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Abstract

This note addresses a one-dimensional differential model describing the super-elastic
effect in shape memory alloys. After a preliminary discussion on the model, we focus our
attention on the study of the material constitutive relation and prove well-posedness and
approximation results for some related initial value problem. Then, we turn our attention
to the coupling of the constitutive law with a quasi-static momentum relation and solve
the full PDE boundary value problem in one space dimension. In particular, we provide an
existence and continuous dependence result and fully develop a space-time discretization
procedure.
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1 Introduction

Shape memory alloys (SMAs) are metallic materials with an intrinsic ability of undergoing a
thermo-elastic solid-solid (martensitic) transformation between two crystallographic structures
with different physical and mechanical properties: the austenite (or parent phase), characterized
by a more ordered unit cell and stable at temperatures above Ay, and the martensite (or product
phase), characterized by a less ordered unit cell and stable at temperatures below My, with
My < Af [10].

At the macroscopic level the ability of undergoing such a reversible phase transformation
results in the so-called stress-driven super-elastic effect. When a specimen in the austenitic



phase is loaded at a temperature greater than Ay, the material presents a nonlinear behavior
due to a stress-induced conversion of austenite into martensite. Upon unloading, a reverse
transformation from martensite to austenite occurs as a result of the instability of the martensite
at zero stress for temperatures higher than A¢. At the end of the loading-unloading process no
permanent strains are present and the stress-strain path is a closed hysteresis loop.

This unusual macroscopic mechanical effect is nowadays exploited in several innovative
devices, ranging from orthodontic appliances to self-expanding structures for the treatment
of hollow-organ or duct-system occlusions as well as from dissipative devices for earthquake
engineering applications to control system for airplane wings [15, 16].

Stated the clear commercial value of such applications, researchers have been extensively
involved in experimental investigations as well as in the development of numerical tools. The
literature on the mathematical study of differential models for shape memory alloys is accord-
ingly quite rich. Indeed it is far beyond our purposes to present here an extensive report on
the contributions in the direction of a mathematical treatment of differential models for SM As.
The reader is in particular referred to the monographs [6, 9], the papers [7, 8, 11, 18], and the
references therein.

Accordingly, the present paper focuses on the study of a constitutive model, previously
introduced in the literature [2] and able to describe, the super-elastic behavior of shape-memory
alloys in a small deformation realm. The model under consideration is constructed under the
assumption that the martensitic phase transition is associated to an always active reorientation
process described through (a suitable generalization of) the following position

OF (o)
0o ’

where ¢! is the inelastic strain induced by the martensitic transformation (in the following
briefly indicated as transformation strain), k is a positive material constant representing a
measure of the maximum strain obtainable through alignment of the martensite variants, & is
the martensite volume fraction, and F' is a loading function driving the phase transformation
process and depending on the stress o.

Etr — lié-

(1.1)

The temperature of the medium is considered to be fixed throughout the phase transfor-
mation. This assumption of course restricts the applicability of this model to those situations
where the mechanical evolution may be approximated by an isothermal process.

The aim of this paper is to present a full analysis of this model, both from the analytical
and the numerical viewpoint. In particular, we focus our attention on the physical justification
of the model, on the proof of well-posedness results for the related initial and boundary value
problems, and their effective discretization.

In Section 2 we review the phenomenological ground-bases of the model. Moreover, we
complement the analysis of [2] by proving the dissipativity character of the model.

Section 3 is devoted to the analysis of the so-called constitutive relation problem in three
space dimensions. Namely, we assume to be given an initial state and a displacement field and
solve the constitutive relation by determining the corresponding phase proportion and stress.
The upcoming differential problem shows a quasivariational character [3] and is addressed by
means of an ad hoc problem transformation. In particular, we prove a global well-posedness
result for the continuous problem (global existence, continuous dependence) as well as some
qualitative behavior of the solutions (monotonicity). Moreover, we discuss an efficient vari-
able time-step discretization scheme which is the equivalent in this setting of the well-known
return mapping algorithm in plasticity. The approximating solution if effectively computable



and converges to its continuous counterpart when the diameter of the partition goes to zero.
Moreover, some optimal a priori error bounds are provided. Finally, whenever restricted to
some special yet experimentally relevant situations the latter scheme turns out to be exact on
the time partition.

