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1 Introduction

Given adomain {2 C R™, the Stokes problem models the motion of an incompress-
ible fluid occupying (2 and can be written as the following system of variational
equations,
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2u/§(g):Q(g)dx—/pdivydx:/f-vdx, Yo eV,
1) ol - Q Q- =
/qdivgdmzo, Vq € Q,
17

where V = (H} (£2))™ and Q isthe subspace of L?(§2) consisting of functionswith
zero mean value on {2. In this formulation v is the velocity of the fluid and p its
pressure. A similar problem arises for the displacement of an incompressible elastic
material.

An elastic material, indeed, can be modeled by the following variational equa-
tion, A and p« being the Lamé coefficients

2 Q,u/g(y):g(y)der)\/ divgdivydac:/i~gdx, Yo e V.
I?) 1?) 7]

The case where X is large, (or equivalently when v = A\/2(\ + u) approaches
1/2) can be considered as an approximation of (1) by a penalty method. Thelimiting
caseis exactly (1) up to the fact that w is a displacement instead of a velocity. Prob-
lems where \ is large are quite common and correspond to almost incompressible
materials.

Itisalso worth recalling that, defining Au = div g(u), that in 2D reads

82u1 + 1 8 <6U1 + 8U2>
9z ' 20 F) oxy )’
3) Au— r1 X ;’2 To 1

we have 2pAu = pAu + pgrad divu. Problems (1) and (2) are then respectively
equivalent to

—2pAu+gradp = pAu+gradp = f,

4 divu =0,
ulr =0,
and
5 —2pAu — Agraddivu = —plu — (A + p) graddivu = f.

Remark 1.1. The problems described above are, of course, physically unrealistic, as
they involve body forces and homogeneous Dirichlet boundary conditions. The aim
of doing so is to avoid purely technical difficulties and implies no loss of gener-
aity. The results obtained will be valid, unless otherwise stated, for all acceptable
boundary conditions.

To approximate the Stokes problem, two approaches follow quite naturally from the
preceding considerations. The first oneisto use system (1) and to discretize u and p
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by standard (or |ess standard) finite element spaces. The second oneisto use formu-
lation (2) with X large as a penalty approximation to system (1).

It rapidly became clear that both these approaches could yield strange resullts.
In particular, the first one often led to nonconvergence of the pressure and the sec-
ond one to a locking mechanism, the numerical solution being uniformly zero, or
unnaturally small for big A.

For velocity-pressure approximations, empirical cures were found by [46], [45]
and others. At about the same time some elements using discontinuouspressurefields
were shown to work properly ([31], [35]) from the mathematical point of view.

For the penalty method, the cure was found in selective or reduced integration
procedures. This consisted in evaluating terms like [, div u div v dz by quadrature
formulas of low order. This sometimes |led to good results.

It was finally stated ([50]), even if the result was implicit in earlier works ([8]),
that the analysis underlying the two approaches must be the same. Penalty methods
are often equivalent to some mixed methods. In such cases, the penalty method works
if and only if the associated mixed method works ([9]).

2 The Stokes problem as a mixed problem

2.1 Mixed formulation

We shall describe in this section how the Stokes problem (1) can be analyzed in the
general framework of mixed methods. Defining V = (H{ (2))", Q = L?(£2), and

(©) alwr) =2 [ £ i)
(P}

@ oo = - [ adivuds
(9]

problem (1) can clearly be written in the form: find w € V and p € Q such that

a(w,v) +b(v,p) = (f,v), VveV,
bu,q) =0, VgeQ,

whichisamixed problem. Indeed, it can be observed that p isthe Lagrange multiplier
associated with the incompressibility constraint.

)

Remark 2.1. It is apparent, from the definition (7) of b(-, ) and from the boundary
conditions of the functionsin V, that p, if exists, is defined up to a constant. There-
fore, we introduce the space

9) Q=L*()/R,

where two elements q1, g2 € L?(£2) areidentified if their differenceis constant. It
is not difficult to show that @ isisomorphic to the subspace of L2(£2) consisting of
functions with zero mean value on (2.
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With this choice, our problem reads. find w € V and p € @ such that

a(u,v) +b(v,p) = (f,v), YveV,
blu,q) =0, VqeQ,

Let us check that our problem is well-posed. With standard procedure, we can
introduce the following operators

(10)

(11) B = —div: (H}(2))" — L*(2)/R
and
(12) B' = grad : L*(2)/R — (H'(22))".

It can be shown (see, e.g., [64]) that

(13) ImBQ%{qeLQ(Q):/ﬂquO},

hence the operator B has a continuous lifting, and the continuous inf-sup condition
isfulfilled. We also notice that, with our definition of the space @, the kernel ker B!
reducesto zero.

Thebilinear form a(-, -) iscoerciveon V' (see[32, 64]), whence the ellipticity in
the kernel also will follow (i.e., A isinvertible on ker B).

We state the well-posedness of problem (10) in the following theorem.

Theorem 2.1. Let f be given in (H~*(£2))". Then there exists a unique (u,p) €
V' x @ solution to problem (10) which satisfies

(14) lullv +llplle < ClIf][a--

Now choosing an approximation V;, C V and @5, C @ yieldsthe discrete problem

2p/ e(uy) : g(vy,) do —/ py divyy, do = / [, dv, Vv, €V,
(15) Q Q Jo

/qhdivghdz:O, Yan € Q.
o}

The bilinear form a(+, -) is coercive on V'; hence, according to the general theory of
mixed approximations, there is no problem for the existence of a solution {u,,, py, }
to problem (15), while we might have troubles with the uniqueness of p,,. We thus
try to obtain estimates of the errors ||u — ||y and ||p — pr||o-

First we observethat, in general, the discrete solution w;, needsnot be divergence-
free. Indeed, the bilinear form b(-, -) defines a discrete divergence operator

(16) Bh = —dth : Vh — Qh~

(Itisconvenient heretoidentify Q = L?(2)/R and Q) C Q withtheir dual spaces).
In fact, we have
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(an (v ai)g = [ andivay do
Q

and, thus, divy, u,, turnsout to be the L?-projection of div wy, ONto Qp,.

The discrete divergence operator coincides with the standard divergence oper-
ator if divV, C Q. Referring to the abstract setting, we see that obtaining error
estimates requires a careful study of the properties of the operator B;, = — div;, and
of its transpose that we denote by grad;, .

The first question is to characterize the kernel ker B! = ker(grad,,). It might
happen that ker B}, contains nontrivial functions In these cases Im B;, = Im(divy,)
will be strictly smaller than Q, = Py, (ImB); this may lead to pathologies.
In particular, if we consider a modified problem, like the one that usualy origi-
nates when dealing with non-homogeneous boundary conditions, the strict inclusion
Im B, C Qr may even imply troubles with the existence of the solution. This situa-
tionsis made clearer with the following example.

Example 2.1. Let us consider problem (4) with nonhomogeneous boundary condi-
tions, that islet r be such that

(18) ulp=r, /ﬂﬂds:O,
I

Itisclassical to reducethiscaseto aproblem with homogeneousboundary conditions
by first introducing afunction @ € (H*(£2))" suchthat @|r = r. Settingu = u, + @
with u, € (Hg(£2))" we haveto solve

— 2pAuy + gradp = f + 2uAa = f,
(19) { pAuy +gradp = f +2pAu = f

divug =—diva =g, uylr=20

with A defined in (3). We thus find a problem with a constraint Bu, = g where
g # 0. It may happen that the associated discrete problem fails to have a solution,
because g, = Py, g does not necessarily belongs to Im B;,, whenever ker B, ¢
ker B'. Discretization where ker(grad,,) is nontrivial can therefore lead to ill-posed
problemsin particular for some nonhomogeneousboundary conditions. Examples of
such conditions can be found in [56, 57]. In general, any method that relies on extra
compatibility conditions is a source of trouble when applied to more complicated
(nonlinear, time-dependent, etc.) problems.

Let us now turn our attention to the study of the error estimates. Since the bilinear
forma(-, -) is coercive on V', we only have to deal with the inf-sup condition. The
following proposition will be the starting point for the analysis of any finite element
approximation of (10).

Proposition 2.1. Let (u, p) € V x @ bethe solution of (10) and suppose the follow-
ing inf-sup condition holdstrue (with &, independent of /)

, di d
(20) it sup J @ divende

> kp > ko > 0.
meQnu,evi llanllollunllv
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Then there exists a unique (ux, pr) € Vi x @y, solution to (15) and the following
estimate holds

21 - - < inf - - .
1) lu = upllv +[lp = prllo < Cg,,,evglqhth {llw=uullv +lp = anllo}
Remark 2.2. Actually, as it has been already observed, the existence of the discrete
solution (uy,, pn) (When the right hand side in the second eguation of (10) is zero)
is not a consequence of the inf-sup condition (20). However, we should not forget
about the possible situation presented in Example 2.1.

Remark 2.3. We shall aso meet cases in which the constant k;, is not bounded below
by ko. We shall then try to know precisely how it depends on & and to see whether
alower-order convergence can be achieved. When ker(grad,,) is nontrivial, we are
interested in a weaker form of (20)

f qn divy,, dz .
(22 sup *2— v T > inf an — q|lr2c0),
S8 Tl scrertera, 1 e

and in the dependence of k;, interms of 7.

Several ways have also been proposed to get a more direct and intuitive evaluation
of how a finite element scheme can approximate divergence-free functions. One of
them isthe constraint ratio, that we denote by C., and which is defined as

(23) Cr = dim Qh/ dim Vh.

Itis, therefore, the ratio between the number of linearly independent constraints
arising from the discrete divergence-free condition and the total number of degrees
of freedom of the discrete velocity.

The value of C,. has no direct interpretation, unless it is larger than 1, which
means that the number of constraints exceeds that of the variables. We then have a
locking phenomenon.

Conversely, asmall value of C',. implies a poor approximation of the divergence-
free condition. It must however be emphasized that such a use of the constraint ratio
has only alimited empirical value.

Another heuristic evaluation can be found by looking at the smallest repre-
sentable vortex for agiven mesh. Thiswill beclosely related to building adivergence-
free basis (cf. Section 10). The idea behind this procedure ([37]) is that a discrete
divergence-free function can be expressed as a sum of small vortices, that are, in-
deed, basis functionsfor ker Bj,. The size of the smallest vertices can be thought of
as the equivalent of the smallest representable wavelenght in spectral methods.

In this context, we shall refer to a uniform mesh of n? rectangles, n® cubes or
2n? triangles (Figure 1). We must also quote the results of [67] who introduced a
“patch test” to analyze similar problems. his patch test is only heuristic and does not
yield aproof of stability. Moreover, such atest may be misleading in several cases.
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22

Fig. 1. Uniform meshes

3 Some basic examples

We start this section with some two-dimensional examples of possible choices for
the spaces V, and Qy, namely the P, — Py, P, — P, elements. These elementsin
general do not satisfy the inf-sup condition (20) and are not applicable in practice.

Then we present a complete analysis of the P, — P, element. Even though it
might not be recommended to use this element because of its “unbalanced” approxi-
mation properties (O(h?) for V4, in the V-norm and only O(h) for Q;, inthe norm of
), so that estimate (21) turns out to be suboptimal, the analysis of this element con-
tains basic issues for getting familiar with the approximation of the Stokes problem.
Moreover, the stability properties of this element will often be used as an intermedi-
ate step for the analysis of other, more efficient, elements.

Example3.1. The P, — P, element
Let usconsider avery simple case, that is, a P; continuousinterpolation for both
velocity and pressure, namely, using the notation of [24],

(24) Vi =(L£1)°NV, Qn=2=£{NnQ.

