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Let E be an open set inRN and forT > 0 let ET = E × (0, T ]. Let u be a weak

solution of

ut − div A(x, t, u,Du) = 0 weakly in ET (1)

whereA : ET × R
N+1 → R

N is only measurable and subject to the structure

conditions
8

<

:

A(x, t, ξ,Du) · Du ≥ Co|Du|p

|A(x, t, ξ,Du)| ≤ C1|Du|p−1
a.e. (x, t, ξ) ∈ ET × R. (2)

whereCo andC1 are given positive constants, andp ≥ 2 The prototype example is

ut − div |Du|p−2
Du = 0, p ≥ 2, weakly in ET .

The modulus of ellipticity|Du|p−2 → 0 as|Du| → 0.

Issue: Is there a Harnack estimate for such solutions ?
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ut − div |Du|p−2Du = 0 weakly in ET .

Consider the the Barenblatt similarity solutions fort > 0

B(x, t) =
1

tN/λ

{

1 − b
( |x|

t
1

λ

)

p
p−1

}

p−1

p−2

+

b =
1

λ
1

p−1

p − 2

p

λ = N(p − 2) + p.
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b =
1

λ
1

p−1

p − 2

p

λ = N(p − 2) + p.

This exhibits compact support, thereby denying aclassical formof the

Harnack estimate.

Therefore the Harnack inequality in its classical form fails.

Pavia-Cetraro, June 18-27, 2009 – p. 3/6



A Digression in Non-Negative Harmonic Functions in E

Pavia-Cetraro, June 18-27, 2009 – p. 4/6



A Digression in Non-Negative Harmonic Functions in E

Theorem: Let u be a non-negative harmonic function inE. Then for all

x ∈ Bρ(xo) ⊂ BR(xo) ⊂ E

(

R

R + ρ

)N−2
R − ρ

R + ρ
u(xo) ≤ u(x) ≤

(

R

R − ρ

)N−2
R + ρ

R − ρ
u(xo).

Pavia-Cetraro, June 18-27, 2009 – p. 4/6



A Digression in Non-Negative Harmonic Functions in E

Theorem: Let u be a non-negative harmonic function inE. Then for all

x ∈ Bρ(xo) ⊂ BR(xo) ⊂ E

(

R
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)N−2
R − ρ

R + ρ
u(xo) ≤ u(x) ≤

(

R

R − ρ

)N−2
R + ρ

R − ρ
u(xo).

Therefore ifρ = σR for someσ ∈ (0, 1)

c1(σ) sup
Bρ(xo)

u ≤ u(xo) ≤ c2(σ) inf
Bρ(xo)

u.
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As p ց 2 the constantsc andγ tend to finite, positive constants, thereby recovering

the classical forms of the Harnack estimates for the “heat equation”.
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There exist constantsc ∈ (0, 1) andγ > 1 depending only upon the data, such that for

all such intrinsic cylinders

γ
−1 sup
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u(x, to − θ) ≤ u(xo, to) ≤ γ inf
Bρ(xo)

u(x, to + θ).

As p ց 2 the constantsc andγ tend to finite, positive constants, thereby recovering

the classical forms of the Harnack estimates for the “heat equation”.

Bonus: Harnack implies Hölder (interior).
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