Section 4 focuses on the study of the full PDE boundary value problem in one space dimen-
sion. The latter problem consists in the determination of the stress, the phase proportion, and
the displacement from the load and the boundary conditions. Namely, we couple the quasivari-
ational constitutive material relation with the momentum equilibrium equation. In particular,
we investigate an imposed boundary displacement problem, provide a continuous dependence re-
sult, and address its global solvability by means of a variable time-step discretization technique.
Eventually, we present some discussion in the direction of a possible full discretization scheme
and state some a priori bounds on the discretization error.

2 Modeling

This section shall bring to the detailed introduction of the model and a brief discussion on its
thermodynamic consistency.

2.1 Notations and preliminaries

We start by fixing some notations. Henceforth 2 denotes the interval (0,1) which represent
the reference (equilibrium) configuration of the shape memory wire under consideration. We
shall be interested in the evolution of the material in the time interval [0,7] with T' > 0. For
later convenience, we define @ := 2 x (0,¢) for t € [0,7] and @ := Q7. In the forthcoming
analysis we will make use of classical Sobolev function spaces. The reader is referred at once to
[13] for definitions and details. Let us just stress that the symbol || - || will denote the norm
in the general normed space E while (-,-) stands for the standard scalar product in L2().

Assume we are given a function ¢ : R = (—o00,400] proper, convex, and lower semicon-
tinuous. We will denote by 8¢ : R — 2R its (possibly multivalued) subdifferential defined
as

T € 9p(0) iff o € D(p) and 7(n—0) < p(n) — (o) Vn € D(p),

where D(yp) := {0 € R: p(0) < 400} denotes the effective domain of ¢. We remark that
0p C R xR turns out to be a maximal monotone graph. The reader is referred to [4] for a full
discussion on this notion.

2.2 Basic Relations

We will denote by ¢ := u, = du/0z the deformation (strain) and assume the additive decom-
position
g=e 4l (2.1)

where ¢ represents the elastic part of the strain and " represents an inelastic part induced
by the solid-solid phase transformation (the so-called transformation strain). We assume an
elastic material response, namely the stress o is asked to fulfill

o =Ce%, (2.2)



where C > 0 represents the elasticity modulus. For the sake of later purposes we will denote
by L =1/C the so-called compliance of the medium. As for the constitutive relation for &t
we introduce an auziliary internal parameter £ = £(x,t) that describes the local proportion
of product phase (martensite) against parent phase (austenite) in the body (namely ¢ € [0,1]).
The parameter ¢ will be referred to as phase for short. Moreover, let F': R — [0, +00) be the
loading function of the material. Namely, F'(o) represents a suitable measure of the stress state
of the medium that, together with the forthcoming relation g, drives the phase transformation.
In particular, we ask for

(A1) F convex, locally Lipschitz continuous, and 0 = F/(0) = min F.

We stress that the latter assumption reflects some natural physical situations. Indeed, a first
choice for F' could be F(o) := |o| which corresponds in this setting with the Von Mises
criterion. By assuming that the martensitic phase transition is associated to an always active
reorientation process we prescribe

el" € KEOF (o), (2.3)

where k is a positive material constant representing a measure of the maximum strain obtain-
able through alignment of the martensitic variants and 0 denotes the above defined subdiffer-
ential. In particular, by collecting (2.1)-(2.3) we obtain the constitutive relation

Lo + k€OF (o) > €. (2.4)

We fix for the moment & = £(z,t). Then, we are in the position of defining the functional
L,
Fe(o) == 50 + k€F (o),

where £ appears as a parameter. Of course, owing to (A1), the latter functional is still con-
vex, locally Lipschitz continuous, with 0 = F¢(0) = min ;. Moreover, relation (2.4) can be
expressed at once as € € 0F¢(0) where of course the subdifferential is taken with respect to o
only. By introducing the generalized elastic energy functional F¢ as the Legendre conjugate of
Fe, we observe that we have in particular that

oe = F¢(o) + Fi(e) and o € 0F;(e).

We shall refer to T¢ := 0F; as the tension map and to Tﬁ_1 := 0F; as the deformation map.
Finally, one observes that the Q—distributed map T : L?(2) — L?(2) (we use the same
notation) is Lipschitz continuous.

