,M), m(M) = rﬂs\n/’_ m(r).

We define the action density function
bm R xR? — [0, +ox],
w2
¢m(P,W): m(p) Vo
+oo p<Qorp>M

with the convention that 0/0 = 0 and a/0 = +oc if 2 > 0.
Under our assumptions on m we have ¢, convex and lower semi
continuous.
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Action functional

The action functional
Omao: ///J“(ﬁ) X ///(ﬁ; Rd) — [0, +o¢],

is defined in the following way:

p=pL+pt, v=wz?+ v Lebesgue decomposition. We
distinguish the following cases:

M = +o0 and m'(o0) > 0,

12
/¢m P, W) dx —|—/ |W(O|O) dut vt =wltpl < pt

+00 otherwise.

(DmQ ,uv
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Definition and basic properties of the distance

With the action functional ®,, o we can define

1
W lo, ) = inf { [ Ol des () € CEGO, 1) .
0

Given o € ./ (), we denote by
Mup[o)(Q) = {u € AT (Q) : Wn(p, o) < +o0}.

D ——

. . . _ 1 d
A possible choice of o is 0 = |Q\°%Q'

Theorem

The space #m[c](2) endowed with the distance Wy, q is a
complete metric space.

Moreover for every pg, 11 € Mm[c](Q) there exists a constant
speed geodesic for Wy, q, i.e. satisfying

Wm,Q(Mt:MS) = ‘t - 5| Wm,Q(,“Ov Ml) VS, te [07 1]
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Condition for the existence of the contractive gradient flow

How to extend to this more general setting the condition for
geodesic convexity?

We proceed formally computing the second derivative of the
functional along a geodesic.
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Condition for geodesic convexity

The geodesics of the distance W,, between pg = po-Z¢ and
p1 = p1. 29 can be formally obtained as solution of the system

Oep+ V- (m(p)Vyp) =0 in Qx(0,1),
dep + 3m'(p)| V> =0 in Qx(0,1)

Defining
P(r) = / m(s)U"(s)ds, H(r)= / P'(s)m'(s) ds + Hy > 0,
0 0
(P is increasing) we obtain after some computations
d?

G () 2 /Q(P’(p)m(ﬂ) — (1= 1/d)H(p))(Av)* dx

- /Q P/ (o) (0) IV P21V dix.



Condition for geodesic convexity

d2
U (j1t) >

ar2 (P'(p)m(p) — (1 = 1/d)H(p))(Av)* dx

P'(p)m” (p)|V p|| V) |? dx.

J
J
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Condition for geodesic convexity

d2

A () > /Q (P'(p)m(p) — (1 — 1/d)H(p)) (D) dix

- /Q P/ (o) (p)|V pl2I VP dix.

The condition for the geodesic convexity of % with respect to
W,, can be stated as follows:

P'(rym(r) — (1 — 1/d)H(r) >0, Vr e (0,+00).
The concavity of m and the condition above imply j—;@/(p) > 0.

We observe that for m(r) = r we have H = P and the condition
coincides with the McCann condition for displacement convexity.
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Assumptions
e Q c R? is a bounded convex open set
o Ue W20, M), convex

loc
e m < C°([0, M)), concave, m(0) = 0
e mU" € LL ([0, M))

o P\m' € LL ([0, M))

loc

Mc Cann generalized condition

P'(rym(r) — (1 —1/d)H(r) >0, Vre (0,M),

P(r) = /or m(s)U"(s)ds, H(r):= /or P'(s)m’(s) ds + Hp > 0.

v
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Statement of main result |

For a given measure o € . (Q) we consider the metric space
Xlo] := {N cMT(Q) uk 05,”‘?2, Wna(p, o) < +oo, % (1) < +oo}.

endowed with the distance W, o.

Theorem (Carrillo-L.-Savaré-Slepcev)

If the previous assumptions hold, then for every reference measure
o € M T(Q) with finite energy % () < +oc the functional %
generates a unique metric contraction gradient flow S in the space
X[o] with the distance W, .

Moreover, denoting by Sipp = ptiﬂg we have that p is a weak
solution of the Neumann boundary value problem

Otp — AP(p) =0 in (0,+00) x Q
VP(p)-n=0 on (0, +00) x 99
p0,X) = po(x)  inQ
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Extension of the semigroup: a density result

Without additional assumptions on m we are not able to
characterize the closure of X{[o].

Theorem (Carrillo-L.-Savaré-Slepcev)

If M = 400 and the following condition on the mobility holds

heo -1/2
/ (r”l/dm(r)) dr < +o0,
1

then X[o] = {p € #F(Q) : (Q) = o(Q)}. In particular X[o]
depends only on the total mass of o.

The topology induced by the distance Wy,  is equivalent to the
usual weak* one, and the metric space X|[o] is compact.

In the case m(r) = r® the condition is satisfied if and only if
a>1-— %.
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Theorem (Carrillo-L.-Savaré-Slepcev)

v
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Under the same assumptions on 2, U, P of the generation
theorem, if moreover M = +00 and m satisfies the finiteness
condition, then the semigroup S can be uniquely extended to a
contraction semigroup on every convex set

MT(Q,¢) = {pe AT (Q): Q) = c}, and is continuous with
respect to the weak™ convergence of the initial data.




