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Abstract

This paper deals with a nonlinear abstract evolution integrodifferential equation
of Volterra type. This equation contains two nonlinearities, namely a maximal
monotone operator and a Lipschitz continuous operator, and may arise from a Stefan
problem in materials with memory. Uniqueness of a solution to the associated
Cauchy problem is proved. Then, global existence is achieved via a semi-implicit
time discretization procedure. Moreover, some estimates for the discretization error
are established.
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1 Introduction

The present analysis is concerned with a nonlinear Volterra integrodifferential equation
governing the evolution of two unknown fields, v and ©. These must also satisfy a
relation induced by a maximal monotone graph v : R — 2%, More precisely, letting €
be a bounded domain in R¢, d > 1, with a smooth boundary 09, and T be some final
time, we deal with the following equation and inclusion in @ :=Q x (0,7))

u— AW+ kx9) = g(W)+f  ae in Q, (1.1)
d+v0) > u  ae in Q. (1.2)

Here, k stands for a time dependent memory kernel and * denotes the standard convolu-
tion product on (0,t), namely (kx9)(-,t) := fot k(t—s)d(-,s)ds for t € (0,T). Moreover,
g and f represent source terms while v is a completely arbitrary maximal monotone
graph in R x R.

*This work has been partially supported by the Istituto di Analisi Numerica del CNR, Pavia, Italy
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The model (1.1)-(1.2) is of relevant interest within applications. Referring to the theory
of heat conduction in materials with memory (see, e.g., [9, 10] and references therein), we
may interpret u and ¢ as the enthalpy and the relative temperature, respectively. Then,
we introduce the constitutive assumptions on the internal energy and the heat flux

e(z,t) = u(x,t),

t
q@ ) = Vi@, 1) — / k(L — ) VO(z, 5) ds
for any (x,t) € Q x (0,7), and assume that the past history of ¥ is known up to time
t = 0. Within this setting, we may consider the energy balance equation

e + divq:f in Q,

where f stands for the heat supply that can be assumed to depend on the actual value of
the temperature as well. At a first glance, it appears that (1.1) is nothing but the previous
equation where the above constitutive assumptions are plugged in, but we include in f
also the past history on ¢ and deal with a nonlinear contribution g(?).

Regarding the memory kernel, we may ask k£ to be smooth enough and such that the
inequality

/0 (U(s) + (k * v)(s)) v(s)ds > w/o v?(s) ds, (1.3)

is fulfilled for a suitable w > 0, and for all v € L?(0,T) and t € (0,7). It is worth
recalling that condition (1.3) makes the model consistent with the Second Principle of
Thermodynamics (see, for instance, [14]). However, we stress that the property (1.3) is
not assumed in our analysis. Indeed, we just ask for a suitably smooth kernel

ke Wh(0,T).

On the other hand, the inclusion (1.2) accounts for the phase transition occurring in
the material. In particular, a significant example of graph v is (r) = H(r), where H
denotes the Heaviside graph, namely H(r) = 0 if r < 0, H(r) = [0,1] if » = 0, and
H(r) =1 if r > 0. Indeed, this choice corresponds to the Stefan problem for materials
with memory and has been investigated for instance in [2, 9, 10].

The problem (1.1)-(1.2) has to be supplied with initial and boundary conditions. To
this end, we prescribe

0,0+ kxv9) = AJ9—U)+h on 00 x (0,7), (1.4)

u(-,0) = u° a.e. on {2, (1.5)

where 0, indicates the outward normal derivative on the boundary 02, A is a positive
constant, and 9, h: 90 x (0,T) — R, u’ : @ — R are given functions. Note that (1.4)
comes from the law stating that the normal component of the heat flux g on the boundary

is proportional to the difference of internal (9|5q) and external () temperatures. In this
context, the supplementary datum A accounts for

d, (/OOO k(t — 5) Vi(z, 5) ds) |



Nonlinear Volterra Equation 3

Various initial and boundary value problems concerning systems close to (1.1)-(1.2)
have been examined. Indeed, the related results often deal with more general integral
equations, possibly including a memory effect also on the enthalpy u, that is, e := u+p*u
for a suitable kernel .

Of course, in the case when k£ = 0, the model reduces to a well-known equation
(see, for instance, [13, 21]). Moreover, accounting for a non-vanishing kernel %k but
neglecting the nonlinearity ¢ in (1.1), existence and longtime behavior of solutions have
been analyzed for a wide class of problems; we refer, in particular, to [1, 6, 11] and the
references therein. Actually, an existence result for (1.1)-(1.2) (thus accounting for its
doubly nonlinear character) has already been obtained in [2], where, nevertheless, the
authors impose restrictions on the possible choice of the graph 7. Namely, the latter is
asked to be at most linear at infinity.

In order to specify our results and for the sake of convenience, let us put problem
(1.1)-(1.2), (1.4)-(1.5) in an abstract form from the very beginning. To this end, set

H:=IL*() and V:=HY(Q),
and identify H with its dual space H’, so that
VcHcCV

with dense and continuous embeddings. Denoting by (-,-) the duality pairing between
V' and V, and assuming the function g to be Lipschitz continuous, we introduce the
operators A, B, and G defined by

AV —V (Av,w)::/VU-Vw+)\/ vw Yv,w eV,
Q o9

B:V—V"  (Buv,w) ::/Vv-Vw VYo, w eV,
Q
G:H—H G(u)(-) == g(u(-)) Vue€ H.

Observe that A is coercive, while B is not. Next, we include the boundary data into the
function F': (0,7) — V' defined by

(F(t), v) ::/Qf(-,t)er/aQ()\ﬁb+h)(-,t)v, for ae. te(0,T), VoeV.