Itis easy to check that if the number of trianglesislarge enough, then there exist non
trivia functions satisfying the discrete divergence-free condition. Thus no locking
will occur and a solution can be computed. Indeed, this method would not provide
an optimal approximation of the pressures by virtue of the unbalanced approxima-
tion propertiesof the discrete spaces (while (9, achievessecond order in L2, V}, gives
only first order in H''). On the other hand, users of such methods (you can think of
using also, for instance, (P, — P), (Q1 — @Q1), €tc.), soon became aware that their re-
sults were strongly mesh dependent. In particular, the computed pressures exhibited
avery strange instability. This comes from the fact that for some meshes the kernel
of the discrete gradient operator is nontrivial. This means that the solution obtained
is determined only up to a given number of spurious pressure modes, ([56, 57]) and
that, at best, some filtering will have to be done before accurate results are avail-
able. We shall come back later on to this phenomenon also named checkerboarding
in Section 5. To better understand the nature of spurious pressure modes, the reader
may check the results of Figure 2 in which different symbols denote points where
functionsin ker(grad,) must have equal valuesfor a (P, — P;) approximation. In
this case we have three spurious pressure modes. This also shows that there exists
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@ = @

C, & O

Fig. 2. Spurious pressure modes

on this mesh one nontrivial discrete divergence-freefunction whereas a direct count
would predict locking.

Example 3.2. P, — Py approximation

Thisis probably the simplest element one can imagine for the approximation of
an incompressible flow: one uses a standard P, approximation for the velocities and
a piecewise constant approximation for the pressures. With the notation of [24] this
would read

(25) Vi =(L1)*NV, Qn=2LNQ.

As the divergence of a P; velocity field is piecewise constant, this would lead to
a divergence-free approximation. Moreover, this would give a well-balanced O(h)
approximation in estimate (21).

However, it is easy to see that such an element will not work for a general mesh.
Indeed, consider atriangulation of a (simply connected) domain {2 and let us denote
by

— ¢ the number of triangles,
— vy the number of internal vertices,
— vp the number of boundary vertices.

We shall thus have 2v; degrees of freedom (d.o.f.) for the space V}, (since the ve-
locities vanish on the boundary) and (¢t — 1) d.o.f. for @, (because of the zero mean
value of the pressures) leading to (¢ — 1) independent divergence-free constraints.
By Euler'srelations, we have

(26) t=2vr+vg—2

and thus
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(27) t—1> 2y

whenever vp > 3. A function u;, € V}, is thus overconstrained and a locking phe-
nomenon is likely to occur: in general the only divergence-free discrete function is
u, = 0. When the mesh is built under certain restrictions, it is, however, possible
that some linear constraints become dependent: this will be the case for the cross-
grid macroelement (Figure 3) which will be analyzed in Example 5.3.

Fig. 3. Thecross-grid element

Example 3.3. A stable approximation: the P, — P, element

Let us now move to the stable P, — P, element; namely, we use continuous
piecewise quadratic vectors for the approximation of the velocities and piecewise
constants for the pressures.

The discrete divergence-free condition can then be written as

(28) /divyhdaz:/ u, -nds =0, VKeT,
K JOK B

that is as a conservation of mass on every element. This is intuitively an approxi-
mation of divu, = 0, directly related to the physical meaning of this condition.
It is clear from error estimate (21) and standard approximation results that such an
approximation will lead to the loss of one order of accuracy due to the poor approxi-
mation of the pressures. However, an augmented L agrangian technique can be used,
in order to recover a part of the accuracy loss (see Remark 3.2).

We are going to prove the following proposition.

Proposition 3.1. The choice
(29) Vi=(£)°NV, Qn=28NnQ
fulfills the infsup condition (20).
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Proof. Before giving the rigorous proof of Proposition 3.1 we are going to sketch the
main argument.

If we try to check the inf-sup condition by building a Fortin operator 7}, then,
given u, we haveto build w;, = ITj,u such that

(30) / div(u — up)gn dz =0, Vqn € Q.
0

Since ¢y, is constant on every element K € 75, thisis equivalent to
(3) [ divtw-w)do= [ (w-w)-nds=o,
K 0K

Thislast condition would be satisfied if w;, could be builtin thefollowing way. Let us
denoteby M; ande;, i = 1,2, 3, the vertices and the sides of the triangular element
K (Figure 4); the midside nodes are denoted by M;;. We then define

M3

€3

S
M, M2 M>

Fig. 4. Vertices, edges and midnodes

(32) ﬂh(]\/[z) = Q(MZ‘), 1= ]., 273

(33) /%@=/gw

i i

Condition (33) can be fulfilled by a correct choice of u;, (M;;). Moreover this con-
struction can be done at element level as the choice of w, (M;;) is compatible on
adjacent elements (that is, with this definition, u,, turns out to be continuous).
Although thisis the basic idea, some technicalities must be introduced before a
real constructionisobtained. Indeed, for u € (Hg(£2))?, condition (32) hasno sense.
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Let usthen give arigorous proof of Proposition 3.1. We denoteby 17, : V — V},
the Clément interpolant [30]. We then have

(34) D OBE P — Mol < cllelff o, =01
K

Setting r = 1 and using the triangular inequality ||17;v|| < ||lv — IT1v|| + ||v|| gives
(35) Hhully < eallgllv, VeV,

We now modify I7; in asuitable way. Let usdefine I15 : V' — V}, in the follow-
ing way:

(36) Iow| (M) =0, VM vertex of K,
(37) /Hggds :/gds, Ve edge of K.

€

By construction I, satisfies

(39 [ divle = maands =0, Ve, € Vi, a1 € Qs

and a scaling argument gives

(39) Mo = |Tovl, < oK, 60)lal], g < e(K.00) (hic'lelo, + o k).
We can now define

(40) yu = Iu A+ Mo (u — IThu)

and observethat (39) and (34) imply

(41) [ II2(I — IIullv < collullv, Yuev,
since
(42) | T2(1 = )|} o = [[2(I = )]} &

K

43)  <cY {nEIU = M)ullf g + (I = M)ul? g} < clllff o
K

Hence I1;, is aFortin operator and the proof is concluded.

The above proof can easily be extended to more general cases. It appliesto the Q- —
Py quadrilateral element provided the usual regularity assumptions on quadrilateral
meshes are made. A ssimple modification will hold for elements in which only the
normal component of velocity is used as a d.o.f. at the midside nodes ([37], [33],
[11]). Indeed, if only the normal component of w,, isused as adegree of freedom, the
P, — Py element becomesthe element of Figure 5 in which, on each side, the normal
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M3

Mas

M1 + M2

M2

Fig. 5. Reduced P> — Py element

component of u,, is quadratic, whereas the tangential component is only linear. In
this case we can define I715v by setting

(44) /E(HQQ'ﬂ)dS:/eQ-QdS

The above proof applies directly. The same remark is valid for the Q5 — Py quadri-
lateral element.

Remark 3.1. The philosophical idea behind the P, — P, element is that we need
one degree of freedom per each interface (actualy, the normal component of the
velocity) in order to control the jump of the pressures. Thisis basically the meaning
of the Green’sformula (31). For three-dimensional elements, for instance, we would
need some midface node instead of a midside node in order to control the normal
flux from one element to the other.

In particular, we point out that adding internal degrees of freedom to the veloc-
ity space cannot stabilize elements with piecewise constant pressures which do not
satisfy the inf-sup condition.

Remark 3.2. To reduce the loss of accuracy due to the unbalanced approximation
properties of the spaces V), and @}, we can employ the augmented L agrangian tech-
nique of [16]. The discrete schemereads: find (u;,, pr) € Vi x @), such that

/ e(w,) : g(vy,) dz + h_l/z/ div w, div vy, dz

ol - Q

(45) f/phdivghdx:/ fru,dx Yy, € Vp,
Q ol

/qhdivghda::() Yan € Q.
1?)

Following [16] we have the following error estimate
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46) lu—wyllv +lp—pullo < ch®® inf (llu—2vllv+lp—dllo) -
vEVR, g€QR

4 Standard techniques for checking the inf-sup condition

We consider in this section standard techniques for the proof of the inf-sup stability
condition (20) that can be applied to a large class of elements. For ease of presenta-
tion, in this section we develop the theory only and postpone the examples to Sec-
tions 6 and 7, for two- and three-dimensional schemes, respectively. However, after
the description of each technique, we list some schemes for which that technique
appliestoo.

Of course, the first method consistsin the direct estimate of the inf-sup constant.
In order to do that, we need to construct explicitly the operator grad,, : Qp — Vi,
satisfying

) [ andiverad, gn do = [l
2
(48) |l grad;, anllv < cnllanlle
for any g, € Qp. If the constant ¢;, in (48) is bounded above, then the inf-sup
condition (20) will hold true.
4.1 Fortin’s trick

An efficient way of proving the inf-sup condition (20) consistsin using the technique
presented in [36] which consists of building an interpolation operator 11, asfollows.

Proposition 4.1. If there exists a linear operator 1, : V' — V}, such that

(49) / div(u — Hyu)gn de =0, Y€V, qn € Qn,
2

(50) [ Thullv < cf|ullv.

then the inf-sup condition (20) holdstrue.

Remark 4.1. Condition (49) is equivalent to ker(grad,) C ker(grad). An element
with this property will present no spurious pressure modes.

In several cases the operator I1;, can be constructed in two steps as it has been done
for the P,—P, element in Proposition 3.1. In general it will be enough to build two
operators I11, I1s € L(V,V},) such that

(51) [ Loy < cll]lv, Vv eV,
(52) [[IIo(I = Ih)ullv < eollullv, YueV,

(53) / div(v — IIv)q, = 0, Vv €V, Van € Qn,
2
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where the constants ¢; and ¢, are independent of i. Then the operator 17, satisfying
(49) and (50) will be found as

(54) IIhu = Iu + s (u — ITu).

In many cases, IT; will be the Clément operator of [30] defined in H(12).

On the contrary, the choice of 17, will vary from one case to the other, according
to the choice of V}, and @},. However, the common feature of the various choices for
115 will be the following one: the operator 115 is constructed on each element K in
order to satisfy (53). In many casesit will be such that

(55) 20|l x < c(hi oo, + v

1.K)
We can summarize this results in the following proposition.

Proposition 4.2. Let V}, be such that a “ Clément’s operator”: 11, : V — V}, exists
and satisfies (34). If there exists an operator 115 : V' — V}, such that (53) and (55)
hold, then the operator I1;, defined by (54) satisfies (49) and (50) and therefore the
discrete inf-sup condition (20) holds.

Example 4.1. The construction of Fortin’s operator has been used, for instance, for
the sability proof of the P, — P, element (see Example 3.3)

4.2 Projection onto constants

Following [19] we now consider a modified inf-sup condition.

div v, dx
(56) inf sup Jo an —h
an€Qn v,V [|UnllvIIan — anllQ

> ko >0,

where g, is the L2-projection of g;, onto £§ (that is, piecewise constant functions).

Proposition 4.3. Let us suppose that the modified inf-sup condition (56) holds with
ko independent of h. Assume moreover that V;, is such that, for any ¢, € £5 N Q,

qn divy,, dx
7 sup STV e,
vevi lullv
with ~o independent of /. Then the inf-sup condition (20) holds true.

Proof. For any ¢, € Qj one has

sup b(Qhth) — sup {b(ﬂhth —qn) i b(&m@h)}

veevi |unllv o ev, l2p v [z llv
(58) > sup b(un,qn) - b(Un,an — Gn)
v, EVa llop|lv v, EVh llunllv

> yollanlle = llan = anllo;
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which implies

b(Q}“ qh) kO’YO B
= eV = qnllQ-
v, €Vh [lup v 1+/{70|| [lo

Putting together (56) and (59) provesthe proposition.

