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Definition, 2 < p < oo ( p = oo Le Gruyer)

Let Q be a (bounded) domain in RV and consider
Me={xeRN\Q :dist(x,0Q) <e}, Q. =QUI.

The function u is p-harmonious in Q with continuous boundary
values F: T, — R if u-.(x) = F(x), xerl.and

ug(x):g{sup u: + inf ua}Jrﬂ]{B( )ugdy for every x € Q,
e (X

B.(x) B:(x)
where 5 Y
p —
=———, and f=—-.
“ p+ N b p+N

WARNING! Solutions to the DPP equation may be
discontinuous as 1-d examples show.




Tug-of-War Games with Noise 2 < p < oo

Fix1>a>0,8>0suchthata+3=1.
Fix e > 0 and place a token at starting point xo € 2. Move the
token to the next state x; as follows:

@ With probability « play tug-of war: a fair coin is tossed and
the winner of the toss moves the token to any x; € B.(xp).

@ With probability 3 the token moves according to a uniform
probability density to a random point in the ball B.(xp).

This procedure yields an infinite sequence of game states
Xo, X1, - . . Where every Xi, except xg, is a random variable.



Tug-of-War Games with Noise

@ A run of the game is x = (xp, X1, . .., Xk, - - .), Where
X(k) = Xgk.
@ The game stops the first time it hits .. Write

7(X) = min{k: x, € T.}.
The random variable 7 is a STOPPING TIME. We write
X(7(X)) = X;.

@ F:T.— Ris agiven (Lipschitz, bounded) payoff function.
The game payoff is F(x) = F(x;).

@ Player | earns $ F(x;) while Player Il earns $ —F(x;).



Tug-of-War Games with Noise

@ The history of a game up to step k is the vector of the first
k + 1 game states (X, X1, . . ., Xk). Hkx denotes the set of
possible sequences of length k. The set of all finite
histories is denoted by

@ We endow Hy and H with the natural product topologies
and product of Borel o-algebras.

@ A strategy S is a measurable function defined on H that
gives the next game position when is the player turn to
move

S(X0, X1+ -+, Xk) = X1 € Bo(Xk)



Tug-of-War Games with Noise

@ Fix strategies S; and Sy, for players | and Il respectively.
@ Start the game at xp.

@ The probability measure P ¢ is defined on H by the
transition probabilities

(0]
78,8,(X0, - > Xk A) = 5 (05, (x0,....%) (A) + 05, (x0,....x) (A))

and Kolmogorov’s extension theorem as follows



Tug-of-War Games with Noise

kxo ili i k-+1
1g, s, is @ probability measure in Hy C Q.

® 1'% (Ao) = bx,(Ao)
@ Conditional probabilities

kv
HS/),(\OS”(AO X ... X Ak_1 X B)

k—1,x
:/ 7T3,7S”(X0,...,Xk_1,B) d#S/ S//O
A0><.‘.><Ak,1 ’

@ Marginals

K, k+1,
18 %, (Ao x Ay x ... x Ag) = ’U'SiS//XO(AO X A1 X .. X Ak X Q).

PE o, =liMk_o g’y probability in H c O ]




Tug-of-War Games with Noise, 2 < p < o

Games end almost surely
P§, s,(H) = 1 because 3 > 0.

| \

Value of the game for player |

uj (x) = supinfEg, g [F(x:)]
S, Su

| A

Value of the game for player Il

uy(x) =infsupEg g [F(x:)]
S// S[ Il

A,

Comparison Principle

uj (x) < uj(x)




Tug-of-War Games with Noise, 2 < p < o

Lemma

(recall Q bounded and F Lipschitz and bounded)

uj(x) > —oo since P§ 5 (H) = 1.

Existence of quasi-optimal strategies

Let 6 > 0 given. Then we can always find strategies S and Sj
€ X
such that |uj(x) ES,X,Sﬁ [F(x:)]

<9




DPP — existence of p-harmonious functions

THEOREM

The value functions u; and uj; are p-harmonious. They satisfy
the equation

u(x):g{sup u+ inf u}+ﬂ][ u(y)dy, x €,

B:(x) B:(x)
u(x) = F(x), xel..

(In this case were unable to show directly that the mapping

T(u):g sup u+ inf us+p u(y)dy
2 Es(x) BE(X) BE(X)

has a fixed point.)