2.3 Evolution of the internal parameter

In order to close the above system we shall prescribe the evolution of £. To this end, we are
given an initial phase configuration £ = ¢°(z) and we assume that £ evolves as a function of
the loading F' as

£=9(, F(0)), (2.5)
where g is a rate independent [19] hysteretic relation of the type depicted in Figure 1 below.

The latter is usually referred to as a generalized play-type hysteresis operator and its classical
theory can be found, for instance, in [6, 19]. For the purpose of our analysis we shall make
precise relation g as follows. Assume we are given



F(o)

Figure 1: Diagram of relation g

(A2) Mg, Ay :[0,+00) = [0,1] monotone and Lipschitz continuous with Ay < Ay,

a loading history F(o) : @ — R, and an admissible initial state £° such that
€% € [M(F(0(0))), Ay (F(c(0)))] almost everywhere in .
Then we ask for a function £ : @ — [0,1] such that, almost everywhere,
E0)=€ in @ £€P(F0)\(FO)] in Q,
& is constant if £ # A\(F(0)), A\ (F(0)),
¢ is non-decreasing if & = X\(F(0)),
¢ is non-increasing if € = A, (F(0)).

Whenever some regularity is assumed for £, the above condition may be reformulated in the
following complementary form

£00) =¢° ae. in Q, €€ [N(F(0)), A (F(0))] ae. in Q,
£E—w) <0 ae in Q, Ywe [MN(F(0)), \(F(0))] ae. in Q, (2.6)

where the dot of course denotes derivation with respect to time.

Suppose now we are given € : Q — R. Then the latter problem (2.6) can be equivalently
rewritten in the more compact form

£0)=¢° ae. in Q,
E+0Ikee)(€) 20 ae in Q, (2.8)

where, for (¢,£) € R x [0,1], we set

k*(E,E) = )\((F(Tgé‘)), k*(E,g) = )‘u(F(TEE))a
K (g, €) := [ki(e, £), k™ (e, )]

Here, we used the notation I (. ¢) for the indicator function of K(e,) namely I (. ¢ (z) =0 if
r € K(&,€) and Ik ¢)(z) = +oo otherwise. In particular, since the constraining convex set K
depends on the phase ¢ itself, one usually refers to problems in this class as of quasivariational

type [3].



We stress that the £—dependence of K is a direct consequence of our overall construction.
In particular, the current situation cannot be reconducted to the £—independent case without
restricting the possible choice of the loading function F. Some details in this direction are
discussed in the paper [1].

Let us now present some preparatory results.

Lemma 2.1. Under the assumptions (A1)-(A2) one has that

i) k., k* are continuous and k. < k*,

i) for all & € [0,1], the functions k.(-,&),k*(-,€) are Lipschitz continuous, uniformly with
respect to &,

i11) for all € € R, the functions k.(g,-),k*(e,-) are non-increasing with &,

w) for all & € [0,1], one has that 1 (k(e1,€) — k(e2,€)) (61 — €2) > 0 for any e1,e2 € R
such that e1e2 > 0 and for k = k., k*. In particular, the functions k.(-,£),k*(-,€) are
non-decreasing in R with respect to the partial order < defined for all a1,a2 € R as

a1 Saz iff (a2 —a1)a; >0 and azaz > 0.
Proof.

i) Since Ag, Ay, and F are continuous it suffices to prove that T¢(e) depends continuously
on ¢ and e. The latter continuous dependence is straightforward owing to the local
boundedness of OF.

ii) Of course it suffices to recall that the transformation T¢ is Lipschitz continuous, uniformly
with respect to &.

iii) Let us fix ¢ € R taking into account the monotonicity of Az A, it suffices to prove
that, whenever &,& € [0,1] and & > &, one has that F(o1) < F(o3) where o; =
T¢; (€), i = 1,2. We reason by contradiction and suppose that F'(o1) > F(o2). Since OF
is monotone, one readily checks that 71 (01 — 02) > m2(01 — 02) for all n; € OF(0;). On
the other hand, owing to the definition of subdifferential, we have that 11 (o1 — 02) > 0.
Hence, we recall the definition of T¢, and write that

Loy 4+ k&m = Loz + kan,
multiply the latter relation by o; — 02, and deduce that
L(o1 = 02) = —k(&1m — &am) (01 — 02) <0,
a contradiction.

iv) Let us fix £ € [0,1]. Since A, and T¢ are monotone, it suffices to recall that T¢(0) = 0
and that F is non-decreasing on [0,+00) and non-increasing on (—o0,0] in order to
claim that k*(-,€) is monotone in the sense of <. The same holds for k.(:,¢&).