Remark 4.2. In the case of continous pressures schemes, hypothesis (57) can bere-
placed with the following approximation assumption: for any v € V there exists
v! € V}, such that

(60) llo =2 lr2(0) < erbllelly, [l llv < eolluflv.

The details of the proof can be found in [19] when the mesh is quasiuniform. The
quasiuniformity assumption is actually not needed, as it can be shown with an ar-
gument similar to the one which will be presented in the next subsection (see, in
particular, Remark 4.3).

Example 4.2. The technique presented in this section will be used, for instance, for
the stability proof of the generalized two-dimensional Hood-Taylor element (see
Section 8.2 and Theorem 8.1).

4.3 Verflrth’s trick

Verfurth's trick [66] applies to continuous pressures approximations and is essen-
tially based on two steps. The first step is quite general and can be summarized in
the following Lemma.

Lemma 4.1. Let £2 be a bounded domainin RV with Lipschitz continuousboundary.
Let Vi, C (H}(2))? =V and Q) C H'(£2) beclosed subspaces. Assume that there
exists alinear operator 17 fromV into V}, and a constant ¢ (independent of /) such
that

. 1/2
61) o, — Mol <c > <h§(_27||ﬂ||%K) , YueV,r=0,1.
KeTy,

Then there exist two positive constants ¢; and ¢, such that, for every g, € Qp,

) 1/2
Jo an divy,, dx
(62)  sup Jo o divay, d > cillanllg — e2 ( > h%llg@dthlﬁ,K>

vEV), llwpllv KeT,
Proof. Given ¢, € Qp, let v € V' be such that

divod,
63) Jowndivods o

llzllvllgnlle —

where (3 is the continuous inf-sup constant. Then,



62 Dani€ele Boffi, Franco Brezzi, and Michel Fortin

Joandivu,do_ JoandivIRuds 1 [oqndiv TR0 de
sup > — 2 =
v,evi lunllv TRl 2c |2[v
1 Joandivode 1 [, qndiv(II}o — ) d
2 lollv 2c llzllv
(59 o Bl — L Jograla (T —p)da
= 4c! ™19 5 2llv
5 ) 1/2
> EH%HQ— (5 Z h%{|g@Qh|g,K> :
KeTy,

Remark 4.3. Indeed, via a scaling argument, it can be shown that the last term in the
right hand side of equation (62) isequivalent to ||g;, — gr||o, where g;, denotes, asin
the previous subsection, the L2-projection onto the piecewise constants.

We are now in the position of stating the main result of this subsection. Note that
Verflrth’'strick consists in proving akind of inf-sup condition where the zero norm
of g5, issubstituted by A |qp|1.

Proposition 4.4. Supposethe hypotheses of Lemma 4.1 hold true. Assume, moreover,
that there exists a constant ¢z such that, for every ¢, € Qp,

) 1/2
qn divy
(65) sup M 2 c3 < Z h%{|Qh|%K> :

v, €V Hyh”‘/ KeT,
Then the standard inf-sup condition (20) holdstrue.

Proof. Let us multiply (62) by ¢3 and (65) by ¢, and sum up the two equations. We
have

di d
(66) (c5 4 c) sup S0 dVEndT

> cicsllanllqs
v,evi  lluallv

that is, theinf-sup condition (20).

Example 4.3. The Verfurth’s trick has been designed for the stability analysis of the
Hood-Taylor method. It will be used for this purpose in Section 8.2 (see Theo-
rem 8.1).

4.4 Space and domain decomposition techniques

Sometimes the spaces V;, and (9, decomposes into the sum (direct or not) of sub-
spaces for which it might be easier to prove an inf-sup condition. Thisis the case,
for instance, when a domain decomposition technique is employed. Some of the re-
sultswe are going to present, can be viewed as a particular case of the macroelement
technique which will be introduced in subsection 4.5.

The next result has been presented and proved in [41].
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Proposition 4.5. Suppose that {2 can be decomposed as the union of digjoint subdo-
mains with Lipschitz continuous boundaries

R
(67) 2=
r=1

and that such decomposition is compatible with the mesh in the sense that each
element of the mesh is contained in one subdomain. WWe make use of the following
notation:

Vorp ={veVa:u=0in02\ 2},
(68) Qo,r = {q € Qy :/ qdr = ()}’

K={¢qeQ:q

Suppose, moreover, that the spaces 1 - and Q- satisfy the following inf-sup con-
dition

o, isconstant, r =1,..., R}.

divw, dx
(69) inf  sup —fg” an i

>k, >0,
an€Qor v, Vo |lanllQllunllv

with k, independent of 1 (r = 1,..., R) and that the following inf-sup condition
between V), and K holdstrue

di d
(70) i sup Jedndivende

> kK > 07
anekv,evi lanllQllunllv

with k5 independent of 4. Then the spaces V}, and @, satisfy the inf-sup condition
(20).

Sometimesiit is not possible (or it is not the best choice) to partition 2 into digoint
subdomains. L et us describe the case of two overlapping subdomains. The following
proposition can be checked by a direct computation.

Proposition 4.6. Let {2 be the union of two subdomains (2; and (2, with Lipschitz
continuous boundaries. With the notation of the previous proposition, suppose that
the spaces V4 . and @, satisfy the inf-sup conditions

qn div v, dz
(71) inf  sup fﬂr—h > ky >0,
m€Qory,evo, |lanllellupllv

for » = 1, 2. Then the spaces V}, and @}, satisfy the condition

,divu, dr 1
(72) inf  sup Jo qh_ —h > — min(ky, k2),
qhEQR v, €EVR ||qh - qh||Q||yh||V \/E

where, as in Section 4.2, we have denoted by g, the L? projection of ¢;, onto the
space £9.
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Another useful technique for proving the inf-sup condition can be found in [54].
Thisresult is quite general; in particular, the decomposition of the spaces V;, and @,
does not rely on adecomposition of the domain 2. In [54] the following proposition
isstated for atwo-subspaces decomposition, but it obviously extendsto more general
situations.

Proposition 4.7. Let Q1 and Q2 be subspaces of ()}, such that

(73) Qn =01+ Q2.

If V1, V5 are subspaces of V;, and a1, a2 positive constants such that

di d
(74) inf sup 7‘[9 Gh CIY U, 47

>a;, 1=1,2
meQiv,evi lanllellvsllv

and 3, 3. are nonnegative constants such that

/ o dive, dz| < Bullallollallv, @ € Qu, Yoy € Va,
(75) o
/ g dive, dz| < Ballasllollesllv,  as € Qs, Vo, € Vi,
(93
with
(76) 8162 < arag,

then the inf-sup condition (20) holdstrue with %, depending only on «;, 3;, 1 = 1, 2.

Remark 4.4. Condition (76) is trivialy true, for instance, when 85, = 0 and
ajag > 0.

Example4.4. Most of the technique presented in this section can be seen as a par-
ticular case of the macroelement technique (see Section 4.5) Proposition 4.6 will be
used in Theorem 8.1 for the stability proof of the Hood-Taylor scheme.

4.5 Macroelement technique

In this section we present a technique introduced by Stenberg (see [59, 60, 62, 61,
63]) which, under suitable hypotheses, reduces the matter of checking the inf-sup
condition (20) to an algebraic problem. We refer also to [18] for related resultsin a
somewhat different setting.

The present technique is based on a decomposition of the triangulation 7;, into
digjoint macroelements, where we refer to amacroel ement as an open polygon (resp.,
polyhedron in R3) which is the union of adjacent elements.

L et usintroduce some notation.

A macroelement M is said to be equivalent to a reference macroelement M if
there existsamapping F; : M — M such that
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1. Fy iscontinuousand invertible;

FMA(M) :AM; .

3. If M = UK, where K, j = 1,...m arethe elements defining M, then K; =
Fu(K;j), j=1,...m, arethe dements of M;

4, FM|f<,- = Fg; o F;(l, j=1,...m,where F denotesthe affine mapping from

the reference element to a generic element K.

N

We denote by £, the equivalence class of M. We now introduce the discrete spaces
associated with V;, and @, on the generic macroelement M (n is the dimension of
0).

VO,M - {QG (Hé(M))n :QZQ‘M withw € Vh},

(77) ) .
Qo =3p€L(N2) :/ pdr =0, p=q|lp Withge Qn ;.
M
We finally introduce a space which correspondsto the kernel of B!, on the macroele-
ment M.

(78) KM—{pEQO’M: pdivvdr =0, VQEVO,m}.

M

The macroel ements condition reads
(79) Ky = {0},

that is, the analogous (at a macroelement level) of the necessary condition for the
discrete Stokes problem to be well-posed that the kernel of B! reduces to the zero
function.

Proposition 4.8. Suppose that each triangulation 7;, can be decomposed into dis-
joint macroel ements belonging to a fixed number (independend of /) of equivalence
classes €y, , i = 1,...n. Suppose, moreover, that the pair V;, — £9/R is a stable
Sokes element, that is,

di d
(80) inf  sup 7f9 n TV 0 77

> B3>0,
anegy/Ru,evi [anllellunllv

with 3 independent of /. Then the macroelement condition (79) (for every M € £,
1 =1,...n) impliestheinf-sup condition (20).

Proof. We do not enter the technical details of the proof, for which we refer to [59].
The basic arguments of the proof are sketched in Remark 4.5.

Remark 4.5. The macroelement condition (79) is strictly related to the patch test
commonly used in the engineering practice (cf., e.g., [67]). However, the count of
the degrees of freedom is clearly insufficient by itself. Hence, let us point out how
the hypotheses of Proposition 4.8 are important.
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Hypothesis (79) (the macroelement condition) implies, via a compactness argu-
ment, that a discrete inf-sup condition holds true between the spaces Vi, s and Qo ar-
The finite number of equivalent macroelements classes is sufficient to conclude that
the corresponding inf-sup constants are uniformly bounded below by a positive num-
ber.

Then, we are basically in the situation of the domain decomposition technique of
Section 4.4. We now use hypothesis (80) to control the constant functions on each
macroelement and to conclude the proof.

Remark 4.6. Hypothesis (80) is satisfied in the two-dimensional case whenever V},
contains piecewise quadratic functions (see Section 3). In the three-dimensional case
things are not so easy (to control the constants we need extra degrees of freedom
on the faces, as observed in Remark 3.1. For this reason, let us state the following
proposition which can be proved with the technique of Section 4.2 (see Remark 4.2)
and which appliesto the case of continuous pressures approximations.

Proposition 4.9. Let us make the same assumptions as in Proposition 4.8 with (80)
replaced by the condition of Remark 4.2 (see (60)). Then, provided Q;, C C°(£2),
the inf-sup condition (20) holdstrue.

Remark 4.7. The hypothesisthat the macroelement partition of 7;, isdigoint can be
weakened, in the spirit of Proposition 4.6, by requiring that each element K of 7},
belongs at most to a finite number N of macroelementswith N independent of .

Example 4.5. The macroelement technique can be used in order to provethe stability
of several schemes. Among those, we recall the Q2 — P; element (see Section 6.4)
and the three-dimensional generalized Hood-Taylor scheme (see Theorem 8.2).

4.6 Making use of the internal degrees of freedom

This subsection presents a general framework providing a general tool for the analy-
sis of finite element approximationsto incompressible materials problems.

The basic idea has been used several times on particular cases, starting from [31]
for discontinuous pressures and from [2] and [3] for continuous pressures. We are
going to present it in its final general form given by [23]. It consists essentially in
stabilizing an element by adding suitable bubble functionsto the velocity field.

