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Connection toQuasilinear Elliptic Equations and Minima or Quasi-Minimain
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Weak solutions of these pde's belong to the DG-classes with
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N (N + ")
and 
 p
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kf kp
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�
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� They are locally bounded.

� They are locally Hölder continuous inE .

� Non non-negative functions in DG satisfy the Harnack inequality (typical
of non-negative harmonic functions).

A Digression in Non-Negative Harmonic Functions inE

Theorem: Let u be a non-negative harmonic function inE . Then for all
x 2 B � (xo) � BR (xo) � E

�
R

R + �

� N � 2 R � �
R + �

u(xo) � u(x) �
�

R
R � �

� N � 2 R + �
R � �

u(xo):

Pavia-Cetraro, June 18-27, 2009 – p. 4/15



Poisson Representation, Mean Value Property and Har-

nack Estimates

Pavia-Cetraro, June 18-27, 2009 – p. 5/15



Poisson Representation, Mean Value Property and Har-

nack Estimates

Proof: Assumexo = 0 . By the Poisson's representation formula of harmonic
functions and themean value property, for all x 2 BR

Pavia-Cetraro, June 18-27, 2009 – p. 5/15



Poisson Representation, Mean Value Property and Har-

nack Estimates

Proof: Assumexo = 0 . By the Poisson's representation formula of harmonic
functions and themean value property, for all x 2 BR

u(x) =
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Z
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u(y)
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d�

�
R2 � j xj2

R! N

Z
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Z

@BR

ud�

=
�

R
R + jxj

� N � 2 R � j xj
R + jxj

u(0):

Pavia-Cetraro, June 18-27, 2009 – p. 5/15



Poisson Representation, Mean Value Property and Har-

nack Estimates

Proof: Assumexo = 0 . By the Poisson's representation formula of harmonic
functions and themean value property, for all x 2 BR

u(x) =
R2 � j xj2

�! N

Z

@BR

u(y)
jx � yjN

d�

�
R2 � j xj2

R! N

Z

@BR

u(y)
(jyj + jxj)N d�

=
R2 � j xj2

(R + jxj)N RN � 2�
Z

@BR

ud�

=
�

R
R + jxj

� N � 2 R � j xj
R + jxj

u(0):

From this, for allx 2 B � (xo) for � = �R for some� 2 (0; 1)

Pavia-Cetraro, June 18-27, 2009 – p. 5/15



Poisson Representation, Mean Value Property and Har-

nack Estimates

Proof: Assumexo = 0 . By the Poisson's representation formula of harmonic
functions and themean value property, for all x 2 BR

u(x) =
R2 � j xj2

�! N

Z

@BR

u(y)
jx � yjN

d�

�
R2 � j xj2

R! N

Z

@BR

u(y)
(jyj + jxj)N d�

=
R2 � j xj2

(R + jxj)N RN � 2�
Z

@BR

ud�

=
�

R
R + jxj

� N � 2 R � j xj
R + jxj

u(0):

From this, for allx 2 B � (xo) for � = �R for some� 2 (0; 1)
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Expansion of Positivity

Proposition: Let M > 0 andB4r (y) � B4. If
�
� [w � M ] \ B r (y)

�
� � 1

2 jB r j (1)

then there exists" 2 (0; 1) depending only on the parameters of the
DG-Classes such that

w � "M in B2r (y): (2)
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This “expansion of positivity”is essentially“the” Harnack inequality.
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The proof reduces to �ndingM for which (1) holds true. HoweverM is not
quantitativelyknown. If M werequantitativelyknown then one could always
concoct a lower bound onw in B1.

For example from the Hölder continuity estimate

sup
B �

w � inf
B �

w � 
M
� �

R

� �
; where M = sup

B 1

w:
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The proof reduces to �ndingM for which (1) holds true. HoweverM is not
quantitativelyknown. If M werequantitativelyknown then one could always
concoct a lower bound onw in B1.

For example from the Hölder continuity estimate

sup
B �

w � inf
B �

w � 
M
� �

R

� �
; where M = sup

B 1

w:

From this sincew(0) = 1

inf
B �

w � sup
B �

w � 
M
� �

R

� �
�

n
1 � 
M

� �
R

� � o
�

1
2
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sup
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w � inf
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w � 
M
� �

R

� �
; where M = sup

B 1

w:

From this sincew(0) = 1

inf
B �

w � sup
B �

w � 
M
� �

R

� �
�

n
1 � 
M

� �
R

� � o
�

1
2

for � = �R for some� = � (
; �; M ).
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The proof reduces to �ndingM for which (1) holds true. HoweverM is not
quantitativelyknown. If M werequantitativelyknown then one could always
concoct a lower bound onw in B1.

For example from the Hölder continuity estimate

sup
B �

w � inf
B �

w � 
M
� �

R

� �
; where M = sup

B 1

w:

From this sincew(0) = 1

inf
B �

w � sup
B �

w � 
M
� �

R

� �
�

n
1 � 
M

� �
R

� � o
�

1
2

for � = �R for some� = � (
; �; M ).