O

We shall stress that the latter results, that for simplicity are here presented in the space-
time independent framework, may be easily extended to their natural space-time distributed
analogue.



2.4 Dissipation

The introduced model can be indeed justified by means of classical dissipation considerations.
In order to present some discussion in this direction, we just refer to the quantities above and
define the Helmholtz-type stored energy of the system as

C [
Y= 5(5 h2.

Of course relation (2.2) is then deduced by the standard position o € dy(e®). We now turn
to the dissipation inequality that, in the current isothermal framework, reads pointwise along
trajectories as

) — o < 0. (2.9)
Taking into account (2.1), we readily check that (2.9) is equivalent to

o™ >0, (2.10)

in perfect analogy with the theory of plasticity.

We will reduce ourselves in proving (2.10) pointwise in Q but in an integrated form on
(t1,t2) for t1,t2 € [0,T]. Indeed, also using (2.3), and formally integrating by parts (later
on we will make precise this procedure by providing the necessary regularity in time for the
ingredients see Remark 4.4)

to to t2
/ o€ = (06! (ts) — (06" (1) — / G = (06! (ta) — (o) () —k [ EE(0).
t t t
On the other hand, owing to (2.6) one deduces that
to . to .
) EF(0) — K(EF(0))(t2) + K(EF(0))(t1) = —~ t £F (o)

t2 . .
——x [ (E01O-6X19)
t1
k(" 1 1 : 1 1 :
=5 [ (07 @+ @)+ 07 © -2 ©)14).
where we used the standard notation for positive and negative part. Moreover, we remark that
the notations above make sense whenever £ # 0. Finally, let us define

RO = g [ 07O+ X©)%
so = 5 [ 07O - Nk

T) = (0e")(t) = K(EF(0)(t) + R(1),

Hence, we have derived the (formal) relation

/ S el = T(ts) — T(t1) + / 18, (2.11)

t1 t1



where T (t2) — T(t1) represent some conserved energy while |, :12 |S| is the dissipated energy.
In the particular case of a complete cycle, the latter obviously reduces to

to 2] .
[ oer= 181
t1 t1

Namely, the right hand side above measures the area of the region bounded by the hysteretic
loop. We shall remark that the above discussion on the dissipativity of the model was not
originally contained in our main reference [2].

3 Constitutive relation

This section is devoted to the study of the constitutive relation (2.8). In particular, in the
following we will assume the strain ¢ and the initial phase configuration £° to be given and
investigate the evolution of the phase & determined by (2.7)-(2.8).

3.1 Results

For the sake of clarity, we recast in the following claim some of the results of Lemma 2.1.

(B1) k., k*:Rx[0,1] — [0,1] are continuous, k. < k*,
for any & € [0, 1], the functions k.(-,£),k*(-,&) are equi-Lipschitz continuous,
for any € € R, the functions k.(e,-),k*(¢,-) are non-increasing.

For later convenience, we will set from the very beginning Ck to be the maximum of the
uniform Lipschitz constants of k. (-, ), k*(-,£) above. Moreover, we will fix our assumptions
on data as

(B2) € H'(0,T;L*(2)),

(B3) &0 € L%(Q), £° € K(£(0),£°%) almost everywhere in Q.

One could argue that the requirement (B3) introduces some restriction on the possible choice
of K. Indeed, this is not the case since (B1) ensures that the set {£° € L%(Q) : &° €
K(e(0),£°) a.e. in Q} is always non-empty (see the proof of the forthcoming Lemma 3.5). We
have the following results.

Lemma 3.1 (Well-posedness). Under the assumptions (B1)-(B3) there exists a unique & €
HY0,T;L%(Q)) fulfilling (2.7)-(2.8) almost everywhere.

Lemma 3.2 (Continuous dependence). Assume (B1), let (¢1,£?) and (e2,£3) fulfill (B2)-
(B3), and &1,&> be the respective solutions to (2.7)-(2.8), whose existence is stated above. Then,
for all subintervals [t1,t2] C [0,T] one has

max |6 —&| < max {|(& ~&)(1)], Ox pax oy ~ 22|} ae in Q. (3.1)

The proof of the above lemmas will be provided in the forthcoming subsections by means
of a suitable problem transformation and a discretization arguments.



