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The Classical Lebesgue-Besicovitch Theorem

Theorem: Let 1 be a Radon measure in RY and let f : RN — R be
u—locally integrable. Then

1

lim / fdy = f(x) for p—ae. x € RY.
p—0 pu[B,(2)] /B, (2) (@)
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The Classical Lebesgue-Besicovitch Theorem

Theorem: Let 1 be a Radon measure in RY and let f : RN — R be
u—locally integrable. Then

1

lim / fdy = f(x) for p—ae. x € RY.
p—0 pu[B,(2)] /B, (2) (@)

If z is one such a point, for every € > 0 there exists 0 > 0 such that

f(z) —e <

alB, (@) /Bp(x) fip < f(@)+e

forall 0 < p < 9.
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The Classical Lebesgue-Besicovitch Theorem

Theorem: Let 1 be a Radon measure in RY and let f : RN — R be
u—locally integrable. Then

1

lim / fdy = f(x) for p—ae. x € RY.
p—0 pu[B,(2)] /B, (2) (@)

If z is one such a point, for every € > 0 there exists 0 > 0 such that

f(z) —e <

alB, (@) /Bp(x) fip < f(@)+e

forall 0 < p < 9.

An Example: F, C [0, 1] Cantor set of measure o € (0, 1). Then

lim |E04 M (:E—p,x—‘,—p)|

—1 forae. x € E,.
p—0 2p
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The Classical Lebesgue-Besicovitch Theorem

Theorem: Let 1 be a Radon measure in RY and let f : RN — R be
u—locally integrable. Then

1

lim / fdy = f(x) for p—ae. x € RY.
p—0 pu[B,(2)] /B, (2) (@)

If z is one such a point, for every € > 0 there exists 0 > 0 such that

f(z) —e <

alB, (@) /Bp(x) fip < f(@)+e

forall 0 < p < 9.

An Example: F, C [0, 1] Cantor set of measure o € (0, 1). Then

lim |EO€ M (iU—p,iU—‘r[)H

—1 forae. x € E,.
p—0 2p

Issue: Assumptions on f to have quantitative statements of € and 9.
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A Measure Theoretical Lemma (Gianazza-Vespri)
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A Measure Theoretical Lemma (Gianazza-Vespri)

For p > 0 and y € RY, denote by K,(y) C R" the cube of edge p centered
at y, and with faces parallel to the coordinate planes. Write K,(0) = K.
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A Measure Theoretical Lemma (Gianazza-Vespri)

For p > 0 and y € RY, denote by K,(y) C R" the cube of edge p centered
at y, and with faces parallel to the coordinate planes. Write K,(0) = K.

Lemma: Leru € WH(K,) satisfy

1

fullwiacy <o~ and > 1)| > K, (1)

for some v > 0 and o € (0,1). Then, forevery § € (0,1)and 0 < X < 1
there exist x, € K, andn = n(a,d,v,\,N) € (0, 1), such that

[[u > AN Kyp(xo)| > (1 —06)|Kyp(zo)|- (2)
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A Measure Theoretical Lemma (Gianazza-Vespri)

For p > 0 and y € RY, denote by K,(y) C R" the cube of edge p centered
at y, and with faces parallel to the coordinate planes. Write K,(0) = K.

Lemma: Letu € WH(K),) satisfy

1

fullwiacy <o~ and > 1)| > K, (1)

for some v > 0 and o € (0,1). Then, forevery § € (0,1)and 0 < X < 1
there exist x, € K, andn = n(a,d,v,\,N) € (0, 1), such that

[[u > AN Kyp(xo)| > (1 —06)|Kyp(zo)|- (2)

Meaning of the Lemma: If the set [u > 1] occupies an appreciable portion of K,
then there exists at least one point y € K, and a neighborhood K, ,(y) C K, where u
remains arbitrarily close to 1 in some arbitrarily large portion of K, ,(x,). Thus the set

where u ~ 1 clusters about at least one point of K.
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Proof: Counting the Subcubes Where u > 1

It suffices to establish the Lemma for u continuous and p = 1.
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Proof: Counting the Subcubes Where u > 1

It suffices to establish the Lemma for u continuous and p = 1.

For n € N partition K into n?¥ equal cubes, with pairwise disjoint interior
and each of edge 1/n.
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Proof: Counting the Subcubes Where u > 1

It suffices to establish the Lemma for u continuous and p = 1.

For n € N partition K into n?¥ equal cubes, with pairwise disjoint interior
and each of edge 1/n.