Moreover, let j : R —] — 00,4+00] be a convex, proper, and lower semicontinuous
function such that v = 9dj. Then, we associate to j the functionals Jg and Jy on H
and V as follows

/Qj(u(a:)) dv  ifue H and j(u) € L'(Q)
+00 ifue H and j(u) ¢ L'(Q)
Jy(v) = Jy) ifveV. (1.7)

Ta(u) = (1.6)

As is well known, both Jgz and .Jy are convex, proper, and lower semicontinuous on H
and V, respectively. Thus, the subdifferential dyy/Jy : V. — 2Y" turns out to be a
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maximal monotone operator. Assuming also u® € V' and F € L%*(0,T;V’), and asking
for the regularities 9 € L*(0,T;V), u € H'(0,T; V"), problem (1.1)-(1.2), (1.4)-(1.5) can
be set as

u+AV+k*xBY = GW) +F in V') ae in (0,7), (1.8)
9+ av’vljv(ﬁ) S5 wu in V’, a.e. in (0, T), (19)
u(0) = u°, (1.10)

where the prime obviously stands for the derivative with respect to time.

The main novelty of this paper is that of dealing with (1.9) (instead of (1.2)) together
with the nonlinear source term g. Note that in this framework (1.9) is actually an
extension of (1.2). Indeed, (1.9) entails (1.2) whenever, for instance, v € L*(0,T; H) (cf.
[12]) or ~ is linearly bounded (cf. [2]) as will be made precise later.

Hence, our existence result provides a solution to the problem above for a completely
arbitrary graph ~ (thus, not requiring any linear boundedness). Let us point out that
this extension turns out to include interesting applications. Indeed, we actually prove the
existence of a solution to some pseudo-parabolic problems of the form

(0 — AD) — AW + k% 9) = f — g(0) (1.11)

which may occur in several diffusion processes (8, 15].

In addition, this paper provides an approximation of the abstract Cauchy problem.
Indeed, the existence proof for the continuous problem is carried out by making use
of a semi-implicit time discretization of (1.1)-(1.2). The key point of this procedure is
the approximation of the term k % B1. In this direction, the reader is referred to the
papers [4, 17, 18, 19], where the authors carefully analyze the numerical aspects of some
discretization of memory terms. In particular, some quadrature procedures are devised
and the related error estimates are deduced.

Here, the convolution product k x Bv is treated in a natural way. Namely, letting
7 := T/N(N € N) denote the time step and {k;}¥, € RY, and {B9;}¥, € V' be
approximations of k& and B4, respectively, we replace (k * BY)(t),t € (0,T), by the
quantities

7
TZkifj—{—lBﬂj; ’L=1,,N
j=1
This choice turns out to be adequate for our case, since this kind of approximation leads to
a discrete version of inequality (1.3) (see, e.g., [17, Sec. 4]), together with some interesting
properties such as a discrete Young’s inequality for convolutions. Moreover, there is a
suitable convergence to the continuous counterpart as 7 tends to zero (cf. (4.14)).

As a by-product of our analysis, we provide some convergence results of the discrete
solution to the continuous one as the time step goes to 0. Moreover, an a prior: estimate
for the discretization error is recovered. This estimate depends solely on the data and
requires no additional regularity for the solution. Namely, denoting by ¥, the piecewise
constant solution of the discretized problem with time step 7, we obtain (see (5.36))

19 = 9x || r20,ms220)) + 11 % (9 = 92|l coqorsm () < C VT
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The remainder of the paper is organized as follows. In Section 2 the general assump-
tions on the data are stated and the main result is rigorously established. Then, Section 3
is devoted to prove the uniqueness of the solution, while Section 4 describes the details
of the time discretization. Finally, the global existence of a solution is proved in Section
5, where we provide also the estimate for the discretization error.

2 Main result

We start by listing our assumptions on the data.

(A1) H and V are real Hilbert spaces such that V' C H densely and continuously.
Moreover, H is identified with its dual space H', whence V C H C V' with dense
and continuous embeddings. The symbols (-,-), (-,+), and |-| will denote the duality
pairing between V' and V, the inner product in H, and the related norm in H,
respectively.

(A2) A:V — V' is a linear continuous symmetric operator. Moreover A is also
coercive in the sense that

(Av,v) > afv||? Yv eV,

for some positive constant «, where || - ||y stands for the natural norm in V. We
define the following
(u,v)) == (Au,v) Yu,veV (2.1)

as an inner product in V' which is equivalent to the natural one, and denote by
Il - 1l, (+,-)«, and || - ||« the corresponding norm in V, the induced inner product
in V', and the related norm in V', respectively. Hence, A may serve for the Riesz
isomorphism between V and V.

(A3) B:V — V' is a linear continuous operator.
(Ad) J: H —] — 00,+00] is a convex, proper, and lower semicontinuous function.

Now, let Jy : V —] — 00, 4+00] be the restriction of J to V. It is a standard matter to
verify that Jy is still convex, proper, and lower semicontinuous. Thus, the subdifferential
Ooyyrdy : V — 2V" is defined. For the reader’s convenience, we recall here its definition

u € Oy, Jy(v) if and only if
uweV', veD(Jy), and Jy(v) < (u,v—w)+ Jy(w) YweV,

where D(Jy) represent the effective domain of Jy. Indeed, Ov,+Jy turns out to be
a maximal monotone operator from V to V' (for the theory of maximal monotone
operators and convex functions we refer, e.g., to [5]).

Next, let us introduce the conjugate function of Jy, namely Jj, : V' —] — 00, +00],
defined as

Jy(w*) == ilel‘[; ((w*,v) — Jy(v)) Vw* €V’ (2.2)
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Basic results on conjugate functions (see, e.g., [5, Sec. I1.2.2]) ensure that J;; is still
convex, proper and lower semicontinuous, and that, denoting by dv+ v J3 : V! — 2V the
subdifferential of Ji;, we have the following

v € Oyr vy (u) if and only if
veV, ue D(J)), and JiH(u) < (u—w*,v) + Jy(w*) Vw* eV’
if and only if  w € OyvJy (v). (2.3)
Finally, set
I'.= 8V7V/JV. (24)
Moreover, we assume that

(A5) G : H — H is a Lipschitz continuous operator. That is, there exists a positive
constant Cg such that

|G(u) — G(v)| < Cglu —v| Yu,v e H. (2.5)
(A6) k € W (0,T).
(A7) F e L2(0,T; H) + WH'(0,T; V).
(A8) u® € V' and there exists ¥y € D(I') (C V) such that u® € (I +T)(d).

where I stands for the embedding of V' into V'.