We may exploit estimate (3.1) in order to possibly introduce some notion of generalized
solution ¢ € C([0,T]; L%(R2)) corresponding to generalized data ¢ € C([0,T]; L%(Q2)) as limit
of solutions to regular problems. In other words, denoting by

H:{(e,&") € H'(0,T; L*(Q)) x L*(Q) : €° € K((0),£%) ae. in Q}
— H'(0,T; L*()),
the solution operator implicitly defined by Lemma 3.1, we have the following result.

Corollary 3.3. The operator H extends in a unique way to o Lipschitz continuous operator
Hy: {(¢,€°) € C([0, T; L*() x L*(Q) : & € K(£(0),&°) a.e. in Q}
— C([0, T]; L*(2)).

In particular, the latter generalized concept of solution may be defined by the relation
graph Hy := cl(graph H), where the closure is obviously referred to the strong topology of
(C([0,T); L2(Q)) x L3(Q)) x C([0,T]; L*()). Moreover, we shall remark that the framework
of Lemma 3.2 has been chosen just for the sake of clarity. Indeed, one could also easily prove
that H restricted to the Holder space C%® for a € (0,1] is bounded in C%% as well (see [19,
Thm. 2.2.i, p. 67]). In this regard also the above construction of the extension Hyp may be
adapted in order to obtain the unique extensions

Hy : {(e,€% € C%*([0,T]; L*(Q)) x L*(Q) : & € K(£(0),£°) ae. in Q}
— C%*([0,T]; L*()) Va € (0,1].
Let us just stress that the latter operators H, of course are not a priori strongly continuous [19,
Rem. (ii), p. 68]. Indeed, we remark that also the original choice ¢ € H'(0,7; L?(2)) may be
properly changed into ¢ € W1P(0,T; L?(Q2)) for p € (1,00] and the argument of our analysis

could be accordingly tailored in order to obtain a weakly continuous (weakly star continuous
for p = 00) operator

H,:{(¢,£°) e WHP(0,T; L2(Q)) x L*(Q) : & € K(£(0),&°) ae. in Q}
— WYP(0,T; L*(Q)) Vp € [1, 00].
Finally, all the above mentioned results and extensions may be rewritten with L2(f2), ¢ € [1, 0]

instead of L2(1).

We are now interested in establishing a comparison result among solutions to (2.7)-(2.8) in
the sense of Lemma 3.1. Of course we shall require some extra monotonicity assumption. To
this aim we set

(B4) For any & € [0, 1], the functions k.(-,&), k*(-,&) : (R, <) = R are non-decreasing.

From the physical point of view, the above monotonicity with respect to the ordering <
in R translates the fact that, for all fixed phase configurations, the stress-strain relation is
monotone. Its full physical justification is however restricted to the modeling discussion of the
latter section, namely Lemma, 2.1.iv.

In the framework of assumption (B4), the following result holds.
Lemma 3.4 (Comparison). Let the assumptions of Lemma 3.2 hold. Moreover let (B4) hold

and g3 < e1 almost everywhere in Q. Then, we have that, if £ > £ almost everywhere in Q,
then & > & almost everywhere in Q).
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Again the proof of the latter result is discussed in the forthcoming subsections. We stress
that some monotonicity of the kind of (B4) seems mandatory in order to obtain comparison of
solutions. Indeed, let us consider the situation where T' =2, k*(e) :=|e — 1| =: k«(e) + 1. In
the latter case we may choose & = €9 :=1, e; =0 < e(t) :=t, and get the ordered solutions
& =1>6(t) = (1 —t)*. However, if we fix £ =€) =0, &1 =1 < e3(t) = t + 1, we obtain
& =0<&(t) = (t—2)T. Hence, no comparison can be inferred when (B4) does not hold.