Divide these cubes into two subcollections Q* and Q™ by
+ 87
Q; €Q" = |u>1ng;|> 5@

Q; €Q° — |[u>1]ﬂQz\§%\Qz|
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Proof: Counting the Subcubes Where u > 1

It suffices to establish the Lemma for u continuous and p = 1.

For n € N partition K into n?¥ equal cubes, with pairwise disjoint interior
and each of edge 1/n.

Divide these cubes into two subcollections Q* and Q™ by
+ 87
Q; €Q" = |u>1ng;|> 5@

Q; €Q° — |[u>1]ﬂQz\§%\Qz|

Denote by #(Q™) the number of cubes in Q. By the assumption

> e>1nQ;l+ X |u>1]NQi| > alKi| = an™|Q)|
Q; €QT Q:eQ~

where || is the common measure of the ().
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Proof: Counting the Subcubes Where u > 1
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Proof: Counting the Subcubes Where u > 1

From the definitions of the classes Q=

u

> 1] N Q4

11 NQ;
anN< Z Hu> ] Q]| + Z
Q;eQT ‘Q3| Q:€eQ~
«

< #(QT) + §(nN — #(QM)).

Qi
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Proof: Counting the Subcubes Where u > 1

From the definitions of the classes Q=

o < 3 lu>106Q4 | > [ > 1] N Q|
Q;eQT ‘Q]| Q:eQ~ ‘Qz|
<#(Q) + 5" - #(QY).
Therefore
#(QY) > ———nV. 3)

2 —«
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Proof: Counting the Subcubes Where u > 1

From the definitions of the classes Q=

o < 3 lu>106Q4 | > [ > 1] N Q|
Q;eQT ‘Q]| Q:eQ~ ‘Qz|
<#(Q) + 5" - #(QY).
Therefore
#(QY) > ———nV. 3)

2 —«
A Property if the Class Q™
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Proof: Counting the Subcubes Where u > 1

From the definitions of the classes Q=

u

> 1] N Q4

>1NE;
anN< Z Hu ] QJ| + Z
Q;eQT ‘Q3| Q:€eQ~
(87

<#QY) + 50"~ #(@QY).

Therefore

#(Q) > ——nN.

2 —«

A Property if the Class Q™

Qi

3)

Fix §, A € (0,1). Then the integer n can be chosen depending upon «;, 9, A, y

and [V, such that

[u>ANQ;| > (1-14§)|Q;] forsome Q; € Q™.
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Proof: Counting the Subcubes Where u > 1

From the definitions of the classes Q=

u

> 1] N Q4

>11NQ;
anN< Z Hu ] QJ| + Z
Q;eQT ‘Q3| Q:€eQ~
«

< #(QT) + §(nN — #(QM)).

Therefore

#(Q) > ——nN.

2 —«

A Property if the Class Q™

Qi

3)

Fix §, A € (0,1). Then the integer n can be chosen depending upon «;, 9, A, y

and /V, such that

[u>ANQ;| > (1-14§)|Q;] forsome Q; € Q™.

This would establish the Lemma for n = 1/n.
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Counting the “Bad Cubes” ) € QT
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Counting the “Bad Cubes” () € Q*

Auxiliary Proposition: Let ) € Q™ satisfy

[u>ANQ| < (1—-46)|Q]. (a “bad” cube) 4)
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Counting the “Bad Cubes” () € Q*

Auxiliary Proposition: Let ) € Q™ satisfy
[u > AN < (1—-10)|Q)|. (a “bad” cube) 4)

Then, there exists a constant ¢ = ¢(«, 9,7, n, V) such that

1
nN_l.

HuHWl’l(Q) > C(CM, 57 Y )‘7 N)
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Counting the “Bad Cubes” () € Q*

Auxiliary Proposition: Let ) € Q™ satisfy
[u > AN < (1—-10)|Q)|. (a “bad” cube) 4)

Then, there exists a constant ¢ = ¢(«, 9,7, n, V) such that

1
nN_l.