In order to do that, we first associate to every finite element discretization Q;, C
Q the space

(81) B(gradQu) = {B €V : Bk = bx grad qn|x for some g, € Qn} .

whereb isabubblefunction definedin K. In particul ar, we can take as B the stan-
dard cubic bubbleif K isatriangle, or abiquadratic bubbleif K isasquare or other
obvious generalizationsin 3D. In other words, the restriction of a 5 € B(grad Q)
to an element K is the product of the bubble functions b times the gradient of a
function of Q| k.
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Remark 4.8. Notice that the space B(grad @5,) is not defined through a basic space
B on thereference element. This could be easily donein the case of affine elements,
for al the reasonable choices of Q. However, this is clearly unnecessary: if we
know how to compute ¢, on K we aso know how to compute grad ¢;, and thereis
no need for areference element.

We can now prove our basic results, concerning the two cases of continuous or dis-
continuous pressures.

Proposition 4.10. (Stability of continuous pressure elements). Assume that there ex-
ists an operator 11, € £(V,V,) satisfying the property of the Clément interpolant
(34). 1f Q;, C C°(£2) and V}, contains the space B(grad Qy,) then the pair (Vi,, Q1)
is a stable element, in the sense that it satisfies the inf-sup condition (20).

Proof. We shall build a Fortin operator, like in Proposition 4.2. We only need to
construct the operator I7,. We define I1; : V' — B(grad @), on each element, by

requiring
IIv|k € B(grad Qn)|x = bs,x grad Qn|x,

(82
/ (ITov —v) -grad gp doe =0, Vg, € Qp.
K

Problem (82) has obviously a unique solution and 7, satisfies (53). Finaly (55)
follows by a scaling argument. Hence Proposition 4.2 givesthe desired result.

Corollary 4.1. Assume that @), C @ is a space of continuous piecewise smooth
functions. If V;, contains (£1)? @ B(grad Q) then the pair (V},, Q1) satisfies the
inf-sup condition (20).

Proof. Since V}, contains piecewise linear functions, there exists a Clément inter-
polant I1; satisfying (34). Hence we can apply Proposition (4.10).

We now consider the case of discontinuous pressure elements.

Proposition 4.11. (Stability of discontinuous pressure elements). Assume that there
exists an operator 11, € £(V,V},) satisfying

\[Molly < cllv|lv, YvevV,

(83) ) .
/ div(v — IIv)dz =0, Yv eV VK €T
K

If V}, contains B(grad @) then the pair (V},, Q),) is a stable element, in the sense
that it satisfies the inf-sup condition (20).

Proof. We are going to use Proposition 4.10. We take /7, as operator I7;. We are not
defining 11, on the whole V, but only in the subspace

(84) VO{QEV:/divyde, VKeTh}.
K
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Thiswill be enough, since we need to apply 1T, to the differencev — IT;v which is
in VO by (83).

For every v € V° we define ITo,v € B(grad Q) by requiring that, in each
element K,

ITov|k € B(grad Qn)|x = b3 i grad Qi x,

(85) .

/ div(ITov — v)gndz =0, Vg € Qnlk.

JK

Note that (85) is uniquely solvable, if v € V9, since the divergence of a bubble func-
tion has always zero mean value (hence the number of nontrivial equationsis equal
to dim(Qr|x) — 1, which is equal to the number of unknowns; the nonsingularity
then follows easily). It is obvious that 115, as given by (85), will satisfy (53) for all
v € V0, We haveto check that

(86) [ 20y < cllv]lv,
which actually follows by a scaling argument making use of the following bound
(87) |M3u]y < cbo)ll, 4-

Corollary 4.2. (Two-dimensional case). Assume that @, C @ is a space of piece-
wise smooth functions. If V;, contains (£3)? @ B(grad Q) then the pair (Vi,, Q)
satisfies the inf-sup condition (20).

Proof. The stability of the P, — P, element (see Section 3 implies the existence of
11, asin Proposition 4.11.

Propositions4.10 and 4.11 are worth afew comments. They show that almost any el-
ement can be stabilized by using bubble functions. For continuous pressure elements
this procedure is mainly useful in the case of triangular elements. For discontinu-
ous pressure elementsiit is possible to stabilize elements which are already stable for
piecewise constant pressurefield. Examplesof such aprocedurecan befoundin[34].
Stability with respect to piecewise constant pressure implies that at least one degree
of freedom on each side or face of the element islinked to the normal component of
velocity (see[37] and Remark 3.1).

Example4.6. The use of internal degrees of freedom can be used in the stability
analysis of several methods. For instance, we use it for the analysis of the MINI
element (see Sections 6.1 and 7.1) in the case of continuous pressures and of the
Crouzeix-Raviart element (see Remark 6.1 and Section 7.2) in the case of discontin-
UOUS pressures.

5 Spurious pressure modes

For agiven choice of V,, and Q,, the space S}, of spurious pressure modesis defined
asfollows
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(88) Sy = kerB’,t1 = {qh €Qp: / qn divyy, de = 0V, € Vh} .
Q

Itis clear that a necessary condition for the validity of the inf-sup condition (20)
is the absence of spurios modes, that is,

(89) Sn =A{0}.

Inparticular, if Sy, isnontrivial then the solution p;, to the discrete Stokes problem
(15) is not unique, namely p;, + sy, isstill asolution when sy, € Sp,.
We shall illustrate how this situation may occur with the following example.

Example5.1. The@, — P, element
Among quadrilateral element, the Q1 — P, element isthefirst that comesto mind.
It is defined as (see Figure 6):

(90) ‘/h = (2’[11])2 n ‘/7 Qh - 28 N Q

This element is strongly related, for rectangular meshes, to some finite difference

® ®
Fig. 6. The Q1 — P, element

methods [38]. Its first appearencein afinite elment context seemsto bein [46].

However simple it may look, the Q1 — Py element is one of the hardest ele-
ments to analyze and many questions are still open about its properties. This element
does not satisfy the inf-sup condition: it strongly depends on the mesh. For a reg-
ular mesh the kernel of the discrete gradients is one-dimensional. More precisely,
grad, ¢, = 0 impliesthat ¢, is constant on the red and black cells if the mesh is
viewed as a checkerboard (Figure 7). This means that one singular value of the op-
erator By, = divy, iszero. Moreover, it has been checked by computation ([49]) that
alarge number of positive singular values converge to zero when h becomes small.
In [48] indeed it has been proved that the second singular valueis O(h) and is not
bounded below (see also [52]). The @ — P, element has been the subject of a vast
literature.

We shall now present a few more examples and distinguish between local and global
spurious pressure modes.
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Fig. 7. Checkerboard spurious mode

Example5.2. The crisscross P, — P, element

Let us consider amesh of quadrilateralsdivided into four triangles by their diag-
onals (Figure 3). We observed in Example 3.2 that the P, — P, element, on general
meshes, is affected by locking, that is, the computed velocity vanishes. On the mesh
introduced above, however, it is easy to see that nonzero divergence-free functions
can be obtained. The divergence is constant on each triangle. This means four lin-
ear relations between the values of the partial derivatives. It is easily seen that one
of them can be expressed as a combination of the others, this fact being caused by
equality of tangential derivatives along the diagonals. To make things ssimpler, we
consider the case where the diagonals are orthogonal (Figure 8) and we label by A,
B, C, D the four triangles. We then have, by taking locally the coordinates axes

Fig. 8. The reference crisscross

along the diagonals, and denoting by «*€ the restriction of a function of V;, to the
element K,
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ol ouls
8931 83:2

On the other hand, one has at the point M

(91)

=0, K=A,DB,C,D.

out  oub oui  ouy  ou§ _ ouE  ouP _ ouP

92 = - .
( ) 81‘2 61‘2 ’ 8$1 8$1 ’ 81’2 81?2 ’ axl axl

It is easy to check that this makes one of the four conditions (91) redundant.
The reader may check the general case by writing the divergence operator in a non
orthogonal coordinate system.

The conseguence of the above discussion is that on each composite quadrilateral
one of the four constant pressure values will be undetermined. The dimension of
ker B}, will be at |east as large as the number of quadrilaterals minus one.

Thus, three constraints remain on each composite quadrilateral element. If we
admit that two of them can be controlled, using the methods of Section 4.6, by the
“internal” node M, we obtain an element that isvery similar to the Q1 — P, element
with respect to the degrees of freedom. Indeed, it can be checked that on a regular
mesh, an additional checkerboard mode occurs and that the behavior of this approx-
imation is essentially the same as that of the Q1 — P,. These analogies have been
pointed out, for instance, in [17].

The above example clearly shows the existence of two kinds of spurious pressure
modes. Let us consider an element where S, is nontrivial.

In the case of the crisscross P, — Py element presented in the previous example,
dim S}, growsas h goesto 0 and there existsabasis of S}, with local support (that is,
the support of each basis function can be restricted to one macroelement). We shall
refer to these modesaslocal spurious modes. Such pressure modes can be eliminated
by considering a composite mesh (in the previous example a mesh of quadrilaterals
instead of triangles) and using a smaller space for the pressures by deleting some
degrees of freedom from the composite elements.

If we now consider the Q@ — P, example (see Example5.1), the dimension of S},
does not grow when h goesto 0 and no basis can be found with alocal support. We
then have a global spurious mode which cannot be eliminated as easily as the local
ones. Global modes usually appear on specia (regular) meshes and are symptoms
that the behavior of the element at hand is strongly mesh dependent and requires a
special care. Some elements may generate both local and global modes as we have
seenin the crisscross P, — P, method (see Example 5.2).

It must be emphasized that local spurious modes are source of troublesonly when
one prefersto work directly on the original mesh and not on the composite mesh on
which they could easily befiltered out by asimple projection on each macroelement.
We shall prove this in the next subsection in which a more precise framework will
be given.

Example 5.3. The crisscross P, — P, element
Another simple example where alocal mode occursis the straightforward exten-
sion of the previous exampleto the case of a P, — P, approximation (Figure9). This
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Rel?
EANN

Fig. 9. The crisscross P> — P; element

means on each quadrilateral twelve discrete divergence-free constraints, and it is eas-
ily seen by the argument of Example 5.2, written at the point M, that one of them
is redundant. Thus one spurious mode will appear for each composite quadrilateral.
However, in this case, no global mode will appear. The analysis of this element is
also related to the work of [29] by considering the stream function associated with a
divergence-freefunction.

The presence of spurious modes can beinterpreted asasignal that the pressure space
used is in some sense too rich. We therefore can hope to find a cure by using a strict
subspace ), of ;, as the space of the discrete pressures, in order to obtain a stable
approximation. The question arises whether or not this stability can be used to prove
at least a partial result on the original approximation. One can effectively get some
result in this direction.

6 Two-dimensional stable elements

In this section we shall make use of the techniques presented in Section 4 to prove
the stability for some of the most popular two-dimensional Stokes elements. The
degrees of freedom corresponding to some of those are collected in Figure 10.

We start with triangular elements and then we present schemes based on quadri-
laterals.

The Hood-Taylor element (two- and three-dimensional) and its generalization
will be presented in Section 8.

6.1 The MINI element

Thiselement, whichis probably the cheapest one for the approximation of the Stokes
equation, has been introduced in [3]. Given amesh of triangles, the definition of the
spacesis asfollows

(93) Vi=(£1®Bs)’NV, Qn=21NQ,

where by B3 we denotes the space of cubic bubbles.
The proof of the stability for the MINI element is an immediate consequence of
Corollary 4.1
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| A
| A
| A

D)

>

Fig. 10. Some stable two-dimensional Stokes elements: @) the MINI element, b) the Crouzeix—
Raviart element, c) the P — P, element, d) the Q> — P, element



74 Dani€ele Boffi, Franco Brezzi, and Michel Fortin

6.2 The Crouzeix—Raviart element

This element, presented in [31], is an enrichment to the P, — P, scheme which
provides now well-balanced approximation properties. Given a mesh of triangles,
the approximating spaces are

(94) Vi = (LY@ B3)?’ NV, Qn=2n0Q.