Comparison |

Theorem
Let Q C R" be a bounded open set.
@ If v. is a p-harmonious function with boundary values F, in
. such that F,(y) > uj(y) fory € I'. , then v.(x) > uj(x)
for x € Q..
@ If v, is a p-harmonious function with boundary values F, in
. suchthat F,(y) < uj(y) fory € I'. , then v.(x) < uj(x)
for x € Q..

That is uj is the smallest p-harmonious function with given
boundary values and uj; is the largest p-harmonious function
with given boundary values.



Comparison |, Proof

Player | arbitrary strategy S), player Il strategy S that almost
minimizes V., Ve(Xk) < inf, g,y Ve(y) + 027

My = VE(Xk) I 7727k

is a supermartingale for any n > 0.

K
E);;,Sﬁ[Mk] =E§,sglv6(xk) + 0270 [ X0, -+ Xk—1]

<S8 nf vi(y)+  sup Ve(}/)+772_k}
2 | yeBe(x_1) y€Be (Xk—1)

+ ﬁ][ vedy < V(1) +n2” KD = My
BE(Xk—1)
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The game has a value

Theorem (M = u:(x4) + 12~ is a supermartingale)
We have u; = uj,

Need to show that uf; < us. Player Il follows a strategy S9 such
that at xx_1 € Q., he always chooses to step to a point that
almost minimizes uj; that is, to a point x, such that

Ui(xe) < inf uf(y) +m2 7"
yEB:(Xk—1)

Eg So[U/(Xk)+772 X0, -, Xk1]
« . c £ -k
= 2{ Jnf o ui(y) + sup uj(y) +u2 }
yE€B:(Xk—1) yeB:(Xk_1)

+13 uf dy < uf(xe—1) +n2 k=1,
Be(xk71)
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Maximum and Comparison Principles

Theorem

Let Q C R" be a bounded domain. If u. is p-harmonious in
with a boundary data F, then supy_ F > supq u.. Moreover, if
there is a point xg € Q2 such that u.(xo) = supr_ F, then u. is
constant in Q.

Theorem

Let Q c R" be a bounded domain. and let u. and v. be
p-harmonious with boundary data F, > F, in I'.. Then if there
exists a point xp € Q such that u.(xg) = v-(Xp), it follows that
u. = v. in £, and, moreover, the boundary values satisfy
FoL=F, in T..

| \




Proof of Strong Comparison

The proof uses the fact that p < oco. The strong comparison
principle does not hold for p = cc.

Fu.>F, = u.>v..

We have

| e

u-(xo) = {sup U + inf u€}+ﬁ 5. )usdy
e (X0

B.(xo) B:(xo)
and
Vo(x0) = 24 sup v. + _inf vg} +8 v. dy.
2 |B.(g)  B-(x) B (%)

Next we compare the right hand sides. Because u. > v, it
follows that



Proof of Strong Comparison, Il

sup U — sup v. >0,

B:(x0) B:(x0)
_inf u.— inf v. >0, and
B:(x0) B:(xo)

][ u:. dy — v.dy >0
B: (%) B (xo)

U=(xo0) = Ve(Xo0),
and 5 > 0 must have u. = v. almost everywhere in B.(xp). In
particular,

But since

F,=F, everywherein T,

since F, and F, are continuous. By uniqueness u. = v.
everywhere in Q.



Approximation of p-harmonic functions

Boundary Regularity Assumption

Q bounded domain in R" satisfying an exterior sphere
condition: For each y € 09, there exists Bs(z) C R" \ Q such
that y € 9Bs(z). R > 0 is chosen so that we always have
QC BR/2(Z).

MAIN THEOREM

F is Lipschitz in I'; for small 0 < ¢ < g¢. Let u be the unique
viscosity solution to

div(|VulP~2Vu)(x) = 0, xe€Q
u(x) = F(x), x € 012,

and let u. be the unique p-harmonious function with boundary
data Fin ., then u. — u uniformly in Q ase — 0.




Approximation of p-harmonic functions, Proof |

Ascoli-Arzela type theorem

Let {u. : u.: Q — R, £ > 0} be a set of functions such that

Q there exists C > 0 so that |u:(x)| < C for every ¢ > 0 and
every x € Q,

©Q given 5 > 0 there are constants ro and g such that for
every € < g and any x, x’ € Q with |[x — x’| < ry it holds

|U=(x) — u(x")] <.

Then, there exists a sequence ¢; — 0 and a uniformly
continuous function v : Q — R such that

U, — U

uniformly in Q.