HuHWl’l(Q) > C(CM, 57 Y )‘7 N)

Proof: From the assumptions

W< ANQ|>6lQ  and [ 1+

u>—} HQ‘ IQI
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Counting the “Bad Cubes” () € Q*

Auxiliary Proposition: Let ) € Q™ satisfy
[u > AN < (1—-10)|Q)|. (a “bad” cube)

Then, there exists a constant ¢ = ¢(«, 9,7, n, V) such that

1
HuHWl’l(Q) > C(CM, 57 Y5 )‘7 N) nN—-1"
Proof: From the assumptions
1+ A
[u < AJNQ| > d6|Q) and [u> L} ‘

Forfixedz € [u < A/NQandy € [u>2(1+N)]NQ

1—A

[y —z|
—5 < u(y) —u(x) = /0 Du(z + tw) - wdt

ly—2x|
g/ Duz + tw)|dt
0

IQI
_Yy—x
z—y|

“4)
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Estimating the “Largeness” of the Gradient |Du| on

“Bad Cubes” ) € QT
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Estimating the “Largeness” of the Gradient |Du| on

“Bad Cubes” ) € QT

Let R(x,w) be the polar representation of 0(¢) with pole at z, for the solid
angle w.
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Estimating the “Largeness” of the Gradient |Du| on

“Bad Cubes” ) € QT

Let R(x,w) be the polar representation of 9¢) with pole at x, for the solid
angle w. Integrate the previous relation in dy over [u > (1 + A)] N Q.
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Estimating the “Largeness” of the Gradient |Du| on

“Bad Cubes” ) € QT

Let R(x,w) be the polar representation of 0(¢) with pole at z, for the solid
angle w. Integrate the previous relation in dy over [u > (1 + A)] N Q.
Minorize the resulting left hand side, by using the lower bound on the

measure of such a set,
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Estimating the ‘““Largeness” of the Gradient |Du| on

“Bad Cubes” ) € QT

Let R(x,w) be the polar representation of 0(¢) with pole at z, for the solid
angle w. Integrate the previous relation in dy over [u > (1 + A)] N Q.
Minorize the resulting left hand side, by using the lower bound on the
measure of such a set, and majorize the resulting integral on the right hand
side by extending the integration over ().
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Estimating the ‘““Largeness” of the Gradient |Du| on

“Bad Cubes” ) € QT

Let R(x,w) be the polar representation of 9¢) with pole at x, for the solid
angle w. Integrate the previous relation in dy over [u > (1 + A)] N Q.
Minorize the resulting left hand side, by using the lower bound on the
measure of such a set, and majorize the resulting integral on the right hand
side by extending the integration over (). Express such an integration in polar
coordinates with pole at z € [u < A| N @ to get
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Estimating the “Largeness” of the Gradient |Du| on

“Bad Cubes” ) € QT

Let R(x,w) be the polar representation of 9¢) with pole at x, for the solid
angle w. Integrate the previous relation in dy over [u > (1 + A)] N Q.
Minorize the resulting left hand side, by using the lower bound on the
measure of such a set, and majorize the resulting integral on the right hand
side by extending the integration over (). Express such an integration in polar
coordinates with pole at x € [u < A] N @ to get

a1 — Re) y—a|
|Q\ / / / | Du(z + tw)|dt dr dw
w|=1

R(x,w)
< NN2|Q / | Du(z + tw)|dtdw

jw|=1
[Du(z)|
oz — x| N1

= NN/2|| dz.
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Estimating the “Largeness” of the Gradient |Du| on

“Bad Cubes” ) € QT

Let R(x,w) be the polar representation of 9¢) with pole at x, for the solid
angle w. Integrate the previous relation in dy over [u > (1 + A)] N Q.
Minorize the resulting left hand side, by using the lower bound on the
measure of such a set, and majorize the resulting integral on the right hand
side by extending the integration over (). Express such an integration in polar
coordinates with pole at x € [u < A] N @ to get

a1 — Re) y—a|
|Q\ / / / | Du(x + tw)|dt dr dw
w[=1

R(x,w)
< NN2|Q / | Du(z + tw)|dtdw

jw|=1
[Du(z)|
oz — x| N1

= NN/2|| dz.

Here x is still a variable ranging over the set [u < .
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Prove of the Auxiliary Proposition Concluded
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Prove of the Auxiliary Proposition Concluded

Integrate now in dx over [u < A\| N Q.
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Prove of the Auxiliary Proposition Concluded

Integrate now in dx over [u < A] N ). Minorize the resulting left hand side
by using the lower bound on the measure of such a set,
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Prove of the Auxiliary Proposition Concluded

Integrate now in dx over [u < A] N ). Minorize the resulting left hand side
by using the lower bound on the measure of such a set, and majorize the
resulting right hand side, by extending the integration to ().
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Prove of the Auxiliary Proposition Concluded

Integrate now in dx over [u < A] N ). Minorize the resulting left hand side
by using the lower bound on the measure of such a set, and majorize the
resulting right hand side, by extending the integration to (). This gives
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Prove of the Auxiliary Proposition Concluded