Remark 2.1. We notice that, actually, our analysis does not require the strong coercive-
ness property for A stated in (A2). Indeed, it suffices to assume A weakly coercive, that
is

3\, >0 such that (Av,v) + Av|? > o|[v])}, Vv e V.
In this case, we can replace A by A := A+ \Id (where Id stands for the identity in
H) and incorporate the outcome into G (see (A5)). This would allow us to treat other
boundary conditions, different from (1.4), including Neumann boundary conditions.

Remark 2.2. Observe that our set of assumptions does not contain the property (1.3)
for k. Indeed, such property, although physically motivated, can be neglected in the
forthcoming theory.

Remark 2.3. As regards the operator GG, we point out that our results hold for a wider
class of nonlinearities. Namely, we may ask for a G : L?(0,T; H) — L*(0,T; H) which
is causal, i.e.,
if wuy,uy € L*(0,T;H), t € (0,T), and u; = uy a.e. in (0,t)
then G(u1) = G(ug) a.e. in (0,1),

and Lipschitz continuous, that is, there exists a positive constant C, fulfilling
|G (u1) — G(uz)l206m) < Callur — uzllL2(o,m)

for any ¢ € (0,7) and all wuy,uy € L?(0,T; H). Indeed, it would be possible to adjust
the argument devised here to operators G of the type above which could, in particular,
represent non-local (in time) nonlinearities, e.g., including convolution terms.
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We are now able to state the main result of the paper, which reads as follows.

Theorem 2.4. Let assumptions (A1)-(A8) hold. Then, there exists a unique pair (9, u)
fulfilling

9 € H'(0,T;H) N L*(0,T;V), (2.6)
u€ HY(0,T; V"), (2.7)
uW+AV+kxBI=GW)+F in V', ae in (0,7T), (2.8)
d9+TW)>u wm V', ae in (0,7T), (2.9)
u(0) = u°. (2.10)
We stress that, under suitable assumptions on the graph « (cf. (1.2)), relation (2.9)

entails the pointwise inclusion (1.2) as well. In this context, let us take a convex, proper,
and lower semicontinuous function j : R —] — 0o, +00| such that v = 0j and consider
the related functionals Jy, Jy and Jj; defined as in (1.6)-(1.7) and (2.2), respectively.
Referring to [6] for the details, we note that one can deduce the equivalence between

e (I+T)W)

and
ve D(Jy) and uwed+y(d) ae in Q

for all ¥ € V, u € V', under the further assumption
D(j) =R (2.11)

namely, j(§) < —|— for any £ € R We point out that the assumption (2.11) is equivalent

to either D(y) =R or 7! is surjective or

3* (&)

lel+o0  [E]

= +OO,

where j* denotes the conjugate of j. In particular, (2.11) is fulfilled whenever the graph
~ is sublinear, namely

n| < Co(1+1¢])  VEeR, Vnpenr(f), (2.12)

for a suitable constant Cj. This is, actually, the case of the Stefan problem, where ~
reduces to the Heaviside graph. Moreover, if (2.12) holds, then (2.6) and (2.12) imply
that uw € L*(0,7; H). In this connection, we underline that the fact that the additional
property u € L?(0,T; H) (that we cannot prove in our framework) along with (2.9) would
yield that

u € 94+7(0) a.e. in Q

whatever the maximal monotone graph < is, as has been pointed out in [12].

On the other hand, our assumption on the maximal monotone operator I' allows us
to treat a wide range of problems including variational boundary conditions or nonlinear
parabolic equations with the additional term —0d;A?, which are known to arise in sev-
eral diffusion processes [8, 15] and are usually referred to as pseudo-parabolic equations.
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Indeed, we point out that the previous term may, for instance, be replaced by the time
derivative of an arbitrary elliptic operator acting on .
Moreover, it is worth remarking that our result still holds when we replace I' = Oy v/ Jy

by a general maximal monotone operator rL:v— 2V thus avoiding assumption (A4).
In this way, one obtains a significantly larger class of apphcatlons to partial differential
equations, especially to systems.

The forthcoming sections will provide both the theory for the approximation of the
system (2.8)-(2.10) and the proof of the previous result.

3 Uniqueness

In this section, we prove the uniqueness result contained in Theorem 2.4, by reasoning
by contradiction. Let (91,u1) and (¥a,u2) be two pairs satisfying (2.6)-(2.10), and set

9=, — Vo, U= uy — ug, G = G(th) — G(Va).

Taking the difference between equation (2.8), written for (1, u;), and the same equation
for (93, usz), one infers that

W' +AV+k«BI=G in V', ae in (0,7).
Next, we integrate the previous equation over (0,t), and have
at) + (1% AD)(t) + 1+ k+ BY)(H) = 1« G)(¢) in V', (3.1)

for all ¢ € (0,T). If we test (3.1) by 9(t) € V (cf. (2.6)), integrate once more in time,
and recall (A5) and (2.1), we obtain

[ 6 360ds + [ (1 9)6). T )i

:—/0 (1% k  BY)(s ),5(s)>ds+/0 (1% G)(s),9(s))ds. (3.2)

Due to the monotonicity of ', by (2.9) one immediately deduces that

[ ) 3y + [ (1 +9)6).3eyas = [ i)+ DO

In order to control the first term in the right hand side of (3.2), we recall the equality
(cf. (A6))
(kxo) =k(0)o+k'xoc  VoeL(0,7), (3.3)

and use (3.3) in an integration by parts. Owing to the elementary inequality (which will
be used in the sequel without any explicit mention)
€ 9