Approximation of p-harmonic functions, Proof |

Condition 1 is clear:

min F(y) < F(x;) <max F(y) = min F(y) < u.(x) < max F(y).
yere yere yere: yele

Condition 2, KEY ESTIMATE

The p-harmonious function u. with the boundary data F
satisfies

|Ue(x) — u:(y)| < Lip(F)d + C(R/0)(Ix — y| + o(1)),

for every small enough § > 0 and for every two points
X,y € QUT,.. Here C(R/d) — oo as R/d — oo. Furthermore
the constant in o(1) is uniform in x and y.




Sketch of the Proof of the Key Estimate

We have 3 cases: (i) both points belong to I', (ii) one of the two
points belongs to I'. and the other to 2, and (iii) both points
belong to

Case (i) is clear since F is Lipschitz

For x,y € T'. we have

|F(x) = F(y)| < Lip(F)|x —y|.

Case (ii): The more elaborate case
Suppose x € Qand y € T..

By the exterior sphere condition, there exists there exists
Bs(z) c R™\ Q such that y € 0B;(z). Player | chooses a
strategy of pulling towards z, denoted by S7, Player Il an
arbitrary strategy. We write x = xg.



Sketch of the Proof of the Key Estimate

Mk = ’Xk — Z| — C€2k

is a supermartingale for a constant C large enough
independent of .

Eg s, [Md =Eg g, [IX — 2| [ X0, - - Xk1]
SZ{\Xk—1—Z|+€+|Xk—1—2|—€}+ﬁ][ |x — z| dx
Be(Xk—1)
< Xkt — 2| + Ce® = My_
The first inequality follows from the choice of the strategy, and
the second from the estimate

][ X — z| dx < |xk_1 — z| + Ce2.
BE(Xk71)



Sketch of the Proof of the Key Estimate

By the optional stopping theorem

Sz s, [IX — 2| = C27] < |x0 — 2|

2
S/Z’S”[|XT —7|] < |xo — 2| + Ce E)g)z 5,71

We estimate ESZ s, [7] by a stopping time 7* of a random walk in

the ring Bg( l\ B5( ) starting at xo. The successor of
Xk € Bg(z) \ Bs(z) is chosen with a uniform probability in
B.(x) N Bg(z) and

T =inf{k : xx € B5(2)}.



Sketch of the Proof of the Key Estimate

Random Walk Exit Time Estimates

Consider a random walk on Bg(y) \ Bs(y) such that when at
Xk—1, the next point xx is chosen uniformly distributed in
B.(xk_1) N Bg(y). For 7* =inf{k : xx € Bs(y)}. we have

C(R/d)dist(0Bs(y), x0) + o(1)

c2

for xo € Br(y) \ Bs(y). Here C(R/J) — oo as R/§ — oo.

E*(r*) <

)

This is surely known by experts in probability. We proved it by
showing that g(x) = EX(7*) can be estimated by the solution of
a mixed Dirichlet-Newman problem in the ring Bg(y) \ Bs(y)



Sketch of the Proof of the Key Estimate

gZEgolz’S”[T] < e2E[r*] < C(R/68)(dist(dB;(2), xp) + 0(1)).
Since y € 9B;(2),
dist(9B5(z), x0) = |y — ol ,
Eg s,l1% — 2l < C(R/6)(1% — yI + o(1)).
We get
Us(X0) — U:(y) = Sglp iglf ES s, [FOx)] = F(y)

2 nfEg; s, [F(x)] = Fy) + F(y) — F(2)



Sketch of the Proof of the Key Estimate

For an arbitrary strategy S;; we have:
s lF(x=)l = F(y) + F(y) — F(2)
> Eg 5,[F(x) — F(y)] - Lip(F)ly — 2|
> —Eg 5, [IF(x:) = F(y)Il - Lip(F)d
> — Lip(F)EG g, [Ix- — ¥l - Lip(F)d
> —C(R/5)(Ix0 — y| + o(1)) — Lip(F)o

so that we finally get:

U (X0) — Ue(y) = —C(R/8)(1x0 — y[ + o(1)) — Lip(F)é



Sketch of the Proof of the Key Estimate

Case (iii) x, y both in

Fix strategies, S;, S; for the game starting at x. Define a virtual
game starting at y: use the same coin tosses and random
steps as the usual game starting at x. Furthermore, the players
adopt virtual strategies, S/, Sj) modeled on S; and S, from the
game starting at x.

The first time x, € ' or y, € . we have |xx — yx| = |x — y|, and
we may apply the previous steps that work for x, € Q, y, € T
or for xi, yx € I..