The proof of the stability for this element can been carried out again with the help of
Proposition 4.2. We use as operator 11, the Fortin operator of the P, — P, element
(see aso Proposition 4.11) and we take advantage of the internal degrees of freedom
in V3, to define IT, : V' — (B3)2. Actualy, we shall define ITov only in the case
when div v has zero mean valuein each K. Thiswill be sufficient, since we shall use
inpractice IT5(v — IT1v) and I1; v satisfies (83). For al K and for al v with

(95) / divudzr =0,
K
we then set I7,v as the unique solution of
(96) Iy € (Bs(K))?,
(97) / div(Ilov — v)gn dx =0, Vqn € P1(K).
K

Note that (96), (97) is alinear system of three equations (dim P, (K) = 3) in two
unknowns (dim (B3 (K ))? = 2) which is compatible since v is assumed to satisfy
(95) and, on the other hand, for every b € (B3(K))? we clearly have

(98) / divbdx = 0.
K
We have only to provethat
(99) [1T22||1, < ellv[l1,x

for al v € V satisfying (95). Indeed (97) can be written as

(100) [ ) sratan do = [ aivstan — ) ds

K K
where g, is any piecewise constant approximation of ¢;,. A scaling argument yields
(101) |H22‘0,f( < 0(90)@‘1,1%

that easily implies (99).

Remark 6.1. We could prove the same result also as a consequence of Proposi-
tion 4.11. The same proof applies quite directly to the Q> — P, rectangular element
(see Section 6.4). It can also be used to create nonstandard elements. For instance, in
[34], bubblefunctionswere added to a Q1 — Py element in order to usea P, pressure
field. Thiselement isnot more, but neither less, stable than the standard Q1 — P, and
gives better resultsin some cases.
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6.3 PNC — P, approximation

We consider the classical stable non-conforming triangular element introduced in
[31], in which midside nodes are used as degrees of freedom for the velocities. This
generates a piecewise linear non-conforming approximation; pressures are taken
constant on each element (see Figure 10). We do not present the stability anaysis
for this element, which does not fit within the framework of our general results,
since V}, isnot contained in V. However, we remark that this method is attractive for
several reasons. In particular, therestriction to an element K of the solution w,, € V},
isexactly divergence-free, sincediv V}, C Qy,. Another important feature of thisele-
ment isthat it can be seen as a*“mass conservation” scheme. The present element has
been generalized to second order in [39]. It must also be said that coerciveness may
be a problem for the PN¢ — P, element, as it does not satisfy the discrete version
of Korn’sinequality. This issue has been deeply investigated and clearly illustrated
in[5].

Remark 6.2. The generalization of nonconforming finite elements to quadrilaterals
is not straightforward. In particular, approximation properties of the involved spaces
are not obvious. More details can be found in [55].

6.4 Qi — Pr_, elements

We now discuss the stability and convergence of afamiliy of quadrilateral elements.
The lowest order of this family, the Q> — P, element, is one of the most popular
Stokes elements. Given k£ > 2, the discrete spaces are defined as follows:

Vi = (S[lk])Q nv, Qn = S([)k—l] naQ.

If the mesh is built of rectangles, the stability proof is an immediate consequence
of Proposition 4.11, since (83) is satisfied for 1}, (indeed, the Q2 — P, is a stable
Stokes element, see Remark 3.1). In the case of a general quadrilateral mesh things
are not so easy; even the definition of the space @), is not so obvious and there
have been different opinions, during the years, about two possible natural definitions.
Following [15], we discussin detail the case k = 2.

The Q2 — P; element

Thiselement was apparently discovered around ablackboard at the Banff Conference
on Finite Elements in Flow Problems (1979). Two different proofs of stability can
be found in [41] and [59] for the rectangular case. This element is a relatively late
comer in the field; the reason for this is that using a P; pressure on a quadrilateral
is not a standard procedure. It appeared as a cure for the instability of the Qo —
)1 element which appears quite naturally in the use of reduced integration penalty
methods (see[9]). Thislast element is essentially related to the Q1 — Py element and
suffers the same problems altough to a lesser extent. Another cure can be obtained
by adding internal nodes (see [34]).
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On a general quadrilateral mesh, the space @5, can be defined in two different
ways. either ;, consists of (discontinuous) piecewise linear functions, or it is built
by considering three linear shape functions on the reference unit square and mapping
them to the general elements like it is usually done for continuous finite elements.
We point out that, since the mapping Fi from the reference element K to the gen-
era element K in this case is bilinear but not affine, the two constructions are not
equivalent. We shall refer to thefirst possibility as unmapped pressure approach and
to the second one as mapped pressure approach.

In order to analyze the stability of either scheme, we use the macroelement tech-
nique presented in section 4.5 with macroelements consisting of one single element.
We start with the case of the unmapped pressure approach; thisis the original proof
presented in [59]. Let M be a macroelement and g, = ag + azz + ayy € Qo,m
an arbitrary functionin K. If b(x, y) denote the biquadratic bubble function on K,
then v;, = (a,b(x,y),0) isan element of 1; s and

O=/ qhdivyhdxdyz—/ g@dqh-ghdxdyz—az/ b(x,y) dx dy
M M M

implies a, = 0. In asimilar way, we get a,, = 0 and, since the average of ¢;, on M
vanishes, we have the macroelement condition ¢;, = 0.

We now move to the mapped pressure approach, following the proof presented
in [15]. There, it is recalled that the macroelement condition (79) can be related
to an algebraic problem in which we are led to proof that a two-by-two matrix is
nonsingular. Actualy, it turns out that the determinant of such matrix isamultiple of
the Jacobian determinant of the function mapping the reference square K onto M,
evaluated at the barycenter of K. Since this number must be nonzero for any element
of awell-defined mesh, we can deduce that the macroelement condition is satisfied
in this case also, and then conclude that the stability holds thanksto Proposition 4.8.

So far, we have shown that either the unmapped and the mapped pressure ap-
proach gives rise to a stable Q2 — P; scheme. However, as a consequence of the
results proved in [6], we have that the mapped pressure approach cannot achieve
optimal approximation order. Namely, the unmapped pressure space provides a sec-
ond order convergencein L2, while the mapped one achieves only O(h) in the same
norm. In [15] several numerical experiments have been reported, showing that on
general quadrilateral meshes (with constant distortion) the unmapped pressure ap-
proach provides a second order convergence (for both velocity in H! and pressure
in L?), while the mapped approach is only suboptimally first order convergent. It
is interesting to remark that in this case also the convergence of the velocities is
suboptimal, according to the error estimate (21).

7 Three-dimensional elements

Most elements presented in Section 6 have a three-dimensional extension. Some of
them are schematically plotted in Figure 11.
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Fig. 11. Some stable three-dimensional Stokes elements. a) the MINI element, b) the
Crouzeix—Raviart element, ¢) the Q2 — P, element
7.1 The MINI element

Consider a regular sequence of decompositions of (2 into tetrahedra. The spaces are
defined asfollows:

Vi = (£ + Bs)* NV, Qn=21NQ,
where B, denotes the space of quartic bubbles. Then the stability of this element
follows easily, like in the 2D case, from Corollary 4.1.
7.2 The Crouseix—Raviart element
The straightforward generalization of the Crouseix—Raviart element is given by
Vi = (L1 + Bs)* NV, Qn=2£1NQ.
The stability is an easy consequence of Proposition 4.11.
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7.3 PNC — P, approximation

The triangular PN¢ — P, easily generalizesto tetrahedrain 3D. Also in this case,
since div V;, C @y, the restriction of the discrete solution to every element is truly
divergencefree.

74 Qi — Pr_1 elements
Given amesh of hexahedrons, we define
Vi = (2[114)3 nv, Qh = S?kfl] N Q»

for k > 2. Werefer to the two-dimensional case (see Section 6.4) for the definition of
the pressure space. In particular, we recall that @, on each element consists of true
polynomialsand is not defined via the reference element. With the correct definition
of the pressure space, the proof of stability for thiselement isasimple generalization
of the corresponding two-dimensional version.

8 P, — P,_, schemes and generalized Hood-Taylor elements

The main result of this section (see Theorems 8.1 and 8.2) consists in showing that
a family of popular Stokes elements satisfies the inf-sup condition (20). The first
element of this family has been introduced in [45] and for this reason the members
of the whole family are usually referred to as generalized Hood—Taylor elements.

This section is organized in two subsections. In the first one we discuss discon-
tinuous pressure approximationsfor the P, — Py, element in the two-dimensional
triangular case; it turns out that this choice is not stable in the lower order cases
and requires suitable conditions on the mesh sequences for the stability of the higher
order elements.

Thelast subsection dealswith the generalized Hood-Tayl or elements, which pro-
vide a continuous pressure approximation in the plane (triangles and quadrilaterals)
and in the three-dimensional space (tetrahedrons and hexahedra).

8.1 P, — P,_, elements

In this subsection we shall recall the statement of abasic result by Scott and Vogelius
(see [58]) which, roughly speaking, says: under suitable assumptions on the decom-
position T, (in triangles) the pair V;, = (£3)%, Q) = £} _, satisfies the inf-sup
condition for k£ > 4.

On the other hand, the problem of finding stable lower order approximations has
been studied by Qin in [54], where interesting remarks are made on this scheme and
where the possibility of filtering out the spurious pressure modesis considered.

In order to state in a precise way the restrictions that have to be made on the tri-
angulation for higher order approximations, we assumethat (2 is apolygon, and that
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its boundary 942 has no double points. In other words, there exists two continuous
piecewise linear maps x(t), y(t) from [0, 1] into R such that
(102 (e(t1) = (ts) and y(tr) = y(ts)) impliesty = b2,
0N ={(x,y) : x=x(t), y = y(t) for somet € [0,1] }.

Clearly, we will have }irri z(t) = x(0) and }ini y(t) = y(0). We remark that we are
considering a less general case than the one treated by [58]. We shall make further
restrictionsin what follows, so that we are actually going to present a particular case
of their results.

Let now V' be a vertex of a triangulation ¥, of {2 and let 64, ...,6,, be the
angles, at V, of all the triangles meeting at V', ordered, for instance, in the counter-

clockwise sense. If V' is an internal vertex we also set 6,11 := 6;. Now we define
S (V') according to the following rules.

(103) p=1 = S(V)=0

(104) p>1,Veon = S(V) = ‘Irllaxl(w — 01 —0i11)
i=1,p—

(105) \%4 ¢ on = S(V) = InfliX(Tr -6, — GH—I)
i=lp

Itiseasy to check that S(V) = 0if and only if al the edges of T}, meeting at V' fall
on two straight lines. In this case V' is said to be singular ([58]). If S(V) is positive
but very small, then V" will be “almost singular”. Thus S(V') measures how close V/
isto be singular.

We are now able to state the following result.

Proposition 8.1 ([58]). Assume that there exists two positive constants ¢ and ¢ such
that

(106) ch < hg, VK € Ty,
and
(207) S(V) > o, YV vertex of Ty,

Then the choice Vi, = (£1)%, Qn = £7_,, k < 4, satisfies the inf-sup condition
with a constant depending on ¢ and § but not on h.

Condition (107) is worth a few comments. The troubleis that S(V') = 0 makes the
linear constraints on uy,, arising from the divergence-free condition, linearly depen-
dent (see, also, Examples 5.2 and 5.3). When this linear dependence appears, some
part of the pressure becomes unstable. In the present case, this unstable part could be
filtered out.

