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whereCo andC1 are given positive constants, and

1 < p < 2 (singular equations):

The prototype example is

ut � div jDu jp� 2Du = 0 ; 1 < p < 2; weakly in ET :

The modulus of ellipticityjDu jp� 2 ! 1 asjDu j ! 0.

Pavia-Cetraro, June 18-27, 2009 – p. 2/14



SomeUnusualHarnack Estimates (Gianazza-Vespri)

Pavia-Cetraro, June 18-27, 2009 – p. 3/14



SomeUnusualHarnack Estimates (Gianazza-Vespri)

Theorem: Let u be a non–negative, weak solution to (1)-(2), forp in the
super-critical range

Pavia-Cetraro, June 18-27, 2009 – p. 3/14



SomeUnusualHarnack Estimates (Gianazza-Vespri)

Theorem: Let u be a non–negative, weak solution to (1)-(2), forp in the
super-critical range

p� =
2N

N + 1
< p < 2:

Pavia-Cetraro, June 18-27, 2009 – p. 3/14



SomeUnusualHarnack Estimates (Gianazza-Vespri)

Theorem: Let u be a non–negative, weak solution to (1)-(2), forp in the
super-critical range

p� =
2N

N + 1
< p < 2:

Then for allPo = ( xo ; to) 2 ET there holds

c u(xo ; to) � inf
B � ( x o )

u(�; t )

Pavia-Cetraro, June 18-27, 2009 – p. 3/14



SomeUnusualHarnack Estimates (Gianazza-Vespri)

Theorem: Let u be a non–negative, weak solution to (1)-(2), forp in the
super-critical range

p� =
2N

N + 1
< p < 2:

Then for allPo = ( xo ; to) 2 ET there holds

c u(xo ; to) � inf
B � ( x o )

u(�; t )

for all times

to � � [u(Po)]2� p � p � t � to + � [u(Po)]2� p � p :

Pavia-Cetraro, June 18-27, 2009 – p. 3/14



SomeUnusualHarnack Estimates (Gianazza-Vespri)

Theorem: Let u be a non–negative, weak solution to (1)-(2), forp in the
super-critical range

p� =
2N

N + 1
< p < 2:

Then for allPo = ( xo ; to) 2 ET there holds

c u(xo ; to) � inf
B � ( x o )

u(�; t )

for all times

to � � [u(Po)]2� p � p � t � to + � [u(Po)]2� p � p :

Here�; c depend only on the data. Moreover they both tend to zero as eitherp ! 2 or

asp ! p� .

Pavia-Cetraro, June 18-27, 2009 – p. 3/14



SomeUnusualHarnack Estimates (Gianazza-Vespri)

Theorem: Let u be a non–negative, weak solution to (1)-(2), forp in the
super-critical range

p� =
2N

N + 1
< p < 2:

Then for allPo = ( xo ; to) 2 ET there holds

c u(xo ; to) � inf
B � ( x o )

u(�; t )

for all times

to � � [u(Po)]2� p � p � t � to + � [u(Po)]2� p � p :

Here�; c depend only on the data. Moreover they both tend to zero as eitherp ! 2 or

asp ! p� . This inequality is simultaneously:

� forward in time (true for the heat equation and thep-Lapl. for p > 2)

Pavia-Cetraro, June 18-27, 2009 – p. 3/14



SomeUnusualHarnack Estimates (Gianazza-Vespri)

Theorem: Let u be a non–negative, weak solution to (1)-(2), forp in the
super-critical range

p� =
2N

N + 1
< p < 2:

Then for allPo = ( xo ; to) 2 ET there holds

c u(xo ; to) � inf
B � ( x o )

u(�; t )

for all times

to � � [u(Po)]2� p � p � t � to + � [u(Po)]2� p � p :

Here�; c depend only on the data. Moreover they both tend to zero as eitherp ! 2 or

asp ! p� . This inequality is simultaneously:

� forward in time (true for the heat equation and thep-Lapl. for p > 2)

� backward in time (falsefor the heat equation and thep-Lapl. for p > 2)

Pavia-Cetraro, June 18-27, 2009 – p. 3/14



SomeUnusualHarnack Estimates (Gianazza-Vespri)

Theorem: Let u be a non–negative, weak solution to (1)-(2), forp in the
super-critical range

p� =
2N

N + 1
< p < 2:

Then for allPo = ( xo ; to) 2 ET there holds

c u(xo ; to) � inf
B � ( x o )

u(�; t )

for all times

to � � [u(Po)]2� p � p � t � to + � [u(Po)]2� p � p :

Here�; c depend only on the data. Moreover they both tend to zero as eitherp ! 2 or

asp ! p� . This inequality is simultaneously:

� forward in time (true for the heat equation and thep-Lapl. for p > 2)

� backward in time (falsefor the heat equation and thep-Lapl. for p > 2)

� elliptic at timeto (falsefor the heat equation and thep-Lapl. for p > 2)

Pavia-Cetraro, June 18-27, 2009 – p. 3/14



SomeUnusualHarnack Estimates (Gianazza-Vespri)

Theorem: Let u be a non–negative, weak solution to (1)-(2), forp in the
super-critical range

p� =
2N

N + 1
< p < 2:

Then for allPo = ( xo ; to) 2 ET there holds

c u(xo ; to) � inf
B � ( x o )

u(�; t )

for all times

to � � [u(Po)]2� p � p � t � to + � [u(Po)]2� p � p :

Here�; c depend only on the data. Moreover they both tend to zero as eitherp ! 2 or

asp ! p� . This inequality is simultaneously:

� forward in time (true for the heat equation and thep-Lapl. for p > 2)

� backward in time (falsefor the heat equation and thep-Lapl. for p > 2)

� elliptic at timeto (falsefor the heat equation and thep-Lapl. for p > 2)

� Intrinsic, i.e., the forward-backward “waiting time” depends on[u(xo ; to)]2� p .

Pavia-Cetraro, June 18-27, 2009 – p. 3/14



The Inequality is Falsefor 1 < p � p� = 2N
N +1

Pavia-Cetraro, June 18-27, 2009 – p. 4/14



The Inequality is Falsefor 1 < p � p� = 2N
N +1

Counterexample 1 (Unbounded Sub-Critical):

Pavia-Cetraro, June 18-27, 2009 – p. 4/14



The Inequality is Falsefor 1 < p � p� = 2N
N +1

Counterexample 1 (Unbounded Sub-Critical):

u(x; t ) = 

(T � t)

1
2 � p
+

jxj
p

2 � p
; 1 < p <

2N
N + 2

; 
 =

 
p ( N (2 � p ) � p )

1
p � 1

2 � p

! p � 1
2 � p
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tN=�
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1 � b

� jxj
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1
�

� p
p � 1
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1

�
1

p � 1

p � 2
p
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This is well de�ned for allp for which

� > 0 that is for p >
2N

N + 1
= p� :

Therefore the Harnack inequality (although in its intrinsic form) fails exactly

when the Barenblatt solutions cease to exist.
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for all times
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for someM > 0, and some� and� in (0; 1), and assume that

B4� � (s � �M 2� p� p; s) � ET :

Then, there exists� 2 (0; 1) depending only on the data and the numbers�
and� , independent ofM , such that

u(�; t) � �M in B2�

for all times

s � 1
2 �M 2� p� p < t � s:

NOTE: This is valid for all 1 < p < 2.
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� r = N (p � 2) + rp is required to be positive:

The constant
 ! 1 if either r ! 1 or if r ! 1 .

NOTE: The values ofu in the upper part of the cylinder are estimated by the

integral on the lower base of the cylinder.
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The local boundedness of a weak solution is insured by the integrabilityu 2 L r
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for somer > 1 for which � r > 0.
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by parabolic Sobolev embedding

u 2 L r
loc (ET ) with r =

N + 2
N

p; and � r > 0:

For1 < p � 2N
N +2 this is no longer the case, and the integrability requirement is an

extra assumption imposed on the notion of weak solution. Indeed for1 < p � 2N
N +2

there exist unbounded local weak solutions (previous counterexamples)
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loc norm, in anon-homogeneous

form with respect tou.
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2 �; 0

�
where� > 0 has to be chosen.
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where" 2 (0; 1) is to be chosen. The choice ofq � 1 is arbitrary.
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Reading the Structure of the Sup-Estimate

With these choices the sup-estimate now reads
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�
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� �
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"
N (2 � p )
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1
�

�
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B �
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�
�
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B �
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� "
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May assume� � 1 so that the second term dominates the �rst. Then
summarizing:
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This numberM will be used in theexpansion of positivity.
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