Thus Harnack estimates that depend in some fashion on some estimate of the

supremum ofu are not that informative.
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Finding and Eliminating M . Part 1

Fors 2 [0; 1) consider the ballsBs and the increasing families of numbers

M s = sup
B s

w; Ns = (1 � s) � �

where� > 0 is to be chosen.
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Fors 2 [0; 1) consider the ballsBs and the increasing families of numbers

M s = sup
B s

w; Ns = (1 � s) � �

where� > 0 is to be chosen. Sincew 2 L 1 (B2), the netf M sg is bounded.
One veri�es that
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Fors 2 [0; 1) consider the ballsBs and the increasing families of numbers

M s = sup
B s

w; Ns = (1 � s) � �

where� > 0 is to be chosen. Sincew 2 L 1 (B2), the netf M sg is bounded.
One veri�es that

M o = No = 1 ; lim
s! 1

M s < 1 ; and lim
s! 1

Ns = 1 :

Pavia-Cetraro, June 18-27, 2009 – p. 10/15



Finding and Eliminating M . Part 1

Fors 2 [0; 1) consider the ballsBs and the increasing families of numbers

M s = sup
B s

w; Ns = (1 � s) � �

where� > 0 is to be chosen. Sincew 2 L 1 (B2), the netf M sg is bounded.
One veri�es that

M o = No = 1 ; lim
s! 1

M s < 1 ; and lim
s! 1

Ns = 1 :

Therefore the equationM s = Ns has roots, and we denote bys the largest of
these roots. Therefore
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Finding and Eliminating M . Part 1

Fors 2 [0; 1) consider the ballsBs and the increasing families of numbers

M s = sup
B s

w; Ns = (1 � s) � �

where� > 0 is to be chosen. Sincew 2 L 1 (B2), the netf M sg is bounded.
One veri�es that

M o = No = 1 ; lim
s! 1

M s < 1 ; and lim
s! 1

Ns = 1 :

Therefore the equationM s = Ns has roots, and we denote bys the largest of
these roots. Therefore

sup
B s

w = (1 � s) � � = M:

Also, sinces is the largest root ofM s = Ns

sup
B R o

w �
�

1 � s
2

� � �

= 2 � M = M � ; where Ro =
1 + s

2
:
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Forx 2 B s consider the balls

BR (x) for R =
1 � s

4
so that BR (x) � BR o :
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Forx 2 B s consider the balls

BR (x) for R =
1 � s

4
so that BR (x) � BR o :

By construction

sup
B s

w � M and sup
B R ( x )

w � M � for all BR (x):
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Forx 2 B s consider the balls

BR (x) for R =
1 � s

4
so that BR (x) � BR o :

By construction

sup
B s

w � M and sup
B R ( x )

w � M � for all BR (x):

Proposition: There exists a ballBR (x) � BR o such that
�
� [w > M � � aM � ] \ BR (x)

�
� > � jBR j (*)

� = c1(data)(1 � a)c2 ( N;p ) ; a =
p

1 � 2� �
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�
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Proof: If (*) fails, apply DeGiorgi's“shrinking” procedure to conclude
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Finding and Eliminating M . Part 2

Forx 2 B s consider the balls

BR (x) for R =
1 � s

4
so that BR (x) � BR o :

By construction

sup
B s

w � M and sup
B R ( x )

w � M � for all BR (x):

Proposition: There exists a ballBR (x) � BR o such that
�
� [w > M � � aM � ] \ BR (x)

�
� > � jBR j (*)

� = c1(data)(1 � a)c2 ( N;p ) ; a =
p

1 � 2� �

Proof: If (*) fails, apply DeGiorgi's“shrinking” procedure to conclude

w < (1 � a2 )M � = M in all balls B 1
2 R (x) � BR o :

Thusw < M in B s , contradicting the de�nition ofM .
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Applying the Measure Theoretical Lemma

By the Proposition there existsBR (x) � BR o such that

j[v > 1] \ BR (x)j > � jBR j; where v =
w

(1 � a)M � :
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By the Proposition there existsBR (x) � BR o such that

j[v > 1] \ BR (x)j > � jBR j; where v =
w

(1 � a)M � :

Sincew is in the DG-Classes, alsov is in the DG-Classes. Therefore
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(1 � a)M � :

Sincew is in the DG-Classes, alsov is in the DG-Classes. Therefore

kr vkp
p;B R (x ) � 
R N � p implying kr vk1;B R (x ) � 
R N � 1:
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j[v > 1] \ BR (x)j > � jBR j; where v =
w

(1 � a)M � :

Sincew is in the DG-Classes, alsov is in the DG-Classes. Therefore

kr vkp
p;B R (x ) � 
R N � p implying kr vk1;B R (x ) � 
R N � 1:

Apply theMeasure Theoretical Lemmawith

� = �; � = � =
1
2

:
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Applying the Measure Theoretical Lemma

By the Proposition there existsBR (x) � BR o such that

j[v > 1] \ BR (x)j > � jBR j; where v =
w

(1 � a)M � :

Sincew is in the DG-Classes, alsov is in the DG-Classes. Therefore

kr vkp
p;B R (x ) � 
R N � p implying kr vk1;B R (x ) � 
R N � 1:

Apply theMeasure Theoretical Lemmawith

� = �; � = � =
1
2

:

This gives the existence ofxo 2 BR (x), a parameter� (data; � ) and a ball
B �R (xo) � BR (x), such that
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Applying the Measure Theoretical Lemma

By the Proposition there existsBR (x) � BR o such that

j[v > 1] \ BR (x)j > � jBR j; where v =
w

(1 � a)M � :

Sincew is in the DG-Classes, alsov is in the DG-Classes. Therefore

kr vkp
p;B R (x ) � 
R N � p implying kr vk1;B R (x ) � 
R N � 1:

Apply theMeasure Theoretical Lemmawith

� = �; � = � =
1
2

:

This gives the existence ofxo 2 BR (x), a parameter� (data; � ) and a ball
B �R (xo) � BR (x), such that

�
� � w > 1

4 M
�

\ B r (xo)
�
� � 1

2 jB r j; where r = �R:

since� (1 � a)M � � 1
4 M .
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By the Expansion of Positivity

w � "M on B2r (xo):

Pavia-Cetraro, June 18-27, 2009 – p. 13/15



Expansion of Positivity Implies Harnack

By the Expansion of Positivity

w � "M on B2r (xo):

which implies

w � "2M on B4r (xo):

Pavia-Cetraro, June 18-27, 2009 – p. 13/15



Expansion of Positivity Implies Harnack

By the Expansion of Positivity

w � "M on B2r (xo):

which implies

w � "2M on B4r (xo):

Iterating this process

w > " n M on B2n +1 r (xo):
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Expansion of Positivity Implies Harnack

By the Expansion of Positivity

w � "M on B2r (xo):

which implies

w � "2M on B4r (xo):

Iterating this process

w > " n M on B2n +1 r (xo):

After n iterations, the ballB2n +1 r (xo) will cover B1 if n is so large that

2 � 2n +1 r � 2n � (1 � s) � 4 =) (1 � s) � 1 � 2n �:
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which implies

w � "2M on B4r (xo):

Iterating this process

w > " n M on B2n +1 r (xo):

After n iterations, the ballB2n +1 r (xo) will cover B1 if n is so large that

2 � 2n +1 r � 2n � (1 � s) � 4 =) (1 � s) � 1 � 2n �:

"n M = "n (1 � s) � � � (2� " )n � � :
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Expansion of Positivity Implies Harnack

By the Expansion of Positivity

w � "M on B2r (xo):

which implies

w � "2M on B4r (xo):

Iterating this process

w > " n M on B2n +1 r (xo):

After n iterations, the ballB2n +1 r (xo) will cover B1 if n is so large that

2 � 2n +1 r � 2n � (1 � s) � 4 =) (1 � s) � 1 � 2n �:

"n M = "n (1 � s) � � � (2� " )n � � :

Choose� so that2� " = 1 .
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Harnack Inequality and Hölder Continuity

Consider the two functions

u+ = sup
B 2 �

u � u; u � = u � inf
B 2 �

u:
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Harnack Inequality and Hölder Continuity

Consider the two functions

u+ = sup
B 2 �

u � u; u � = u � inf
B 2 �

u:

They are both non-negative inB 2� and both belong to the DG-Classes for the same

constants. Therefore
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Harnack Inequality and Hölder Continuity

Consider the two functions

u+ = sup
B 2 �

u � u; u � = u � inf
B 2 �

u:

They are both non-negative inB 2� and both belong to the DG-Classes for the same

constants. Therefore

csup
B �

�
sup
B 2 �

u � u
�

� inf
B �

�
sup
B 2 �

u � u
�

csup
B �

�
u � inf

B 2 �
u

�
� inf

B �

�
u � inf

B 2 �
u

�
:
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Harnack Inequality and Hölder Continuity

Consider the two functions

u+ = sup
B 2 �

u � u; u � = u � inf
B 2 �

u:

They are both non-negative inB 2� and both belong to the DG-Classes for the same

constants. Therefore

csup
B �

�
sup
B 2 �

u � u
�

� inf
B �

�
sup
B 2 �

u � u
�

csup
B �

�
u � inf

B 2 �
u

�
� inf

B �

�
u � inf

B 2 �
u

�
:

From this, by the standard Moser's argument

osc
B �

u � (1 � c) osc
B 2 �

u where c = c(N; p; 
 ):
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Consider the two functions

u+ = sup
B 2 �

u � u; u � = u � inf
B 2 �

u:

They are both non-negative inB 2� and both belong to the DG-Classes for the same

constants. Therefore

csup
B �

�
sup
B 2 �

u � u
�

� inf
B �

�
sup
B 2 �

u � u
�

csup
B �

�
u � inf

B 2 �
u

�
� inf

B �

�
u � inf

B 2 �
u

�
:

From this, by the standard Moser's argument

osc
B �

u � (1 � c) osc
B 2 �

u where c = c(N; p; 
 ):

What if c = c(u) depends onu ? This argument doesnot imply the Hölder continuity

of u. Thus a Harnack estimate withc = c(u) contains limited information.
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