1
ab < —a®+ —b? Va,b € R, Ve >0,
2 2¢e
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and by virtue of Young’s theorem, Holder’s inequality, and assumption (A3), we deduce
that

— /O<(1*k*35)(s),5(5))ds < (b * 1% BI)(1), (1 +9)(1)))|

+ ‘k(o)/o (B(1%9)(s), (1% 9)(s))ds| + /0<B(k'*1*5)(5),(1*5)(s)>ds

1 ~ ¢ ~
< le(l*ﬁ)(t)ll2+IIkIIiQ(o,T)IIBII%(V,VI)/O 1(1 % 9)(s)[|*ds

t - t -
+ |k(0)] ||B||.C(v,v')/0 ||(1>'<19)(8)||2d$+||/~€'||L1(0,T>||B||c<v,v')/0 11 % 9)(s)||"ds,

where || - ||zev,v) denotes the standard norm in the space of linear continuous operators
from V to V', and |k(0)| stands for the absolute value of k(0).
Concerning the last term in the right hand side of (3.2), owing to (2.5) we easily obtain

/0 (1% G)(s),0(s))ds < %/0 |(1*é)(s)|2ds+%/0 19(s)[*ds

1 [t~ CLT [* ~
< 5 [ 106+ S5 [ 1 s,
0 0

where the last inequality is ensured by the relation

t
o+ Wiy < tlalee) [ 180G gmds
for any a € L*°(0,T), be L?(0,T;H), and t€ (0,T). (3.4)
Hence, choosing a proper positive constant (', for instance

CeT.
2 7

¢y = m{ 1 Blleevvn (IBlewnllElsy + 1EO)] + 1]l } !

and taking into account (3.2), one infers that

1 t 1 - t t -
5 [ e Pas+ 1@ DOP < ([ 10gumds + [ 105 DE)IPS)
0

Finally, an application of Gronwall’s lemma (see, e.g., the version reported in
[3, Thm. 2.1]) ensures that ¥ = 0 a.e. in (), whence, by comparison in (3.1), it fol-
lows at once that u = 0 as well and the uniqueness proof is complete.

4 Time discretization

In this section, we present a semi-implicit time discretization of (2.8)-(2.9). As a first step,
we prepare some results in the direction of a discrete convolution procedure. Then, we
state the discrete scheme and provide the existence and uniqueness of a discrete solution.

We start by fixing a partition of the time interval [0,7]. To this end, we choose a
constant time step 7 =7T/N, N € N.
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4.1 Discrete convolution.

Our next aim is to introduce a discrete version of the convolution product in (0,¢) for
t € (0,7). In this context, we refer the reader to [4, 17, 18, 19] and references therein for
an exhaustive analysis of discrete convolution procedures. Nevertheless, for the sake of
clarity, here we recall the following

Definition 4.1. Let a = {a;}}Y, be a real vector and let b = {b;}Y, € WV |, where W

stands for a real linear space. Then, we define the vector {(a *, b);}Y., € WN*1 as
0 if i=0

a *, b i = i e

(_ _) { szzl ai_j+1bj Zf 1= 1,...,N.

In the sequel, we will refer to the previous vector as the discrete convolution product of
vectors a and b with respect to the time step .

(4.1)

We stress that, in the definition of (a*, b);, only the values {a;}’_, and {b;}}_, are
involved (this is usually known as the causality property). Other properties of our discrete
convolution product are listed in the following lemma, whose proof is straightforward.

Lemma 4.2. Let {a;}},,{b;}Y, € RY, {¢;}L, € WY, and the discrete convolution
product with respect to the time step T be defined as in (4.1). Then, we have

(ax;b) = (b*, a),
((a*rb) #r ¢) = (a*; (b, ©)).

Now, let us introduce some convenient notation.  For the (N + 1)—tuple
{w;}Y, € WNFL let the functions w,,w, : (0,T) — W be specified by

ET(ZL,) = w;, wT(t) = az(t)wl + (1 - ai(t))wi_l,
where o;(t) == (t — (i — 1)) /7, forte ((i —1)r,ir], i=1,...,N. (4.2)
Let us also set Wi —
Sw; == ——L for i=1,...,N. (4.3)
T
Owing to the previous notation, it is not difficult to check the following equality

(a*,b),(t) = (@ xb,;)(ir) for te ((i —1)7,it]. (4.4)

For the sake of reproducing a discrete version of relation (3.3), it suffices to observe
that, given {a;}X, € RV and {b;}, € WV, we have

i i—1 i—1
5(2 *r Q)z' = Z az’—j—Hbj - Z ai—jbj = a1b; + ZT(Saz’—jﬂbj
j=1 j=1 j=1
= ab; + ((5_& *r b)z —1da1b; = agpb; + ((5_(1 *r b)za (4-5)

for e =1,...,N.
Finally, we state a discrete Young theorem.
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Lemma 4.3. (Discrete Young theorem) Let {a;}Y, € RY, {b;}¥, € EN, where E

denotes a linear space endowed with the norm ||-||g. Then the followmg inequalities hold
N
Srlan e < (Sorlal) (Sorible) (19
=1 i=1
N 1/2 N N 1/2
(Srtancmi) < (Sra) (Samit) - wo
i=1 i=1 i=1

Proof. Let us recall definition (4.1) and write

ZTII a*r b)illp < Z Zr\a, i+l Ibjlle = 72 Z |ai—j1] 1|65l (4.8)
=1 =

1,j=1
1<t

On the other hand, we have that

(ZN:TICLA) (iTIIMb) =7’ ZN: |ak| bl -

i=1 i=1 k,j=1

It turns out that every element in the sum in the right hand side of (4.8) appears in the
sum above as well. Thus, inequality (4.6) holds.