Integrate now in dx over [u < A] N ). Minorize the resulting left hand side
by using the lower bound on the measure of such a set, and majorize the
resulting right hand side, by extending the integration to (). This gives

ad(l — A)
4NN/2 |Q| — HU’HWl 1(@) Sup/ |Z —ZE|N 1

< C(N)|QIMM|ullwra (o)

for a constant C'(/V') depending only upon N.
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Prove of the Auxiliary Proposition Concluded

Integrate now in dx over [u < A] N ). Minorize the resulting left hand side
by using the lower bound on the measure of such a set, and majorize the
resulting right hand side, by extending the integration to (). This gives

ad(l — A)
4NN/2 |Q| — HU’HWl 1(@) Sup/ |Z —ZE|N 1

< C(N)|QIMM|ullwra (o)

for a constant C'(/V') depending only upon N. From this

ad(l—A)

N-1
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Prove of the Auxiliary Proposition Concluded

Integrate now in dx over [u < A] N ). Minorize the resulting left hand side
by using the lower bound on the measure of such a set, and majorize the
resulting right hand side, by extending the integration to (). This gives

ad(l — A)
4NN/2 |Q| — HU’HWl 1(@) Sup/ |Z —ZE|N 1

< C(N)|QIMM|ullwra (o)

for a constant C'(/V') depending only upon N. From this

ad(l—A)

N-1

and since |Q| = (£)V

1
lullwr@) 2 5=
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Proof of the Measure-Theoretical Lemma
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Proof of the Measure-Theoretical Lemma

Fix o, A\, § € (0, 1) and construct the class Q.
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Proof of the Measure-Theoretical Lemma

Fix o, A\, § € (0, 1) and construct the class Q.

Fact 1:

#QT) > —=—nV.

2 —«
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Proof of the Measure-Theoretical Lemma

Fix o, A\, § € (0, 1) and construct the class Q.

Fact 1:

(o) ———_

2 —«
Pick a cube @; € Q. Then either

lu>ANQ;| = (1 -19)|Q;]

or

[u> AN Q;| < (1-19)|Qy].
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Proof of the Measure-Theoretical Lemma

Fix o, A\, § € (0, 1) and construct the class Q.

Fact 1:
#(QY) > -——n.

2 —«

Pick a cube @; € Q. Then either

lu>ANQ;| = (1 -19)|Q;]

or
[u> AN Q;| < (1-19)|Qy].

If the first of these occurs for some @; € Q™, then we are finished.
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Proof of the Measure-Theoretical Lemma

Fix o, A\, § € (0, 1) and construct the class Q.

Fact 1:
#(QY) > -——n.

2 —«

Pick a cube @; € Q. Then either

[u>ANQ;| = (1-10)[Q;]
or
lu> AN Qs < (1=19)|Qyl-
If the first of these occurs for some @; € Q™, then we are finished.

Fact 2: If the second occurs, for all (); € Q, then by the Auxiliary
Proposition
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Proof of the Measure-Theoretical Lemma

Fix o, A\, § € (0, 1) and construct the class Q.

Fact 1:
#(QY) > -——n.

2 —«

Pick a cube @; € Q. Then either

[u>ANQ;| = (1-10)[Q;]
or
lu> AN Qs < (1=19)|Qyl-
If the first of these occurs for some @; € Q™, then we are finished.

Fact 2: If the second occurs, for all (); € Q, then by the Auxiliary
Proposition

;_1 < |lu[lw11(q,) forallcubes Q; € Q™.
n
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Identifying n = n(«, 9, A\, N)
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Identifying n = n(«, 9, A\, N)

Adding over all such disjoint cubes () ; and taking into account Fact 1 gives
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Identifying n = n(«, 9, A\, N)

Adding over all such disjoint cubes () ; and taking into account Fact 1 gives

Q
2 —«

C(Oé, 5777N)n < H,U’HWLl(KQ <.
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Identifying n = n(«, 9, A\, N)

Adding over all such disjoint cubes () ; and taking into account Fact 1 gives

8%

9 _ ac(a,5,fy,N)n < HuHVVl’l(Kl) <.

This 1s a contradiction if

n >

c(a, 9, \, N)
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Identifying n = n(«, 9, A\, N)

Adding over all such disjoint cubes () ; and taking into account Fact 1 gives

8%

9 _ ac(a,5,fy,N)n < HuHVVl’l(Kl) <.

This 1s a contradiction if

n >

c(a, 9, \, N)

1

no

and it identifies 1) as
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