We shall now conclude this section by providing the sketch of a superposition construction
of Prandtl-Ishlinskii type [19]. In particular, referring indeed to the physical interpretation of
our model, we may be interested in the coupling in parallel of a set (or even a continuum)
of rheological elements of the type of (2.7)-(2.8). From the mathematical point of view, this
construction may be realized by the introduction of a suitable parameter set Y where (Y, M, u)
is a measure space with finite Borel measure. One introduces of course some parameterized
data, for instance let k., k* : Y x R x [0,1] — [0,1] be Carathéodory functions such that
k. <Ek* in R x [0,1], p—ae. in Y, ki(y,-,&),k*(y,-,&) are Lipschitz continuous, uniformly
with respect to (y,£) € Y x [0,1], and k.(y,e,-),k*(y,€,-) are non-increasing for any € € R
and p—a.e. y € Y. Of course K := [k., k*]. Moreover, let ¢ € H}(0,T;L*(2 x Y)), & €
L?(Q x Y), such that £° € K(g(0),£%) almost everywhere. Then, for y—a.e. y € Y, we may
find £(y) € H1(0,T;L%(Q)) fulfilling almost everywhere the relations

() + Ik (y(),er)(E®) 20, £(y,0) = E(y).
Hence, we may define the superposition operator
Hy : {(e,€°) € H'(0,T; L*(Q x V) x L2 x V) : & € K(£(0),£°) ae.}
— H'(0,T; L*(Q2)),
as Hy(e,£°) := [, &(y) dp. Of course the latter operator is well-defined and fulfills, by super-

position, all the continuity and boundedness properties mentioned above for the single element.
In particular, it is Lipschitz continuous with respect to the uniform topology.

3.2 Problem transformation

We shall introduce an equivalent variational formulation of problem (2.7)-(2.8). To this aim let
us consider the nonlinear equations

a* =k*(e(t),a"), ax=ki(e(t),as)- (3.2)

Owing to (B1)-(B2), it is straightforward to check that, for all ¢ € [0,T], there exist unique
almost everywhere solutions a*(t), a«(t) to the above equations, respectively. We now fix
s,t € [0,T] and exploit (B1) in order to deduce that

la*(t) = a”(s)|* = (k™ (e(t), " (¢)) — k™ (e(2), 0" (), a" () — a”(s))
< Ckle(t) —e(s)]|a*(t) — a™(s)]- (3-3)

In particular, it turns out that a* € H'(0,7; L%*(Q)) and of course the same holds true for a.
Let us now define A(t) =: {u € L%(Q) : a.«(t) < u < a*(t) a.e. in Q} (which is non-
empty, convex, and closed for almost every ¢ € (0,7)) and consider the problem of finding
&4 € HY(0,T;L?(2)) such that
£4(0) =¢% aein Q,
Ea(t) +0La()(€a(t)) 50 for ae. te€ (0,T).
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We are indeed in the position of proving the following.

Lemma 3.5. Let £,64 € HY(0,T; L2(R2)) solve (2.7)-(2.8) and (3.4)-(3.5), respectively. Then
& = &4 almost everywhere.

Proof. First of all we observe that £° € A(0). We now exploit (2.8), (3.5) and deduce that

(£,6—w) < 0 ae. in (0,7), Yw e K(g,£) ae. in Q,
(a4 —wa) < 0 ae. in (0,7), Ywa € A ae. in (0,T). (3.6)

We readily check that, whenever £ € K (g,£) almost everywhere in @, one also has that £ € A
almost everywhere in (0,7"). On the other hand, let £4 € A almost everywhere in (0,7) and
£ € K(g,€) almost everywhere in ). Form the above lines we easily deduce that

ay < &< a* almost everywhere in Q,

and, owing to (B1),

k*(é‘,&) S k*(e,a*) = a. < §A <a = k*(e,a*) S k*(E,g) a.e. in Q (37)

Namely, €4 € K(g,&) almost everywhere in ). Hence we are allowed to choose w = €4, wa =
¢ in the above inequalities, take the sum, integrate on (0,t) for t € (0,77, and exploit (2.7)
and (3.4) in order to have that [|(§ — &4)(t)|72(q) = 0 for every t € [0,T7]. O

The latter lemma is crucial since it reduces the quasivariational problem (2.7)-(2.8) to a
variational one which is considerably simpler. It is however necessary to check that indeed in
the current framework, the function £4 solves the quasivariational problem. This is the aim of
the following result.

Lemma 3.6. Under the assumptions (B1)-(B3), the solution &4 € H*(0,T;L%(Q)) of (3.4)-
(3.5) solves (2.7)-(2.8) as well.