Moreover, arguing similarly and accounting for some additional intricacy, one can also
verify relation (4.7). O

Let us note that, given a real vector {k;}~Y, and a vector {o;}Y, € EV, where E
stands for a normed space, and according to definitions (4.1)-(4.3), we have that

k, 3, is a piecewise linear continuous function. (4.9)
Indeed, in view of (4.2), it is a standard matter to check that

(kr % T7) (1) = ci(t) (k #; @)i + (1 — u(t)) (k *; @)1,
for t € ((i —1)7,47] and i =1,..., N, since we have

(e 7)) = Y (Kicy10;(t = (6= )7) + iy (i — 1)) + i (¢ — (= 1))

=2

i—1
= (t-(@G-1r /7'27'kZ 4105 + iT—t)/TZTki_jaj.
7j=1

Note that the second sum in the above right hand side contributes only if 7 > 1. As a
by-product, owing to (4.5)-(4.6) and (4.9), one easily infers that

N
Varp,rslk: *7.] = Z |(k *: )i — (k *: 0)i-1llE

i=1
<Z (18 *, o)l + Kollloil )

< (||5k7||L1<o,T) + - lloom) ) 157 10709, (4.10)
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where Varpmr;gs[f] denotes the total variation on the interval [0,7] of the function
f:]0,T] — E, where E is a normed space (see, for instance, [7]).

4.2 Approximation.
Now it is worth introducing our approximation of equations (2.8)-(2.9). Let us set
k; == k(i) for i=0,1,...,N, (4.11)
whence it is a standard matter to verify that (cf. (A6))
|k — k- |lior < 7Varpmrlkl, (4.12)
and  |0k-||p1or) < Varpmrlk]. (4.13)
Moreover, we point out an estimate which will play a crucial role in the next section.

Proposition 4.4. Let (A6) hold and {o;}Y., € EV, where E denotes a linear space
endowed with the norm || -||z. Moreover, let {k;}N,, @r, and {(k*,o);}Y., be defined as
in (4.11), (4.2), and (4.1), respectively. Then, there exists a positive constant Cy which
depends only on k and fulfills

&> ), — ko lwere < 7 oz, (4.14)

Proof. Easy calculations ensure that

(& *; @), — k * 07| 1100,7;)
< |[(E*s;0), — k, x OrllLrom;m) + |(kr — k) * ol L1 o, m)- (4.15)

The first term in the right hand side above may be easily controlled by virtue of relation
(4.4) as follows

N T
(& *- @), — kr % 0r || o;rsm) = Z/( | |(kr +T7)(iT) — (k7 +07)(¢)|| £ dt
i=1 —1)7

N T
S Z/ Var[(i_l)TyiT];E[kT % ET] = T VCIT'[O,T};E[kT * ET].
— J(E-1)T

According to (4.10)-(4.11) and (4.13), the previous inequality yields

[+ ), = ke 4Tl < 7(Varomalkl + el =on ) 7 l@rm.  (416)

As regards the second term in the right hand side of (4.15), the Young theorem along
with relation (4.12) ensures that

(ks — k) * 0l rorimy < ke — Kl ol o o,150)
< 7 Varpnglkl [o: 20,18
Therefore relation (4.14) is satisfied with, for instance, the choice

Cy :=2Varprr[k] + klleor). O

I
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Remark 4.5. We stress that, if we are given a positive, non-increasing, and convex k, a
positivity inequality, analogous to (1.3), may be simply deduced. The reader is referred
to [17, Sect. 4] for the details.

Regarding F, we decompose F = F + F,, with F, € L?(0,T;H), and
F, e WH(0,T; V"), and set

1 T
Fl,i = —/ Fl(t) dt e H for 7 = 1,...,N, (417)
T J(i-1)r
FQ,Z' = FQ(ZT) S %% for + = 0, 1, ce ,N. (418)
Moreover, we define
F,=F,;+F,; fori=1,...,N. (4.19)

Note that || F; .

|20,m5m) < || F1||20,;m) and the following convergence is straightforward
F,, — F, strongly in L*(0,T; H). (4.20)
In addition, we have that (cf. (4.12)-(4.13))

|1F> — Forllnoryvy < 7Varpmv|[Fal, (4.21)
and ||5F2,T||L1(O,T;V’) S VCLT[()’T];V/[FQ]. (422)

Then, the approximation scheme may be formulated by making use of an auxiliary
unknown §&; as

du; + AY; + (k*, BY); = GW_1)+F, in V' for i=1,..., N, (4.23)
wp = %;+& in V' for i=1,...,N, (4.24)
& € D) for i=1,...,N, (4.25)
uy = u, (4.26)

with the obvious notation BY = (BW); := BY;.
Next, we state and prove an existence and uniqueness result for the solution to the
scheme (4.23)-(4.26).

Theorem 4.6. Let assumptions (A1)-(A8), (4.11), and (4.17)-(4.19) hold and let the
time step T be small enough. Then, there exists a unique triplet of vectors {V;, u;, &Y, €
(V x V' x VYNTL fulfilling relations (4.28)-(4.26).

Proof. Recalling (A8), we set )y :=9° € V', and define & := u® —9°. Thus, it suffices to
prove that, for any given triplet of vectors {9;, u;, Sj}}*% € (V x V! x V'), there exists

a unique triplet {9;, u;, &} € V x V' x V' which fulfills (4.23)-(4.25). To this end, put

2—1
wi =T (E + G(ﬁz_l) - TZ ki_j+1B19j) + Uj—1-

j=1
Then, our aim is to verify that, for any given ¢; € V', the equation

19; + T(0;) + TAY; > =12k BY; + ¢
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has a unique solution 9¥; € V. In fact, u; and & will be then uniquely determined by
(4.23)-(4.24). As I is monotone and continuous from V' to V', the result in [5, Cor. 1.3,
p. 48] ensures that I+ is a maximal monotone operator from V' to V'. Hence, thanks
to (A2) it is possible to define the operator S :V — V., which maps ¥ into the unique
solution S(¥) € V to the equation

<A + % I+ F)) (S(9)) > —7k:1BY + i /7.

