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The Classical Lebesgue-Besicovitch Theorem

Theorem: Let be a Radon measure in and let be
–locally integrable. Then

for –a.e.

If is one such a point, for every there exists such that

for all .

An Example: Cantor set of measure . Then

for a.e.

Issue: Assumptions on to have quantitative statements of and .
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A Measure Theoretical Lemma (Gianazza-Vespri)

For and , denote by the cube of edge centered
at , and with faces parallel to the coordinate planes. Write .

Lemma: Let satisfy

and (1)

for some and . Then, for every and
there exist and , such that

(2)

Meaning of the Lemma: If the set occupies an appreciable portion of ,

then there exists at least one point and a neighborhood where

remains arbitrarily close to 1 in some arbitrarily large portion of . Thus the set

where clusters about at least one point of .
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Proof: Counting the Subcubes Where h i j

It suffices to establish the Lemma for ? continuous and2 & �
.

For partition into equal cubes, with pairwise disjoint interior
and each of edge .

Divide these cubes into two subcollections and by

Denote by the number of cubes in . By the assumption

where is the common measure of the .
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A Property if the Class :

Fix . Then the integer can be chosen depending upon
and , such that
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This would establish the Lemma for .
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Counting the “Bad Cubes”

�I� �

Auxiliary Proposition: Let satisfy

(a “bad” cube) (4)

Then, there exists a constant such that

Proof: From the assumptions

and

For fixed and
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Estimating the “Largeness” of the Gradient

�� h � on

“Bad Cubes”

�� �

Let be the polar representation of with pole at , for the solid
angle . Integrate the previous relation in over .
Minorize the resulting left hand side, by using the lower bound on the
measure of such a set, and majorize the resulting integral on the right hand
side by extending the integration over . Express such an integration in
polar coordinates with pole at to get

Here is still a variable ranging over the set .
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Prove of the Auxiliary Proposition Concluded

Integrate now in over . Minorize the resulting left hand side
by using the lower bound on the measure of such a set, and majorize the
resulting right hand side, by extending the integration to . This gives

for a constant depending only upon . From this

where

and since
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Proof of the Measure-Theoretical Lemma

Fix and construct the class .

Fact 1:

Pick a cube . Then either

or

If the first of these occurs for some , then we are finished.

Fact 2: If the second occurs, for all , then by the Auxiliary
Proposition

for all cubes
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Identifying ©ª © «�¬®­ ¯­ °­ ± ²

Adding over all such disjoint cubes and taking into account Fact 1 gives

This is a contradiction if

and it identifies as .
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