In particular, if we have x, € Q, yx € I'., one of the two players
starts to point to the point in which the other game ended.

E§, s,[F(x-)]—Lip(F)d—(C(R/8)(|%—yr|+0(1)) < Egy g [F(y-)]



Sketch of the Proof of the Key Estimate

But since |x; — y;| = [x — y|
E¥, 5,[F(x-)] = Lip(F)s —(C(R/8)(Ix —y|+0(1)) < By i [F(y7)]

Since every pair of strategies S;, S;; defines a unique pair of
strategies S/, S} and vice versa we can take infs and sups to
get

u*(x) — Lip(F)s — (C(R/9)(Ix — y| + o(1)) < " ()




Proof of DPP

Dynamic Programming Principle

u; and uj; satisfy the equation

u(x):a{supqu inf u}+5][ y)dy, x e
2 5.0 B0

<

Conditional probabilities

Eg s, [F(x-)] = - (Xr(w)) AP s, (w)

_ / EX ¢ [F(x)|x0, 1] drs, s, (X0, X1)
B:(x0)

A\




Proof of DPP

Density of Conditional Expectations

Eg, s,[F () 1x0, x1] :/H F(x;) dPgd
X1

where

Hy = {he H\ {xo} : h(1) = xo, h(2) = x}

An important point

For x # y we have Hy N H, = (. Therefore the probabilities
P)é"/”g” and }P’)S(E’l”é” have DISJOINT supports.




Proof of DPP

The starting point

E2 s, [F(x)] = g{Egsn[F(xTﬂxo, Si(x0)]

SF(Naﬁme

481 B2 g IF(a)lx ¥ dy
B:(xo)




Proof of DPP

Step 1: We classify the strategies depending on the first step:

Si(h) = Silgxy(h), if  h={x},
’ Silinper (), i he H\ {x0},

where H denotes a set of all histories, and {xy} is a history
consisting only of the starting point. Here S)|;,1(h) simply
stands for S;(xp), but for consistency, we use the first notation.

—_ H X
Ui (x0) = SUPIRIE 5 [F( )]

= sup sup _inf _inf EQ ¢ [F(x)].
Sil{xo} Silt\{xo} Silixgy Sulinixgy 77



Proof of DPP

Sil{x,) denotes any restricted strategy on {xo} (the first step
from xo) and S)|k (x,} @ny restricted strategy on H\ {xo} (the
rest). Together these restricted strategies define a complete
strategy S, as suggested by the notation.

Step 2: We further classify strategies with respect to the
second step. Set

Hy = {he H\ {x0} : h(1) = x0, h(2) = x},

and write
Slmper = U Silk,

XGBE(XO)



Proof of DPP

sup sup _inf _inf EY ¢ [F(x)]
SI|{XO} SI‘H\{XO} //‘{XO} //|H\{X0}

= sup _inf sup _inf EY ¢ [F(x)],
Sil (o} Sil{xg} Silin gy St} T

Player | can optimize his strategy on each disjoint set Hy
without affecting the strategy on H,, y # x. Thus we see that
Player Il gets no extra advantage by choosing his first step.

inf ES/,S//[F(XT)]
SulH\{x}

= / inf /Q )é(i’g”(Xg,...) dWS/,S//(X07X1)
e e X..

Sl Hy,



Proof of DPP

Step 3:

Ui (xo) = sup _inf
Sil{x} Sil{xg}

« . s
[2{ P s )/QX_,,F(Xf)dpg,sjl(m(xzw-)

S
SllHSI(Xo) //\HSI(XO

i S
Fonl s )/Qx... F(XT)dpg,sx(x())(xsz}

SilH
S’|H~‘3//(Xo) Silxo

O o SUP i Flx) dPR (... o .
B:(xo) S,|,_,,X1 \‘5'//|/-/X1 Qo x... T S,y



Proof of DPP

Step 4:

sup _inf F(x;) dP23 (xg, ...
Silry, Sl JQex... ! S,,S,,( o)

= sup inf F(x;) dPyg s (x1,-..)
Sil theH | ny—x,} SHlinet| a=x} JH i

= sup inf EY s, [F(x)]

SilgheH | nt)=x} Sil{heH | n(ty=x;}

= uj(x).



Proof of DPP

Step 5:

Uj(xo) = sup _inf
Sil(xg} S0}

z{uls(sl(xo)) + UIE(S’/(XO))}

+ uj(xy) dxq |
BE(XO)