Now, let 91,95 € V. Then, by virtue of the Lipschitz continuity of the resolvent

-1
jl/’r = <A + % (I+ F))

with Lipschitz constant equal to 1 (see [7, Prop. 2.2, p. 23]), and owing to assumption
(A3), we have

1S(1) = SW2)|| = |Trjr (= Th1 BY1 + i/7) — Tiyr( — Th1 B2 + 03/ 7) ||
< 1|k [|B(9 — Do) |« < 7lk1| || Bl| vy [[91 — Fa|-

Finally, choosing 7 small enough, S turns out to be a contraction mapping in V. Hence,
Theorem 4.6 follows as a consequence of the contraction mapping principle. Moreover,
note that relations (2.3), (A8), and (4.25) entail 9; € D(Jy) and & € D(Jy), for any
1=0,1,... N, as well. O

Next, let 7, be the translation operator defined on the piecewise constant functions

. ) for t <0
v(t) = {¢0 for te ((i—1)rir], i=1,...,N.

as follows
Tp(t) = oy for te ((i—1)7, ir], i=1,...,N. 4.27)

(
Then, for the sake of clarity and owing to Theorem 4.6, we may rewrite (4.23)-(4.25) as
ul + A9, + (k *, BY)._

\_/

= G(T.9,)+F, in V' ae in (0,7), (4.28)
= J,+& in V', ae in (0,7), (4.29)
€ I'(9;) in V', ae in (0,7), (4.30)

where the notation in (4.2), (4.
to take the value 9y in | — oo,

and (4.27) has been used and the function 9, is defined

=~

].

5 Existence

This section concludes the proof of Theorem 2.4. As a first step, some boundedness
estimates, uniform with respect to 7, are deduced. Then, passage to the limit in (4.28)-
(4.30) is achieved via compactness, monotonicity, and a direct Cauchy argument. As
a by-product of this analysis, an a prior: error estimate for the discretization error is
recovered.



Nonlinear Volterra Equation 15

5.1 A priori estimates.

Henceforth, let C' denote any constant dependent on the data, but not on the time step
7. Of course, C' may vary from line to line.

First estimate. Testing equation (4.23) by 9J; — ¥; 1 € V, one infers

T(0us, 00;) + (V5,0; — V1)) = —((k *; BY);,0; — ;1)
+ (G(ﬁi_l), 191 — 791'—1) + <E, 19, — ﬁi_1>. (51)

By exploiting the monotonicity of I, it is straightforward to deduce that
T<5Ui, 519,) Z T|5191|2

Moreover, the last two terms in the right hand side of (5.1) can be handled as follows (see
(A5), (AT), and (4.19)).

(Gir), 0 = Dins) S 7[00+ 27 (CEI1* + [GO)?),
(F3,0; — V1) < (Fi,09; —Viz1) + (Foy, Vi — 0im1)
< 0P+ TP + (Foy b = 9,ma).
Hence, summing up for i =1,...,m in (5.1), we have

1 & 1 1 & 1
5 D TIO0 4 Sl 4+ 5 DO = disl” = 5 1o
i=1 =1

m—1 N
< 203 il +20|GO0)) + ) 7l

=0 =1
+ Y (o i —0im1) = > ((kx BY);, 0 — 9iy),
i=1 i=1

and, according to (A1), (A5), and (AT7)-(A8), one infers that
RS g, 1 2, Ix 2
5 2 TIO0L + S 1 9mll” + 5 Z 19 = i |
i=1 ‘
m—1 m m
< C (1 + Z¢||ﬁi||2> + ) (Fop 0= Vim1) = > ((k*r BO)i, 05 — 0i1).  (5.2)
=0 =1 =1

Our next aim is to control the right hand side above, in particular the last two terms.
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To achieve this, we make use of a discrete integration by parts. Namely, note that

Z<F2,i719i —Vi—1) = (Foym, Im) — (F2,1,%)
i=1
m—1
+ (Foy — Foip1, ),
i=1
= {(k#r BO)s, 05 — V1) = —((k 7 B, 9n) + ((k %, BY)1, V)
i=1
m—1
- <(E *r M)z - (E *r M)i+laﬂi>'
i=1
Then, we obtain
- 1 2 S 2
D (B0 =) < gImll® + SlFarlie
i=1
m—1
—||190||2 + > TNl 19]]- (5.3)
=1
Moreover, applying the identity (4.5), one infers that
- Z<(E *r B_ﬁ)za 191 - ﬁi*l) = _<(E *r B_ﬁ)m: ﬁm) + <(E *r B_ﬁ)la 190>
i=1
m—1 m—1
+ T((8k *r BY)is1,9:) + ko D 7(Bis1,0;).
i=1 i=1

Now, it is easy to check that (see (4.2))
[(& %r BO)pll < (K %7 BY), ||Loeomryv)

7*

< IBlleqwy D 7lki sl < 1IBlleanllklle@m Y 7l

=1 i=1

for some i* < m. Then, easy calculations ensure that

- i«@ *7 BY)i, 9 — Ji-1)

=1

IN

1 “ [ki]?