Proof. First of all, owing to (3.7) we readily obtain that &4 € K(g,£4) almost everywhere in
Q. Let us now fix ¢t € [0,T] such that (3.5) holds. It is a standard matter to check that, for
almost every z € D := {y € Q : a.(y,t) # a*(y,t)} one has that

. € (—O0,0] if gA(l',t) = a*(mat):
Ea(z, 1) =0 if ax(z,t) < €a(z,t) < a*(z,1), (3.8)
€ [0,400) if £a(z,t) = a*(=,t).

We prove the first claim, the proof for the others being analogous. Assume z € D be a Lebesgue
point for y — €a(y,t)(€a(y,t) — a«(y,t)) € L* (). Then, owing to (3.5), it is straightforward
to chose z € A(t) in order to get that

/ EA(y,)(EA(y, 1) — an(y, £)) dy = / Ealy, ) (Ea(y, ) — 2(y)) dy < 0,
By (z) Q

where B,(z) :={y € Q : |z —y| < p}. By letting p go to zero we obtain that

gA(mat)(é‘A(wat) - a*(mat)) <0
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and the first of (3.8) follows from the fact that &a(x,t) = a*(z,1).
We now fix w € K(e,£4(t)) almost everywhere in  and define

w() := ax (-, 8) V (w(, 1) Aa™ (1))
It is straightforward to check that indeed w € A(t). Moreover, we readily have that
a(z,t) = a*(z,1t)

for almost every = € Q\ D. Hence, in particular, w = @ almost everywhere in Q\ D. Now,
we aim to prove that indeed

/Q Ealy,t) (Ea(y, ) — w(y)) dy < 0. (3.9)

To this aim we simply exploit (3.4) and (3.8) and compute
/Q Ealy D(Enly, D) — w(y)) dy
- / Ew, )€y, 1) — B(y)) dy + / Ealy, (@ (y) — w(y)) dy
Q Q
< / Ealy, t)(@(y) — w(y)) dy + / Ealy, t)(w(y) — w(y)) dy. (3.10)
{€a=a*} {€a=a.}

It is now straightforward to check that @ —w > 0 (< 0, respectively) almost everywhere on
{€4 = a*} ({é4 = a.} respectively). Then, taking again into account (3.8), we deduce that
the right hand side of (3.10) is non-positive and (3.9) follows. O

Owing to these considerations, we are allowed to omit the proofs of Lemmas 3.1 and 3.2
since they can be readily recovered by exploiting Lemma 3.5 and the well-known results on
(3.4)-(3.5) (see, e.g., [19]).

On the other hand, let us briefly survey the current literature on (2.7)-(2.8). Indeed, we
remark that the contributions on (2.7)-(2.8) usually exploit the regularity of the set-valued
map (£,t) — K(g(t),£). In particular, the latter map is generally assumed to be Lipschitz
continuous with respect to the Hausdorff metric with a Lipschitz constant w.r.t. £ to be strictly
lower than 1. This restriction is indeed motivated by the existence of some counterexample to
strong solvability for Lipschitz constant w.r.t. £ grater or equal 1 (see [5, 12]). Here instead
we investigate a possibly just continuous but monotone framework, still obtaining the existence
of strong solutions. In particular, no Lipschitz regularity with respect to £ is assumed. The
reader is referred to [17] for a related abstract analysis of the problem.

3.3 Approximation

We shall briefly collect here some results of the variable time-step discretization of (3.4)-(3.5).
To this aim we start by introducing the partition

P = {O=t0<t1<"'<tN—1<tN=T}a

with variable time-step 7; := ¢; —t;—1 and let 7 := max;<;j<n 7; denote the diameter of the
partition P. No constraints are imposed on the possible choice of the time-steps.
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In the forthcoming analysis the following notation will be extensively used: being {u;}N
a vector, we denote by up and Wp two functions of the time interval [0,7] which interpolate
the values of the vector {u;} piecewise linearly and backward constantly on the partition P,
respectively. Namely

'U/p(O) = uog, ’U/p(t) = a,-(t)ui + (1 — ai(t))uifl,
up(0) :=ug, up(t):= uy, for t € (t;—1,t], i=1,...,N

where
a;(t) = (t —ti—1)/m forté€ (ti—1,ti], i=1,...,N.