Extension of the semigroup

Theorem (Carrillo-L.-Savaré-Slepcev)

Under the same assumptions on 2, U, P of the generation
theorem, if moreover M = +00 and m satisfies the finiteness
condition, then the semigroup S can be uniquely extended to a
contraction semigroup on every convex set

MT(Q,¢) = {pe AT (Q): Q) = c}, and is continuous with
respect to the weak™ convergence of the initial data.

If U has a superlinear growth, then Si(u0) = peL9 < .iﬂ‘g for
every t > 0 and p is a weak solution of the Neumann problem

Otp — AP(p) =0 in (0,+00) x Q
VP(p) - n=0 on (0, 400) x 00
p(07 ) = Mo

with P(r) := [y m(s)U"(s) ds.
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Notion of solution

Given po € A 1(Q), p: (0,400) x Q — R is a weak solution of
Otp — AP(p) =0 in (0,400) x Q
VP(p) - n=0 on (0,+00) x 00
p(07 ) = Mo

pE L. (0, +o0; Ll(Q))7

loc

P(p) € Lo (0, +o0; WH1()),

+00
/ / (pBep — VP(p) - V) dxdt =0
0 Q

Vi € C2((0, +00) x RY).
tlirrg) pt.L9 = 1o weakly* in the space of Radon measures.

© [ IVP(e(7, x))1?
U (ue) — U (us) = — WARD DI dxdr,
) =) == [ [ Sy
Vs, t € (0,400), s<t.
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Features of this approach

@ Weak assumption on the initial data (only a measure).

@ Contraction: uniqueness of weak solutions under weak
assumptions on the initial data

@ Energy estimates
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Theorem (Carrillo-L.-Savaré-Slepcev)

Let us assume that Q) is a bounded convex open set, and the
functions U, m satisfy the generalized McCann condition. For
every po, 1 € A4 () N D(% ) with finite distance

Win.a(po, 1) < 400 there exists a constant speed minimizing
geodesic v : [0,1] — 4+ (Q) connecting g to py such that

U(ps) < s% () + (1 —s)%(po), Vs €[0,1].




Main convexity result

Theorem (Carrillo-L.-Savaré-Slepcev)

Let us assume that Q) is a bounded convex open set, and the
functions U, m satisfy the generalized McCann condition. For
every po, 1 € A4 () N D(% ) with finite distance

Win.a(po, 1) < 400 there exists a constant speed minimizing
geodesic v : [0,1] — 4+ (Q) connecting g to py such that

U(ps) < s% () + (1 —s)%(po), Vs €[0,1].

Remark: weak and strong convexity

If M < 400 or M =400 and m’(co) = 0 and m strictly concave
then the geodesics are unique and % is strongly convex.

If U has superlinear growth there exist a geodesic such that

s < £ and the convexity hold along every geodesic of this kind.
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Example: porous medium, heat equation, fast diffusion

We consider, for 3 > 0,
1 B
—=p” B#1
Us(p) = 71 i
plogp =1

and
m(p) = p%, O<a<l.

The computation of the pressure yields

B
P(p) = gpv, y=a+p-1
The equation 9:p — AP(p) =0 is
atp — éAp’Y =V,
Y

and is the standard porous medium equation when a4+ (8 > 2, the
heat equation when a + (3 = 2 and the fast diffusion equation
when a + 8 < 2.
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Example: porous medium, heat equation, fast diffusion

Moreover, by an elementary computation we obtain

P()m(r)—~(1=1/d)H(r) = BrP*02 (1-(1-1/d)5 =),
hence the condition for the generation of the contraction gradient
flow and the convexity is satisfied if and only if

fy::a—i—ﬁ—lZl—%.

@ The minimum admissible exponent for the fast diffusion
equation is 1 — 5 which increase when « decrease.

@ A fast diffusion equation can be the gradient flow of a
superlinear functional: There are several choices of o and (5.
If1— %. <a< dLle and 1< <1+ d%_l the corresponding
7 satisfies 1 >y >1— 5.
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Strategy of the proof

Eulerian calculus in Wasserstein spaces: introduced in
Otto-Westdickenberg (2006) for proving contractivity and used in
Daneri-Savaré (2008) for proving EVI in the Wasserstein space.

@ First step: prove the EVI (in the integral form) in the smooth

setting

@ Second step: use an approximation argument (by convolution
and convex combination, smoothing of the mobility m and of
U) and pass to the limit by compactness.
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Future developments

@ Minimizing movements approach to gradient flows with
respect to this distance
@ The MM approach for non-convex functionals:

2(0) = [ Vix)olx) .
The related equation is
Otp — V- (m(p)VV) =0.
@ The MM approach for the functional
2(0) =5 [ IVoP e+ [ UGp) .
The related equation is a thin film type equation
9ep +V - (m(p)VAp) — AP(p) =0

(Work in progress: Lisini, Matthes, Savaré).
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