M0 + 1Bl 2y, (Ilkllimm,nTZTIwin ||, ||2)
i=1

+ ol + —||B||£Vv')ZT(|| (6k %, D)isa | + 191

m—1
+ 5\k0| IBlleevvry Y7 (19117 + 19:41117)
=1
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and, recalling Lemma 4.3 and (4.13), we finally deduce that

m

1 1 “
= (k *r BY);, 9 = 0;_1) < Z|9l|* + §||790||2 +C Y Tl (54)

Combining (5.3)-(5.4) with (5.2) and taking into account (A8) one achieves
D TIO0P + 10l + Y 19— Oia]?
i=1 i=1

m—1 m
< C (1 + ) Tl Fy il 19:]] + ZTHMIZ)-

Finally, upon choosing 7 small enough, applying the discrete Gronwall lemma (see, e.g.,
the version reported in [16, Prop. 2.2.1]), and owing to (4.22), we conclude that

19: | 112 00) + 1197 || oo 0.9y < C, (5.5)
N
S - vial? < C (5.6)
=1

Related estimates. Owing to 4.3, assumptions (A3), (A5)-(A7), and bound (5.5), a
comparison in (4.28) ensures that

[z |22, < C. (5.7)
Moreover, from (A8), (4.26), and (4.29) we recover
[l 0,77 + 1€ | vy < C (5-8)
as well.

Before passing to the limit, we collect below other properties of the approximating
sequences.

Lemma 5.1. The following estimates hold

19, — 9: |20, < CT, (5.9)
”797 - ET”L‘X’(OaT;H) < C\/F, (5-10)
19, — T:9: || 20,00y < C, (5.11)
”@T - 7;ETHL""(OaT;H) < CVrT, (5.12)
||ltr — || 20,501y < C'T, (5.13)
|tr — Tr|| oo 0,307y < CV/T. (5.14)
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Proof. Regarding (5.9)-(5.11), it is straightforward to see that (4.2) and (5.5) yield
N i 7_2 N
2
197 = O=l120 7,11, Z/H (u(t) — 1)%[0; — 0,4 [2dt < 327\519”2 < Cr?,

19, — 9, ||LO°0TH)_ sup \19 — 0, 1|2<Z|q9 — 0 1|2<TZT\519 2 < Cr,

=1 i=1
197 — T2 || 2 0.0 Z/ 19; — 9;_1|2dt < 7227\51942 <Cr.
(i—1)T i=1

Moreover, taking into account (5.5) and (5.8), estimates (5.12)-(5.14) may be proved in
a similar way. O

5.2 Passage to the limit.

Thanks to assumption (A6), Lemma 4.3, estimates (5.5), (5.8), (5.10), and well-known
compactness results, one infers that there exist at least a sequence of time steps (still
denoted by 7) and four functions 9, u,&, and ¢ such that

9, — 9  weakly starin H'(0,T;H) N L>(0,T;V), (5.15)
9, — 9  weakly star in L*(0,T;V), (5.16)
Up — U weakly in H'(0,T; V"), (5.17)
& — € weakly star in L*=(0,T; V"), (5.18)
(k+, BY). — ¢  weaklyin L?*(0,T;V"), (5.19)
as 7 tends to 0. Besides, from (A2) and (5.16), in particular one deduces that
AY, — A9  weakly star in L°°(0,T;V"). (5.20)

In addition, the generalized Ascoli theorem (see, e.g., [20, Cor. 4]) and relations (5.10),
(5.12) ensure that

9, — 9  strongly in C°([0,T]; H), (5.21)
9, — 9 strongly in L*°(0,7; H), (5.22)
T, — strongly in L*(0,7T; H), (5.23)

whence, owing to (A5), we have
G(T9,;) — G)  stronglyin L*°(0,T; H). (5.24)

Moreover, note that, due to relations (4.14), (5.5), (5.16), and (5.22), the following con-
vergences hold

(k*, BY), —k*BJ, — 0  strongly in L*(0,7T;V")
k+ BY, — k x BY weakly in L*(0,T;V")
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thus (cf. (5.19)) ¢ = k * BY. Therefore, recalling also (A7) and (4.20)-(4.21), we can
take the weak limit in (4.28) and (4.29) obtaining (2.8) and

v =9+& in V', ae in (0,7), (5.25)
respectively.

Remark 5.2. We point out that, since the continuous problem (2.8)-(2.10) has a unique
solution, the convergences listed above hold not only for a subsequence but for the whole
family of partitions, as the time step 7 tends to O.

With the aim of concluding the proof of Theorem 2.4, it suffices to show that
() eT(W(t)) in V', for ae. t€ (0,7). (5.26)

To this end, we recover some further strong convergence by virtue of a direct Cauchy
argument. As a first step, take the sum over ¢ in (4.23). By virtue of definitions (4.1)
and (4.2), one easily obtains

U, (t) —u® + (1% A9,) (¢) + (1 * k x BI,)(¢)
= (1xG(T:9,))(t) + (1« F;)(t) + R, (2), (5.27)

for all ¢ € (0,7), where the residual term is specified by

R-(t) == (1xA0, — (1, A9),)(t) + (1 xk + BI, — (1 %, k . BY)_)(t)

+ (A% G(TY)_ —1xG(T:0,))(t) + (L*- F), — 1% F) (1),

— 7

with the obvious notations 1 := (1,1,...,1) € RY and (G(T7;9)), = G(¥;—1) for
i = 1,...,N. Due to assumption (A5), (A7), and estimates (4.14) and (5.5), it is a
standard matter to verify that there exists a positive constant C'5 which depends only on
the data and fulfills

||RT||L1(0,T;V’) S 037'. (528)

Indeed, arguing as in Proposition 4.4 and accounting for (A5), (A7), and (5.5), we easily
check that

11 % A9, — (L, AD) [l oy < 710l orvy < O,
|1 % G(ﬁﬁr) - @T||L1(O,T;V’) < TC”G(ﬁaT)”LI(O,T;H) < Cr,
115 Fy — (L% E) 2oy < 7lFrllziorn < CT.
On the other hand, owing to Lemma 4.2, we see that
11 % k% BO, — (L#, k%, BY), |0y < ||k % 1% B, — k% (1, BY), |z o5
+I(k = kr) * (1 %, BY) |10, + |k % (L %, BY), — (k %, L%, BY) ||11(0.757)-

Then, taking into account (4.12), (4.16), and exploiting the same argument developed in
the proof of Proposition 4.4, we have

*kx BY: — (L, k*r BY), |l ozsvr) < 7l Bllewv) o) Varprpy[l+ 9,
1%k + By — (L#; k- BY),|| <7|B] Il 4 [1 %3]

+Vargmalk] [T D), I ory) + Vorpmy [k« Te 0),1),
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and finally, due to (4.10) and (5.5) we obtain
|1 %k BY, — (1%, k*,; BY), |10y < CT.