Remark 8.1. The P, — P, element can obvioudly be stabilized by adding bubbles
to the velocity space in the spirit of Section 4.6 (see Proposition 4.11). For a less
expensive stabilization, consisting in adding bubbles only in few elements, see [13].
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8.2 Generalized Hood-Taylor elements

In this subsection we recall the results proved in [12, 14] concerning the stability of
the generalized Hood-Taylor schemes. On triangles or tetrahedra, velocities are ap-
proximated by a standard P, element and pressures by a standard continuous Py 1,
thatisv, € (£4)" (n =2,3), p € £1_,. Thischoice has an analogue on rectangles
or cubes using a ;. element for velocities and a Q. element for pressures. The
lowest order element (i.e., £ = 2) has been introduced by Hood and Taylor in [45].
Several papers are devoted to the analysis of this popular element. The degrees of
freedom of some elements belonging to this family are reported in Fig. 12.

The first proof of convergence was given for the two dimensional case in [10]
where a weaker form of the inf-sup condition was used. The analysis was subse-
quently improved in [66] who showed that the classical inf-sup condition is indeed
satisfied (see Verfurth's trick in subsection 4.3). The macroelement technique can
easily be used for the stability proof of the rectangular and cubic element (of any
order) as well as of the tetrahedral case when k& = 2 (see[59]). In [24] an alternative
technique of proof has been presented for the triangular and tetrahedral cases when
k = 2. This proof generalizes to the triangular case when k = 3 (see [21]). Finaly,
a general proof of convergence can be found in [12] and [14] for the triangular and
tetrahedral case, respectively.

We now state and prove the theorem concerning the two-dimensional triangular
case (see[12)).

Theorem 8.1. Let (2 bea polygonal domain and 7;, a regular sequence of triangular
decompositionsof it. Thenthechoice Vi, = (£LNH(2))? and Qy, = £5 NL3(2)
satisfies the inf-sup condition (20) for any £ > 2 if and only if each triangulation
contains at least three triangles.

Proof. Step 1: necessary part. Let us show first that the hypothesis on the mesh
is necessary. If 7, only contains one element, then it is easy to see that the inf-sup
constant is zero (otherwise it should be div V;, € @y, whichis not the case since the
functionsin @, are not zero at the vertices). We shall show that if 7;, contains only
two triangles 737 and 75, then there exists one spurious pressure mode. Thisimplies
that also in this case the inf-sup constant vanishes. We choose the coordinate sistem
(z,y) in such away that the common edge of T, and 7% lies on the y-axis. Moreover,
we suppose that 75 is the reference triangle and 77 the symmetric one with respect
to the z-axis, see Fig. 13. The general case can then be handled by means of suitable
affine mappings.

We denote by \; , and \; ;, the barycentric coordinates relative to the vertices a
and b, respectively, belonging to the element 73, : = 1,2. It is easy to check that it
holds: Mo =1+2—y, \Mip =9, Aog =1—2—y,and Xy, = y. We shall also
make use of the function Ag . = z. Let L(x) be the Legendre polynomial of degree
k — 2 on the unit interval with respect to the weight w(z) = z(1 — x)® and consider
the function p(z) € @}, defined asfollows:

—L(—z) forz <0,

(108) P(@) = {L(m) forz >0
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Fig. 12. Some stable elements belonging to the Hood-Taylor family



82 Dani€ele Boffi, Franco Brezzi, and Michel Fortin

a

Fig. 13. The reference triangle and its symmetric

We shall show that grad p is orthogonal to any velocity v € V},. Since p does not
depend on ¥, we can consider the first component v, of v only, which, by virtue of
the continuity at x = 0 and of the boundary conditions, has the following general
form:

A oAb (Cr—2(y) + 2Ak_3(z,y)) inTy,

109 v = .
(109) ' {Az,a/\Q,b(Ck2(y)+IBk3(937?/)) inTs,

where the subscripts denote the degrees of the polynomials A, B and C. We then
have
(110)
/ Q-gradpdxdyz/ vlp’dxdy—i—/ v1p’ dz dy
TWUT, Ty

T>
_ / Ao L(2)2(Bi—a(w,y) — Ap—a(—z.y)) de dy
Ts

= / A2adapAz cL(x)q(x,y) de dy
Ts

where ¢(z,y) is a polynomia of degree k — 3 and where the term involving C'
disappears by virtue of the symmetries. The last integral reads

1
(112) / xy(l —z —y)L(z)q(x) dx dy = / xL(z)Q(x) dx
T> 0
and an explicit calculation shows that Q)(x) is of the form

(112 Q(x) = (1 — 2)’pr_s(x),

where p;_3 is apolynomial of degree k — 3. We can now conclude with the final
computation
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1
@y [ vgdpdedy= [ o(1- 0P Lizpoa(o)do =0
TUT> 0

Step 2: sufficient part. The idea of the proof consists in considering, for each h, a
partition of the domain (2 in subdomains containing exactly three adjacent triangles.
By making use of Proposition 4.6 and the technique presented in section 4.2, it will
be enough to prove the inf-sup condition for a single macroelement, provided we are
able to bound the number of intersections between different subdomains (basically,
everytimes two subdomains intersect each other, a factor 1/+/2 shows up in front
of the fina inf-sup constant). Indeed, it is possible to prove that, given a generic
triangulation of a polygon, it can be presented as the digoint union of triplets of
triangles and of polygonsthat can be obtained as unions of triplets with at most three
intersections.

Given ageneric macroelement o’ U b" U ¢/, consider the (z, y) coordinate system
shown in Fig. 14, so that the verticesare B’ = (0,0), D’ = (1,0), E' = («, ).
By means of the affine mapping =’ = z + ay, vy’ = By, the Jacobian of whichis 3,
we can consider the macroelement « U b U ¢ shown in Fig. 15, so that b is the unit
triangle. Since 3 # 0, the considered affine mapping is invertible. With an abusein

A
El
A’ ,
a
b’
B’ o D’
C)

Fig. 14. A generic triplet of triangles

the notation, we shall now denote by {2 the triplet « U b U ¢ and by V}, and @, the
finite element spaces built on it.

We denote by A% 5 the barycentric coordinate of the triangle a vanishing on the
edge AB (analogous notation holds for the other cases). Moreover, we denote by
L§ . (z) the i-th Legendre polynomial in [z 4, 0], with respect to the measure 1, .
defined by
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Fig. 15. A macroelement where b isthe reference triangle

0
W) [ S@ s = [ NipMipf@)dedy, V() fra0) - R
T A a
where x 4 is the x-coordinate of the vertex A. We shall make use of the following
Legendre polynomials, which are defined in a similar way: Lﬁ?,m (its definition in-
volves A}, and A ), L2, (using A, ; and A% ), and LS, (using A, and AZ ).
Standard properties of the Legendre polynomials ensures that we can normalize
them, for instance, by requiring that they assume the same value (say 1) at theorigin.
We now prove by induction with respect to the degree k that a modified inf-sup
condition holds true (see Verfirth's trick in Section 4.3). Namely, for any ¢, € Q,
we shall construct v;, € V}, such that

- vy, - gradgy dedy > ¢ rad gy, 2,
(115) /aubuc_; g qn Y 1llg anllo

llupllo < ol grad gn|lo-

The case k=2. Thisis the original Hood-Taylor method. Given p € @}, we define
vy, = (v1(z,y),va2(z, y)) triangle by triangle asfollows:
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116 )l = NNl gradpllo o,
R e

M9 wlyh=-AppNopllsradpll -0 - XpXes oo
(119) v2(,y)|o = _)‘bED)‘bBDg_z — AppAgpll gradplfo - 7
120 wly)le= AbeNen g

(121) v2(2,y)le = =ApcAepll gradpllo - 7,

where the quantities o and = are equal to +1 so that the expressions
a a ap 3}7
2z i =ollamadrll ([ Napie G+ [Noobo 7).

dp dp
123 K= d Y N /)\C xS, 2E
(123) 7| grad p|[o (/b EBAED 6y+ | Apciop 8y>

are nonnegative. First of all, we observe that v;, isan element of V},: its degreeis at
most two in each triangle, it vanishes on the boundary and it is continuous across the
the internal edges because so isthe tangential derivative of p.

It easy to check that ||v,,||o < c1]| grad p||o. In order to prove the first equation
in (115), we shall show that the quantity ||| grad p||| := — [, v;, - gradp vanishes
only when grad p is zero. From the equality

A
0= llemadpl = [ Nt (57) + 1
op 2 dp 2
(124) +/b<)‘l;5‘D/\%B (8_x) + A Asp (8_y

dp 2
+K+//\CBC/\CCD <8_x)

it follows that
(125) P _0 ina,
Jy
op Op .
(126) pria v 0 inb,
(127) P ine,
ox
(128) H=K=0.

These last equations, together with the fact that each component of grad p is constant
if p € Qp, easily imply that
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(129) gradp = (0,0) in{.

The case k > 2. Given p in Qy, if p islocaly of degree k — 2, then the result
follows from the induction hypothesis. Otherwise, there exists at least one triangle
of {2 in which p is exactly of degree k — 1. Like in the previous case, we define
vy, = (v1(z,y),va(z,y)) asfollows:

(130) v1(2,Y)|a = —AapAagll gradplloLi_s , - 0,
Jp
131 o = A4\ —,
(131) va(z,9)| AB Aan
b b b b b 0P
(132 vi(2,y)[p = —ANgpAgpllgradplloLy_o . - 0 — )‘ED/\EB%’
Op
(133) va(,y)|p = _)‘I])ED/\bBDa_y = NypAggllgradplloLy o, - T,
c ye Op
(134) vi(z,y)|e = — BCACD%7
(135) va(z,y)|e = =ApcAepll gradplloLy o, - T,

with the same assumption on ¢ and 7, so that the terms
(136)
a a a ap ap
H = ol|gradpl|o (/a aBANapLi_24 O + /b)‘l}i‘D/\%Dszzx : 8_95) )
(137)
Ip ¢ ye re Ip
K = || grad p||o /AZJ)E‘B)‘IA)E‘Dszly s //\BC)‘CDkaQ,y i
b 0y c dy

are nonnegative. The same arguments as for £k = 2, together with the described
normalization of the Legendre polynomials, show that v, belongsto V.

In order to conclude the proof, we need show that if ||| grad p||| = 0 then the
degree of grad p isdtrictly lessthan k& — 2. Asbefore, ||| grad p||| = 0 implies

(138) 9p =0 ina,
dy

(139) gradp=0 inb,

(140) 9 =0 ing,
ox

(141) H=K=0.

Thelast equalitiesimply

142 Y ALy =
(142) | MimieLi ne =0

and
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C C C ap
(143) /)‘BC)‘CDkaly oy 0

It follows that the degree of gradp is strictly less than & — 2 in contrast to our
assumption.

Remark 8.2. The proof of the theorem shows that the continuity hypothesis on the
pressure space )5, can be weakened up to require that ¢ is only continuous on
triplets of elements.

We conclude this subsection by stating the three-dimensional analogous to the pre-
vious theorem and by recalling the main argument of the proof presented in [14].

Theorem 8.2. Let 2 bea polyhedral domain and 7;, a regular sequence of decompo-
sitions of it into tetrahedra. Assume that every tetrahedron has at least one internal
vertex. Then the choice V,, = (€1 N H{(£2))% and @), = £ _, satisfies the inf-sup
condition (20) for any k£ > 2.

Proof. We shall make use of the macroelement technique presented in Section 4.5.
In particular, we shall use Proposition 4.9 and the commentsincluded in Remark 4.7.

We consider an overlapping macroelement partition of 7;, as follows: for each
internal vertex =, we define a corresponding macroelement M, by collecting all
elements which touch z(. Thanks to the regularity assumptions on the mesh, we
only haveto show that the macroelement condition (79) holdstrue (see, in particular,
Remark 4.7).

