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Let £ be an open setiR" and forT > 0 let Er = E x (0,T]. Letu be a weak

solution of
u — div A(z,t,u, Du) =0 weaklyin Er (1)

whereA : Er x RVt — RY is only measurable and subject to the structure
conditions

A(z,t,&, Du) - Du > Co|Dul?

A(z,t,€, Du)| < C1|DulP™? ae. (z,t,§) € Er x R. 2)

whereC', and(’; are given positive constants, and> 2 The prototype example is
u; — div |[DulP?Du =0, p>2, weaklyin Er.
The modulus of ellipticity Du|"~* — 0 as|Du| — 0.

|ssue: Is there a Harnack estimate for such solutions ?
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Some cwComments About Harnack Estimates for De-

generate Equations
Refer back to prototype equation
u; — div|DulP™?Du =0 weakly in Er.

Consider the the Barenblatt similarity solutions far 0

1 p—2
I e\ S b=—r
B(x,t):—{l—b(—1> } AT D
Al tx * A=N(p—2)+p.

This exhibits compact support, thereby denyingassical fornof the
Harnack estimate.

Therefore the Harnack inequality in its classical formdail
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Theorem: Letwu be a non-negative harmonic functionin Then for all
r € By(x,) C Br(z,) CE

R N=2 R—p R _2R+p
- < < - .
(R+p) R+pu(%> - u(x) - (R—p) R—pu(%)

Therefore ifp = o R for someo € (0, 1)

ci(o) sup u < u(x,) < co(o) inf w.
B,(x,) B,(zo)
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Theorem: (Gianazza-Vespri) Let u be a hon-negative, local, weak solution to (1)-(
forp > 2. Fix (z,,t,) € Er and construct the cylinders

Qf = Bp(xo) X (to,to + 0]

0 = oy lo 2P P
Q5 = By(0) x (t — 0, 1), culio to)l™ 1
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Theorem: (Gianazza-Vespri) Let u be a hon-negative, local, weak solution to (1)-(
forp > 2. Fix (z,,t,) € Er and construct the cylinders
QY = By(z0) X (to,to + 0]

0 = oy lo 2P P
Qp_ — BP(xO) X (to — (9,150]- [CU(x t )] g
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Theorem: (Gianazza-Vespri) Let u be a hon-negative, local, weak solution to (1)-(
forp > 2. Fix (z,,t,) € Er and construct the cylinders
QY = By(z0) X (to,to + 0]

0 — 0, to 2—p p
Qp_ — BP(xO) X (to — (9,150]- [Cu(x t )] g

There exist constantse (0, 1) andy > 1 depending only upon the data, such that
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As p "\, 2 the constants and~ tend to finite, positive constants, thereby recovering
the classical forms of the Harnack estimates for the “heaagon”.
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Theorem: (Gianazza-Vespri) Let u be a hon-negative, local, weak solution to (1)-(
forp > 2. Fix (z,,t,) € Er and construct the cylinders

Qf = Bp(xo) X (to,to + 0]

0 — 0, to 2—p p
Qp_ — BP(xO) X (to — (9,150]- [Cu(x t )] g

There exist constantse (0, 1) andy > 1 depending only upon the data, such that
all such intrinsic cylinders

7 osup w(z,to — 0) < ulxo,to) <~ inf wu(x,to + 6).

Bp(zo) Bp(xo)

As p "\, 2 the constants and~ tend to finite, positive constants, thereby recovering
the classical forms of the Harnack estimates for the “heaagon”.

Bonus. Harnack implies Holder (interior)
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