Next, write (5.27) for two different choices of time steps, say 7 and p, take the
difference between the two and test it by 9, —J,. If we define

0:=0, =0, U:=T,—T, G:=G(T0,)—G(T,0,),

and integrate the resulting equation in time, we may reproduce the same argument devel-
oped in Section 3. In particular, we handle the term containing 1% (F, —F,) by making
use of an integration by parts and of Young’s theorem as

[ F =630 = (01 (F, = B0, 05 D)

- [AF 6.0 Dnas

< I DOF+ 210 Fo = F)O + [ 1F = F)EN 10+ D)6 s

< én(l*5>(t>||2+2||ﬁ—Funil(o,ﬂm JIE =l 10 Dl ds
Then by virtue of (5.5), (5.11) and (5.28), we obtain

5 [ s+ 11 DN < ([ 100 mds + [ N1+ D)) )

[ 40 = F) o) s+ [ (R, = R)(6), T
< c( J / D)) + [T = Pl

/II Yl (L +9)(s )||d8+7+u)-

Finally, an application of Gronwall’s lemma yields
1 [t~ 1 ~ —
5 | ) Pds+ 10 DO < ClIF ~Pullbgran + 740, (529)

for a proper positive constant Cj, depending only on the data. Since we have (4.20)-
(4.21), 1 9, turns out to be a Cauchy sequence in C°([0,T]; V). Therefore, owing to
(4.20)-(4.21), and (5.15), we conclude that

1x9, — 1x9  strongly in C°([0,T]; V). (5.30)
This convergence allows, in particular, the following (cf. (A2)-(A3))

1xAY, — 1xA9  strongly in C°([0,T]; V"), (5.31)
1xk*xBY, — 1xk*BJY  strongly in C°([0,T];V"). (5.32)
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Moreover, the argument devised above entails an a prior:i error estimate for the dis-
cretization error as well. Indeed, under a further assumption on time regularity of Fj,
namely

F, € BV([0,T); V'), (5.33)
we achieve the result
Proposition 5.3. (Error estimate) Let assumptions (A1)-(A8), and (5.33) hold and
7 be small enough. Moreover, let ¥ as in Theorem 2.4, {9;}Y, as in Theorem 4.6 and

9, be defined as in (4.2). Then, there exists a positive constant Cs, depending only on
data, such that the following estimate holds

||’l9 - E’r”Lz(O,T;H) + ||1 * (19 - ET)HCO([O,T];V) S 05\/’7_' (534)
Proof. Note that,

iT
dt

*

N |
. 1 iT
1B = Fuolwoawn <32 [ |-+ /( Rls)s

i—1)7
N T T
Z/ ( / | F1(t) = F1(S)||*d8) dt
i=1 Y (-1 (i—1)7

N
Z (1,7' [(i—1)7yi7]; V’[Fl] = TV(M’OT V’[Fl] (535)

N

Then, passing to the limit in (5.29) as p tends to 0 and taking into account (A7) and
(4.21), one infers that

19 = Ol 2oy + |1+ (9 = 0:)) ()| < Csv/T, (5.36)
for t € (0,T) and a proper Cs > 0. Whence, the assertion follows. O

Remark 5.4. We stress that the previous a prior: estimate depends solely on the data,
in particular, exponentially on 7, since we prove (5.29) by using Gronwall’s lemma.
Referring to the present literature on this argument, in [4, 17, 18, 19] the authors deal
with a simplified model since both v and g vanish, and devise an error control procedure
which relies on strong assumptions with respect to the regularity of solutions. Indeed, the
estimate depends on the H?(0,T; H)-norm of 19, which is actually not a priori bounded
(cf. (2.6)). In contrast, we note that our estimate requires no further assumption on 9.

Moreover, let us observe that the above estimate is suboptimal with respect to the rate
of convergence. Indeed, we only achieve the order 1/2 instead of 1, which is the expected
rate since we used the backward Euler’s method to approximate the time derivative in
(2.8). We believe the discrepancy can be attributed to the inner structure of the problem
itself, particularly to its strongly nonlinear features. Relation (4.14) shows that neither
the approximation used for the convolution product nor the regularity of the ingredients
of the problem can be responsible for the low rate of convergence.
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Taking advantage of (5.30) it is now possible to achieve the desired inclusion (5.26).
We test (4.29) by 9, € V' and integrate on (0,7"). One has

| 3w = [ . 5w [ o0

Owing to (5.27) it is now possible to compute that
T _ i T N N N
/ (&, (1), 9. (t))dt = / ((u® — 1% A9, — 1%k * BO,)(t),9,(t))dt
0 0

+ /T<(1 «G(T:0,) + 1+ Fy +R,)(E), 0. ())dt — /T 9. (t) . (5.37)

Now, we take the limsup as 7 tends to 0 on both sides of (5.37). Since we have (4.20)-
(4.21), (5.15), (5.24), (5.28), and (5.31)-(5.32), it is straightforward to check that

lim \sup /0 (&, (1), 9, (t))dt

< /OT(UO — 1% A9 — 1xk* B9+ 1%G) + 1% F)(t),9(t))dt — /OT 10(t)[dt.

Then, by considering the integral in time of (2.8), it is a standard matter to deduce that
the previous inequality entails, in particular, the following

hmwl@@ﬁ@%ﬁA@@ﬂm%

7\0

and the inclusion (5.26) is ensured by (5.15), (5.18), and the well-known result [7, Prop.
2.5, p. 27]. Finally, the proof of Theorem 2.4 is complete.
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