Let usconsider anelement K € M = M,,, andan edgee of K whichtouchesz.
With a suitable choice of the coordinate system, we can suppose that the direction of
e coincideswith that of the = axis. With the notation of Subsection 4.5 we shall show
that a function in K ; cannot contain functions which depend on = in K. Namely,
given afunction p € Qo »r, we can define afunctionv € Vj ar asfollows.

v = (—)\12’)\22‘@,0,0> inKi,
T 0x
where K; isageneric element of M sharingtheedgee with K and \;;, j = 1,2, are
the barycentric coordinates of K; associated with the two faces of K; which do not
touch e. On the remaining elements, each component of v is set equal to zero. It is
clear that v isa k-th order polynomial in K; and, since p is continuousin M, dp/0x
is continuous across the faces which meet at e and the function v is continuous as
well. Hence, v belongsto V.
From the definition of Qo it turns out that

O:/pdivyz—/ gradp-v = / A1id2
M M Z K; R

Thelast relation impliesthat p doesnot depend on z in K; for any 7 and, in particular,
in K. On the other hand, we can repeat the same argument using as e the other
two edges of K meeting at x( and, since the directions of the three used edges are
independent, we obtain that p is constant in K.

@2
ox
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Remark 8.3. From the previous proof we can deduce that the hypotheses on the trian-
gulation can be weakened, by assuming that each tetrahedron has at | east three edges
which do not lie on the boundary of {2 and which are not in the same plane. On
the other hand, given a generic mesh of tetrahedra, it is not difficult to add suitable
elementsin order to meet the requirements of the previous theorem.

Remark 8.4. The main argument in the proof of the previoustheorem is the straight-
forward generalization of the two-dimensional case. Indeed, the proof of Theo-
rem 8.1 could be carried out using the macroelement technique as well.

9 Nearly incompressible elasticity, reduced integration methods
and relation with penalty methods

9.1 Variational formulations and admissible discretizations

Let us now turn our attention on problems associated with approximations of nearly
incompressible materials. Considering, to make things simpler, a problem with ho-
mogeneous Dirichlet conditions and the standard variational principle

A
144 inf 2 - / iv v|? dx — / : ,
ot [P e [ o oPar- [ fovas
it can be noticed that this problem is closely related to a penalty method to solve the
Stokes problem.

It was soon recognized in practice that a brute force use of (144) could lead, for
large values of A, to bad results, the limiting case being the locking phenomenon
that is an identically zero solution. A cure was found in using a reduced (that is
inexact) numerical quadraturewhen evaluatingtheterm X [, | div v|? da associated
with compressibility effects. We refer the reader to the papers of [50] and [9] for a
discussion of the long history of thisidea. We shall rather develop in details on this
example the relations of reduced integrations and mixed methods and try to make
clear to what extent they may be claimed to be equivalent. For this we first recall
that problem (144) can be transformed by a straightforward application of duality
techniquesinto a saddle point problem

2
(245) infsupu/ le(v)]? dm——/ lq|? dz—l—/qdiv vde — [ f-vdz
voqg  Jo~ 2\ Jg Q o= =

for which optimality conditions are, denoting (u, p) the saddle point,

(146) M/! g(u) 1 g(v) dr + /Qp div v dx = /Qig dx, Vv € (H3($2))?

(147) / div u g de = l/ pq dx,Yq € L*(12).
Q Ao
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Thisisobviously very closeto a Stokes problem and is also an example of aproblem
of the following nature

(148) a(u,v) + b(v,p) = (f,v),Yv € V, u eV,

We can then derive that an approximation of (146)-(147) (that is a choice of an
approximation for both . and p) which leadsto error estimatesindependent of A\ must
be a good approximation for Stokes problem. The preceding sections of this chapter
therefore give us a good idea of what should (or should not) be used as an approx-
imation. What we shall now see is that reduced integration methods correspond to
an implicit choice of amixed approximation. The success of the reduced integration
method will thusrely on the qualities of this underlying mixed method.

9.2 Reduced integration methods

Let us consider a (more or less) standard approximation of the original problem
(144). An exact evaluation of the “penalty term” A [, | div v|*dx means that for A
large one tries to get an approximation of u which is exactly divergence-free. But as
we have already seen few finite elements can stand such a condition that will in most
cases lead to locking phenomenon due to overconstraining. In a mixed formulation
one relaxes the incompressibility condition by the choice of the approximation for p.
Let us now see how thiswill be translated as a reduced integration method at least in
some cases. Let usthen consider Vi, C V = (H(2))?, Qn C Q = L?(£2), these
approximation spaces being built from finite elements defined on a partition of (2.
On each element K, let there be given a set of k& points z; and weights w; defining a
numerical quadrature formula

k
(150) | 1@ e =3 )
i=1

Remark 9.1. It will be convenient to define the numerical quadrature on a reference
element K and to evaluate integrals by a change of variables.

k
s [ f)de= [ 5@) @) di =D e f@) I
K K i=1
The presence of the Jacobian .J () should be taken into account when discussing the
precision of the quadratureruleon K.

Let us now make the hypothesis that for v, € V3, and p, ¢n € Qp, one has
exactly

k
(152) / gn div vy, de =" " w; G (&) v w, (1) J ()
K

i=1
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and
k

(153) [ pnan o =3 i) dnl0) I3,

K k=1
Let us now consider the discrete form of (147)

1
(154) / div w, gn dv = —/ Pr qn dx, Yan, € Qp.
Jo Ao

When the space @)y, is built from discontinuous functions, this can be read element
by element

1
(155) / qn div w, de = —/ Ph qn dz, Vg, € Qp,
K )‘ K
so that using (152) and (153) one gets
(156) Pa(i) = Miv w, (24) O pp(z:) = Adiv up ().

Formula (151) can in turn be used in the discrete form of (146) which now gives
k —_— —_—
2p [ ) s elon) xS (3 w60 @ 1 00) (v 1 (00))
(157) §

K i=1
:/f-v dz.
Jo o

k — —
In general theterm S° ( S w; J(@) (i, (@:)(div v, (2 ))) is not an exact eval-
K M=1

uation of |, o div w, div v, dz and reduced integration is effectively introduced.
In the case where (152)-(153) hold thereis a perfect equivalence between the mixed
method and the use of reduced integration. Whatever will come from one can be re-
duced to the other one. It will however not be in general possible to get equalities
(152)-(153) so that afurther analysiswill be needed. But we shall first consider some
examples of this complete equivalence case.

Example 9.1. Let us consider the Q1 — P, approximation on a rectangle and a one-
point quadrature rule. It is clear that div wu;, € P;(K) and isintegrated exactly. In
the same way a one-point ruleis exact for [, p, qn dx whenever py,, ¢, € Py(K).
Thereisthus a perfect equival ence between reduced integration and the exact penalty
method defined by (154).

Example 9.2. We now consider again the same Q1 — P, element on a genera
quadrilateral. To show that we still have equivalence requires a somewhat more deli-
cate analysis. Indeed at first sight the quadrature rule is not exact for

[ div w, Jix(&) di. Let us however consider in detail the term div u, —
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g;? + g:gz. Let B = DF be the Jacobian matrix of the transformation F from

K into K. Writing explicitly

(]_58) F— ap + lllAf + GQA@ + a?ii;g
bo + b1Z + bag + b3y
one has
(a1 + asy as + azx
(159 b= (bl + b3y ba + b3i’>
so that we get
— 1 b + bgi‘ —ag — agzﬁ
160 B! = 2 X Al
(160) J(2) <b1 — b3y a1+ asy
But
dui (O o R
161 — = b b ——(b b
(161) 5oy = (g5 (0 +0ad) = 5201+ bsi)) .
uy (00 . Ouy R
162 Guz _ (GU2 o aaa) o+ 2U2 R
(162) D2 (8931( a2 — k) + 5 (o +asi)) 1)

When computing [ div w, J(#) di, Jacobians cancel and one is left with the
integral of a function which is linear in each variable and which can be computed
exactly by a one-point formula.

Example 9.3. Using a 4-point integration formula on a straight-sided quadrilateral
can be seen asin the previous example to be exactly equivalent to a@, — Q1 approx-
imation ([8, 9]).

The above equivalence is however not the general rule. Consider the following
examples.

Example 9.4. We want to use a reduced integration procedure to emulate the
Crouzeix-Raviart P, — P; element. To define a P, pressure, we need three inte-
gration points which can generate a formula that will be exact for second degree
polynomials(but not more). The bubblefunctionincluded in velocity however makes
div u;, € P(K) and [, div w;, gndz will not be evaluated exactly.

Example 9.5. A full isoparametric Q2 — Q1 element is not equivalent to its four-point
reduced integration anal ogue.

Example 9.6. A Q> — Py approximation is not, even on rectangles, equivalent to a
one-point reduced integration method for div w,;, contains second order term which
are not taken into account by a one-point quadrature.
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9.3 Effects of inexact integration

If we now consider into more details the cases where a perfect equival ence does not
hold between the mixed method and some reduced integration procedure we find
ourselves in the setting of nonconforming approximation. In particular b(v,,, gn) IS
replaced by an approximate bilinear form by, (vy,, g,). We shall suppose to simplify
that the scalar product on @, is exactly evaluated. Two questions must then be an-
swered.

— Doesby, (., .) satisfy the inf-sup condition ?
— Do error estimates still hold without loss of accuracy ?

Example 9.7. Wein fact come back to Example 9.6 and study on arectangular mesh,
the Q2 — Py approximation (see Section 6.4) with a one-point quadraturerule. This
is not, as we have said, equivalent to the standard Q> — Py approximation. We now
want to check, using Proposition 4.1, that it satisfies the inf-sup condition. We thus
have to build a continuous operator (in H! (§2)-norm) such that

(163) /QdiV wy qn de = [(div ITyu,) (Mo, k)qx] area(K)
K

where M i isthe barycenter of K and ¢ therestriction of ¢;, to K. We can restrict
our analysisto one element as ¢, isdiscontinuousand we study both sides of equality
(163). We have of course, taking ¢ = 1,

(164) / div w, dz = / uy, - n do.
K oK -
7 6 5
® @ ®
h‘y
8 @ o 4
ha
[ @ L ]
1 2 3

Fig. 16. A rectangle

Using the numbering of Figure 16 and denoting by w;, v; the horizontal and ver-
tical components of velocity at node i, we can write (164) by Simpson’s quadrature
rulein theform
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h h
/ div wy, dz = Fy[qu, + dug + ug) — gy[ul + dug + u7]
K

(165) " .
+ F[w + 4ug + v5] — %[vl + 4vg + v3].
If wewrite
(166) u4:“5;“3+a4, ug = LU L
(167) UGZUS;W-%@G, V2 :Ul;vg-i-?b

where 14, 1g, 0 and vy are corrections with respect to a bilinear interpolation we
may rewrite (165) as

h, 4 h, 4
/ div u, dr = Q[Ug) +usg + -y — Q[Ul + uz + < s
168) « 2 3 2 3

+@[ + +éA]—h—$[ + +éA]
9 U7 (%) 31}6 5 U1 U3 31}2.

On the other hand area

—

K) div w;, (Mo, k) can be seen to be equal to

h h
—y[U5 + uz + 204) — —y[U1 + ur + 24g]
2 2
(169)
Dy . by .
—7[117 + v + 21}6] - 7[1}1 “+ vz + 2u2].

If we thus split u,, into abilinear part 9 and amid-point correction part @,,, one can
define 11w, by setting

(Hhﬂh)o = Q?w
(170) 92
(Mpuy,) = 3

Equality (164) will then hold and (170) is clearly continuous with a continuity con-
stant independent of h.

