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Connection tadQuasilinear Elliptic Equations and Minima or Quasi-Miniina
the Calculus of Variations
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Connection to Quasi-Linear Elliptic Equations

divA(x;u;r u)+ B(x;u;r u)=0
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Connection to Quasi-Linear Elliptic Equations

dvAXu,ru+ B(x;uru=20
with the structure conditions
A X;u,ru ru jr uj®  fP
jA x;u;ruj jruP t+frd
B x;uiruj o uff t+f,
for given constant§ < and , > 0, and given non-negative function

f 2LN*"(E); f,2L » (E); forsome"> O:

Weak solutions of these pde's belong to the DG-classes with

1] p

= P= KkfKkP . .+ kfokl.,.
NN+ ) and N + oK

foraconstant (N;p; ; ; o).
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Properties of Functions in the DG-Classes
Functions in the DG-Classes have remarkable propertrespective of their
connection with quasi-linear equations or Q-minima. Irticatar:
They are locally bounded.
They are locally Holder continuous .

Non non-negative functions in DG satisfy the Harnack indguéypical
of non-negative harmonic functions).

A Digression in Non-Negative Harmonic Functions inE

Theorem: Letu be a non-negative harmonic functionin Then for all
X2B (Xo) BR(XO) E
N 2 R R

N 2R+
uxo) U = o

R
R+ R+

u(Xo):
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C iEEnc W (homogeneous classes)
1
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Expansion of Positivity

Proposition: LetM > OandBy (y) By If
w M\ Bi(y)  3iBi] (1)

then there exists 2 (0; 1) depending only on the parameters of the
DG-Classes such that

w "M in Ba (y): (2)
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The original Proposition proved by DeGiorgi wassdrinking” proposition, in that
iInformation on a balB., yields information on a smaller bet# Ly This is an
“expanding’proposition in the sense that information on a l&ally) yields
information on a larger baB 2, (y). The proof is analogous to the original DeGiorg
proof, whence one observes that the assumption implies

1

W M]\ By (y) jBarj; Wwhere = 4I\I:

NI

This “expansion of positivity”is essentiallythe” Harnack inequality.
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Importance of Finding and Eliminating M

The proof reduces to nding/ for which (1) holds true. Howevéyl is not
guantitativelyknown. If M werequantitativelyknown then one could alway
concoct a lower bound o in B1.

For example from the Ho6lder continuity estimate

supw infw M — ; whereM =supw:
B B R B,

From this sincev(0) = 1

|
NI =

Infw supw M — 1 M
B Bp R

for = R forsome = (; ;M ).

Thus Harnack estimates that depend in some fashion on saimasof the
supremum ofi are not that informative.
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Finding and Eliminating M. Part 1

Fors 2 [0O; 1) consider the ball® ¢ and the increasing families of numbers

Mg =sup w, Ns=(1 9)
Bs

where > O0is to be chosen. Sincg 2 L' (B»), the netf Mg is bounded.
One veri es that

Mo= No=1; iImMs<1; and ImNg=1":
sl 1 st 1

Therefore the equatioll s = Ng has roots, and we denote byhe largest of
these roots. Therefore

supw=(1 s) = M:
Bs

Also, sinces is the largest root ol = Ng

1 s 1+s
M ; where Rg= > ;

»
c
S
=
1
N
<
1
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Forx 2 Bs consider the balls

Br(x) for R:¥ sothat Br(x) Br,:

By construction

supw M and supw M forall Br(X):
Bs BRr(X)

Proposition: There exists abaBr(x) Bgr, such that

w>M  aM ]\ Br(X) > |BRg] (*)

| p
= ci(datd(@  a)2NPJ): a=" 1 2

Proof: If (*) fails, apply DeGiorgi's “shrinking” procedure to conclude

0"

w< (1 a )M =M inallballs Big(x) Br,:

Thusw <M in Bs, contradicting the de nition oM .
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Sincew is in the DG-Classes, alsois in the DG-Classes. Therefore

kr vkP

ey RUP implying kr vkigo(x) RN %

Apply the Measure Theoretical Lemnvaith

This gives the existence af, 2 Br(X), a parameter(datg ) and a ball
B r (Xo) BR(X), such that

w> IM \ By (Xo)  %jB:j; where r = R:
since (1 a)M M.
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Expansion of Positivity Implies Harnack

By the Expansion of Positivity
w "M on By (Xp):

which implies
w  "*M  on Bu (Xo):

Iterating this process
w>""M on Bon ; (Xo):
After n iterations, the balB,n+1 , (Xo) will cover B, if n is so large that

2 2™y 2@ s) 4 = (@ st 2

M=) @)
Choose sothat2z " =1.
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Harnack Inequality and Holder Continuity

Consider the two functions

u” =supu u; u =u infu
Bo B2

They are both non-negative B, and both belong to the DG-Classes for the same
constants. Therefore

CSup Ssupu u inf  supu u
B Bo B B2

csup u infu inf u Iinfu:
B B2 B B2

From this, by the standard Moser's argument

oscu (1 c)gscu wherec = c(N;p; ):
2

What if c = c(u) depends o ? This argument doesotimply the Holder continuity

of u. Thus a Harnack estimate with= c(u) contains limited information.
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