Measure Theoretical Methods in Harnack
Estimates and Degenerate Parabolic Equations
Part 4. Harnack Estimates for Solutions of
Singular Parabolic Equations

E. DiBenedetto

em.diben@vanderbilt.edu

Department of Mathematics, Vanderbilt University
Nashville, TN 37240, USA

Pavia-Cetraro. June 18-27. 2009 — p



Some Recent Results as a Starting Point

Pavia-Cetraro. June 18-27. 2009 — p



Some Recent Results as a Starting Point

LetE be an open setiR" and forT > OletEr = E  (0;T]. Letu be a weak
solution of

Pavia-Cetraro. June 18-27. 2009 — p



Some Recent Results as a Starting Point
LetE be an open setiR" and forT > OletEr = E  (0;T]. Letu be a weak

solution of
u divA(x;t;u;Du)=0 weaklyin Ey (1)

Pavia-Cetraro. June 18-27. 2009 — p



Some Recent Results as a Starting Point

LetE be an open setiR" and forT > OletEr = E  (0;T]. Letu be a weak
solution of

u divA(x;t;u;Du)=0 weaklyin Ey (1)

whereA : Er  RY* I RN isonly measurable and subject to the structure
conditions

Pavia-Cetraro. June 18-27. 2009 — p



Some Recent Results as a Starting Point

LetE be an open setiR" and forT > OletEr = E  (0;T]. Letu be a weak
solution of

u divA(x;t;u;Du)=0 weaklyin Ey (1)

whereA : Er  RY* I RN isonly measurable and subject to the structure

conditions
8

S A(xt :Du) Du CojDuj’

jA(xt; ;Du )j CijDuj? * ve-betJ2Er R @

Pavia-Cetraro. June 18-27. 2009 — p



Some Recent Results as a Starting Point

LetE be an open setiR" and forT > OletEr = E  (0;T]. Letu be a weak
solution of

u divA(x;t;u;Du)=0 weaklyin Ey (1)
whereA : Er  RY* I RN isonly measurable and subject to the structure

conditions
8

S A(xt :Du) Du CojDuj’

jA(xt; ;Du )j CijDuj? * ve-betJ2Er R @

whereC, andC; are given positive constants, and

Pavia-Cetraro. June 18-27. 2009 — p



Some Recent Results as a Starting Point

Let E be an open setiR" and forT > OletEr = E
solution of

(0;T]. Letu be a weak

u divA(x;t;u;Du)=0 weaklyin Ey (1)

whereA : Er  RY* I RN isonly measurable and subject to the structure

conditions
8

S A(xt :Du) Du CojDuj’
jA(X;t; ;DU )j  CqjDujP *

whereC, andC; are given positive constants, and

1<p< 2 (singular equations)

a.e. (x;t;

)2 Er R 2)

Pavia-Cetraro. June 18-27. 2009 — p



Some Recent Results as a Starting Point

LetE be an open setiR" and forT > OletEr = E  (0;T]. Letu be a weak

solution of
u divA(x;t;u;Du)=0 weaklyin Ey (1)

whereA : Er  RY* I RN isonly measurable and subject to the structure

conditions
8

S A(xt :Du) Du CojDuj’

jA(xt; ;Du )j CijDuj? * ve-betJ2Er R @

whereC, andC; are given positive constants, and
1<p< 2 (singular equations)
The prototype example is

ug divjDuj® *Du =0; 1<p< 2, weaklyinEr:

Pavia-Cetraro. June 18-27. 2009 — p



Some Recent Results as a Starting Point

Let E be an open setiR" and forT > OletEr = E
solution of

(0;T]. Letu be a weak

u divA(x;t;u;Du)=0 weaklyin Ey (1)

whereA : Er  RY* I RN isonly measurable and subject to the structure
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jA(xt; ;Du )j CijDuj? *

whereC, andC; are given positive constants, and

1<p< 2 (singular equations)

The prototype example is

ug divjDuj® “Du=0; 1<p< 2

The modulus of ellipticitjDuj® 211 asjDuj! O.

a.e. (x;t;

)2 Er R 2)

weakly in Et:
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Intrinsic, i.e., the forward-backward “waiting time” demgs on[u(X,; to)]* P.
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N +2

N 2 N+2 vz

b= b(N;a) =
N:a)= N7~ INa
Counterexample 3 (Bounded and Critical):p = 2%
h | N 1 2N
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u(x;t) = JXJ—N2N1 + et 2 - p= - N 2
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Some Puzzling Facts Aboutl<p &5

Refer back to prototype equation
u; divjDuj® ?Du =0 weaklyin Et:

Consider the the Barenblatt similarity solutions for O

1 N ixj #7983 b= 1 P2
B(X,t): tN—: 1 b 1 ’ P p 1 P
t =N(p 2)+p:
This is well de ned for allp for which
. 2N
> 0 that is for p>N+l—p.

Therefore the Harnack inequality (although in its intr;y®rm) fails exactly
when the Barenblatt solutions cease to exist.
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for all times
s M?2PP t s

for someM > 0, and some and in (0; 1), and assume that
B, (s M?2PPs) Er:

Then, there exists 2 (0; 1) depending only on the data and the numbers
and , independent oM , such that

u(;t) M in B>

for all times
S %Mpr<t S:

NOTE: Thisisvalidforall 1<p< 2.
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Let u be a non-negativépcally boundedlocal, weak solution to (1)—(2).

Then

£ - t s 7%
sup u . u'(x;2s t)dx "+ —= °°
B [sit] (t s)r B g

for all cylinders

Bo(y) [s (t s);s+(t s)] Er

r = N(p 2)+ rp Isrequired to be positive
Theconstant ' 1 ifeitherr! lorifr!1

NOTE: The values ofi in the upper part of the cylinder are estimated by
iIntegral on the lower base of the cylinder.
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U2 Lic(ET) with r = p; and > O:

Forl<p 2% thisis no longer the case, and the integrability requiretean

extra assumption imposed on the notion of weak solutioredddorl <p 2%

there exist unbounded local weak solutions (previous araramples)
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With these choices the sup-estimate now reads

Z
@ )N HE 7
sup U [N(N)] u(;  )dx + —pzp
B2 ( 30 o B4

0 1 VA 1 VA 1

NE p) ut( ; 0)dx T+ O u( ; 0)dx

' r B B
1 £ :
= 01+ = ud( ; 0)dx
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With these choices the sup-estimate now reads
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May assume 1 so that the second term dominates the rst. Then

summarizing:
def 1 ° g NE_p)
sup U M = o u( ; 0)dx where " 0= " T
B> ( 3:0] B

This numbemM will be used in theexpansion of positivity
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" forsome q 1
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Assume that > 0. There exists constants2 (0;1),and ; > 1,
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providedqg landr> l1lsatises ; = N(p 2)+ rp> 0. Here
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