Example 9.8. We come back to Example 9.4 that is athree-point quadraturerule used
in conjunction with the Crouzeix-Raviart element. We shall not give the analysisin
details but only sketch the ideas. The problem is again to check that the inf-sup
condition holds through Proposition 4.1. As the quadrature rule is exact when gy, is
piecewise constant, the obviousideaisto build 17w, by keeping the trace of w;, on
0K and only modifying the coefficients of the bubble functions. This can clearly be
done. Continuity is now to be checked and the proof is essentially the same as the
standard proof of the inf-sup condition (Section 7.2).

Example 9.9 (A modified Q1 — Py element). We now present a puzzling example
of an element which is stable but for which convergence is tricky due to a consis-
tency error term. We have here a case where using a one-point quadrature rule will
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change the situation with respect to the inf-sup condition. In fact it will make a sta-
ble element from an unstable one but will also introduce an essential change in the
problem. The departure point is thus the standard @1 — P, €lement which, as we
know, does not satisfy the inf-sup condition. We now make it richer by adding to ve-
locity wy,|x = {u1, u2} what we shall call wave functions. On the reference element
K =] —1,1[x] — 1, 1], those functions are defined by
(171) v = a0,
w2 =Y bg(fll,y),

where by (2, 9) = (1 — 22)(1 — §?) isthe Q2 bubble function. If we now consider
(172) Uy |k = {u1 + agwi, ug + agwe} = w, |k + axwy,

we obtain a new element with an internal degree of freedom. The wave functions
that we added vanish on the boundary and nothing is changed for the stability of
the mixed method with exact integration. If we rather use a one-point quadrature
rule, things become different. We shall indeed check that the modified bilinear form
b (2, qn) satisfies the inf-sup condition. We thus have to show that

; div @,(Mo, i )pr 3

(173) sup

- > ko |pulo-
a, Ny, |1

Thisis easily checked by posing on K (we suppose a rectangular mesh to simplify)
(174) |k = hk prwk-

We then have div 4, = py, and

(175) @, llx = hpr lwglx,

which implies

(176) s ll1 < € [palo,

and (173) follows. A remarkable point is that even the hydrostatic mode has disap-
peared. Thisis an indication that something incorrect has been introduced in the ap-
proximation. An analysisof consistency errorindeed showsthat usual error estimates
fail and that we are actually approximating a continous problem in which theincom-
pressibility condition has been replaced by div u+kp = 0 wherek = 1575/416. We
then see that if in general for Stokes problem, making the space of velocities richer
improves (at least does not reduce) the quality of the method, this fact can become
false when numerical integration is used.

Let us now turn our attention to the problem of error estimation. From [24] all we
have to do isto estimate the consistency terms
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|br(vn, p) — b (vn, p)|

177)
Yh llonllv
and
(178) sup 1204 9n) = bn (¥, n)|

an llgnllo

We thus have to estimate quadrature errors. It would be out of purpose to enter into
details and we refer the reader to [27, 28] where examples of such analysis are pre-
sented exhaustively. The first step is to transform (177) into a form which is some-
times more tractable. We may indeed write

b(vn,p) — bp(vn,p) = (b(vn, p — qn) — bn(vn, p — qn))
479 { + (b(vn, qn) — bu(vn, an))

and

b(u, gn) = b (u, gn) = (0w = v, gn) = br(w = vn; qn))
(180) { + (b(vn, qn) — b (v, qn)).

Thefirst parenthesis in the right-hand side of (179) and (180) can be reduced to an
approximation error. The second parenthesisimplies only polynomials.

Let us therefore consider (180) for the three approximations introduced above.
(Coming back to the notations of the present section) For the Crouzeix-Raviart tri-
angle taking v;, the standard interpolate of u makes the second parenthesis vanish
while the first yields an O(h) estimate. For the two other approximations taking v,,
to be a standard bilinear approximation of » makes the second parenthesis vanish
while the first yields on O(h) estimate, which is the best that we can hope any-
way. The real trouble is therefore with (177) with or without (179). In the case of
the Crouzeix-Raviart triangle, we can use directly (177) and the following result of
[27, 28], (Theorem IV.1.5).

Proposition 9.1. Let f € Wy, ,(£2), pr € Pi(K) and denote Ey(fpy,) the quadra-
tureerror on element K when numerical integrationisappliedto fpy. Let ussuppose
that Ex (¢) = 0, V¢ € Pop_2(K) then one has

(181) |Ex(fpr)| < chly (meas(K))2 =4 |f

koq, K [Pk 1

Taking k = 2 , ¢ = oo and using the inverse inequality to go from |px|1 to |px|o one
getsan O(h?) estimate for (177).

The two other approximations cannot be reduced to Proposition 9.1 and must be
studied through (179). We must study aterm like

|b(vn, qn) — b (vn, qn)
o (AR

(182)

This can at best be bounded. For instance in the case of the Q2 — Py approximation
we can check by hand that the quadrature error on K reducesto i3, | div vy, |2 i pk.
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10 Divergence-free basis, discrete stream functions

We have dealt in this note with the mixed formulation of the Stokes problem and
we have built finite element approximationsin which discrete divergence-freefunc-
tions approximate the continuous ones. It is sometimes useful to consider directly
the constrained minimization problem

| 2
(183) ot 5 [ leo)Pde— [ fou
where V} is the subspace of divergence-free functions. In this subspace we have a
standard minimization problem and the discrete form would lead to a positive definite
linear system. Indeed the solution of problem (183) satisfies the variational equation,

(184) /Qg(go) e(vg) dor = /Qi-go dx, Y, € Vo, uy € Vo.
In the discrete problem, if one knows a basis {w,, ..., w,,} of V;, the solution is
reduced to the solution of the linear system
(185) Ao Uy = Fp,
where
(186) o = [ sw)igwyde, £ [ fowdn,
ol - o
and
(187) Ao = {ad;}, Fo={f}.

Building a basis for the divergence-free subspace could therefore lead to a neat re-
duction of computational costs. pressure is eliminated, along with a certain amount
of velocity degrees of freedom. System (185) is smaller than the original one. It must
however be noted that with respect to the condition number, (185) is behaving like
a fourth order problem, which makes its practical usefulness often dubious. As to
pressure, it can be recovered a posteriori (see [25, 26]).

The construction of such a basis is not however a very popular method and is
considered as a hard task although it has been numerically implemented (see [43, 65,
44)).

Aswe shall see the two-dimensional caseis quite readily handled in many cases.
The degrees of freedom can be associated with those of a discrete stream function.
The three-dimensional problem is harder to handle: a generating system can often
easily be found but the construction of a basis requires the elimination of some de-
grees of freedom in anot so obviousway.

We shall also consider rapidly anumerical procedure, related to static condensa-
tion that will require a partly divergence-freebasis.

Finally we want to emphasize that the construction which we describe will make
sense only if the finite element approximation is good so that the previous analysis
istill necessary even if it might seem to be bypassed.

We first consider a simple example of a divergence-free basis.
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Example 10.1 (The non-conforming P; — P, element). We consider the classical non-
conforming element introduced in [31] (cf. Section 6.3) in which mid-side nodes
are used as degrees of freedom for velocity. This generates a piecewise linear non-
conforming approximation; pressure is taken constant on each element (Figure 17).
The restriction to an element K of u, € V}, is then exactly divergence-free and
is therefore locally the curl of a quadratic polynomial. This discrete stream func-
tion cannot be continuous on interfaces but must have continuous derivatives at
mid-side points: it can be built from Morley’s triangle. The degrees of freedom of
the divergence-free basis can be associated to the degrees of freedom of this non-
conforming stream function (Figure 18). This assigns a basis function to each vertex
and to each mid-side node. They are depicted schematically in Figure 19. One ob-
serves a general pattern: divergence-free functions are made from small vortices.

X

Fig. 17. Nonconforming element

Remark 10.1. The kind of basis obtained in the previous exampleis typical of a do-
main without holes with homogeneous Dirichlet boundary conditions. Whenever a
hole is present, an extra basis function must be added in order to ensure circulation
around the hole (Figure 20). Thisfunction is not local.

Fig. 18. Nonconforming stream function

In the same way when the flow is entering on a part I, of 92 and outgoing on
apart I'1, abasis function must be provided to link those parts and to thus take into
account the potential part of the flow (Figure 21).

We now consider a conforming approximation, namely the popular Q, — P; element
(see Section 6.4).
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Fig. 19. Basis functions for a divergence free P,—P, nonconforming element

Fig. 20. Divergence free function around a hole

F() Fl
»»%» —=

Fig. 21. Divergence free function with different boundary conditions

Example 10.2 (The conforming Q2> — P, element). We shall sketch in this example
the construction of a divergence-freebasisfor the Q2 — P, element. To make things
simplewe shall assume that the mesh isformed of 2 x 2 macro-elements. The general
case can easily be deduced. Let usfirst look for divergence-free(in the discrete sense
of course) functions with their support on a macro-element. We have eighteen de-
grees of freedom for velocity (Figure 22) linked by (12 — 1) = 11 linear constraints.
Thisleaves 7 linearly independent functions which can be described by the diagrams
of Figure 23.

Three of them are associated with each vertex and one to each mid-side node. It
must be noted that internal nodes are no longer degrees of freedom.

Remark 10.2. The “divergence-free” functions described above cannot be taken as
the curl of a stream-function as they are not exactly divergence-free. However a
discrete stream-function can nevertheless be built. Its trace on 0K can be totally
determined by integrating w,, - n along the boundary. As the flow is conserved at
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Fig. 22. A 2 by 2 macroelement

N C
) C

e
N O

Fig. 23. Divergence free functions

element level this defines ¢, |ox which is a piecewise third degree polynomial such
that % = wy, - n. Thisstream-function could be built from the element of Figure 24
(Adini’s element) but u;, must be deduced by taking a discrete curl operation.

Other methods which have been studied for elasticity problems can be extended
to Stokes problem. For instance, the Hellan—Hermann—Johnson mixed method for
plate bending has been extended to the ¢ — w formulation for Stokes by [22].

11 Other Mixed and Hybrid Methods for Incompressible Flows

We have considered in this chapter only the most standard applicationsto the Stokes
problem using primitive variables. Thisis not by far the only possibility; the ) — w
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Fig. 24.

decomposition of the biharmonic problem, for instance, can be applied to a Stokes
problem. Indeed any divergence-freefunctionsu € (H}(H))? can be written in the
form

(188) u = curly, ¢ € HZ ().
From (188) we get
(189) curly = w = —Aq.

On the other hand, taking the curl of equation (1) gives
(190) —Aw=curl f = f1.

Thisprocedure can be extended to the Navier-Stokes equation (indeed in many ways)
including, if wanted, some upwinding procedure for the non linear terms (see [40,
47]). Thereader will find afairly complete study of such proceduresin [42] and [53].
It must be noted that the simplest case of such a procedure, using for vy, a bilinear
approximation yields as an approximation of u the famous M AC' cells (Figure 25).

Fig. 25. MAC cell

Indeed this s nothing but the space RTjo for which the subspace of divergence-
free functions can be obtaned from a bilinear stream-function.
The Hellan-Hermann—Johnson mixed method for elasticity can also be applied to
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the Stokes problem with w;, chosen in some approximation of H (div, £2). A direct
approach precludesto use asymmetric tensor and forcesto use grad  instead of e(u)
asdual variable ([4]). This difficulty has been circumvented by [51] by enriching the
spaces by thetrick of [1] or [2] or [20].

Finally it must be said that dual hybrid methods have been applied by [7] to the
Stokes problem. This generates elements which are defined only by the traces at the
boundaries and for which internal values can be chosen arbitrarily. This can be seen
as the ultimate case of enrichment by bubble functions: enriching by a (potentially
infinite dimensional) space enablesto use exactly divergence-freefunction, provided
the inf-sup condition is satisfied for piecewise constant pressure.
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