Given a vector {u;}Y,, we shall define a second vector {6u;}Y, as u; := (u; — ui—1)/7
(namely a discrete derivative). Finally, we indicate with ep and &% two suitable approxima-
tions of £ and £° fulfilling the compatibility condition (see (B3))

&) € K(g9,£%) ae. in Q. (3.11)
The latter inclusion is, for instance, ensured by (B3) whenever we choose ¢¢ := £(0) and
&2, := €%, Of course we stress that our discretization applies to a wider class of possible choices.
Let us now consider, for all 4 =1,..., N, the solutions to the nonlinear equations
a; = k¥ (g4,a]), aw = ki(gs,a45),

and the set
Ai = [a*i,af].

We are interested in the study of the following discrete scheme
& =£&% ae in Q, (3.12)

bi—bi .Fl +0I4,(&)30 ae.in Q, for i=1,...,N. (3.13)

Ti
Let us state the following results.

Lemma 3.7 (Stability, convergence). The scheme (3.12)-(3.13) has a unique solution
{638 € (L2(Q))N+L. Moreover, it fulfills the stability estimate

lép| < Cklép| ace. in Q,

for all partitions P. Whenever ep — € weakly in H'(0,T;L*(Q)) and &% — &° weakly in
L2(Q), then &p — € weakly in HY(0,T;L%(Q)) and & solves (2.7)-(2.8).

Lemma 3.8 (Error control). Let (¢,£°) fulfill (B2)-(B3), (ep,&%) be suitable approvima-
tions, and &,&p be the solutions to (2.7)-(2.8), (3.12)-(3.13), respectively. Then we have that,
for any [t1,t2] C [0,T],

max £ — < max < |€° —€%],C max |e — & a.e. in Q. 3.14
max |¢ ~ &pl < max {16~ 6], Cic max |e — 2|} (3.14)

The proofs of the the above results rely of course in an application of Lemma 3.5 and former
results [14, 19]. The estimate (3.14) turns out to be interesting from the point of view of
applications. Indeed, let us stress that no constraint on the possible choice of time-steps is
introduced throughout the analysis. In particular, the time-steps could be tailored according to
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some experimental or numerical consideration, such as adaptivity. Moreover, the estimate (3.14)
also shows some kind of optimality. Consider indeed the situation T' = 1, k*(g) = ki«(g) := ¢,
e(t) := min{1,nt}, n € N. So we have that Cx = 1 and, choosing P := {0,1}, & = &% =0,
and €; := &(t;), one easily checks that, almost everywhere in €,

ma (€~ €)(8)] = max |(e — =p)()] =1 .
max |(e — 2p)(t)] = 1. (3.15)

tef0,1]

One can also reformulate the latter example as k* = 1, k.(¢) := min{l, max{0,e}}, () :=1t,
and £° =0 so that we have Cx = 1. By choosing P :={0,T}, & =0, and =¢; := £(t;) one
easily finds almost everywhere in Q that

I —&pl =1 = i —&pl.
Pim Ig;g]cl& &pl Pim r[gf,%le ep|

Hence the error estimate (3.14) turns out to be sharp in the above asymptotic sense.

We shall now turn the discussion to the particular case of assumptions (B4). The interest
for this special situation is twofold. First of all, looking back to the modeling discussion of
Section 2, it turns out that (B4) is fulfilled in our concrete case. On the other hand, in the
special monotone case of (B4) we are indeed in the position of proving a stronger error control
result. Indeed, one has the following.

Lemma 3.9 (Exact scheme). Let (B4) and the assumptions of Lemma 3.8 hold. Moreover,
let £ = €° and € be piecewise monotone on P in the following sense

Vi=1,...,N, one has that €(t) Se(s) or e(s) Se(t)
a.e. in Q, Vt,s € (ti—1,t;] with t <s. (3.16)

Then the scheme (3.12)-(3.13) is exact on P in the sense that (§ — &p)(ts) = 0 almost
everywhere in Q, for all t. € P.

Proof. We simply sketch the argument by considering the discretized problem for two partitions
P, Q@ with P C Q. In the above monotone case we readily have that £&» = £g on the partition
P and the assertion follows from the convergence of the algorithm as the diameter of the
partition @ goes to 0. O

We stress that the monotonicity assumption (B4) is crucial in order to ensure the validity
of the sharp result of Lemma 3.9. Indeed, consider the case e(t) :=¢, k*(¢) := |e — 1|, k« =0,
€% := 1, where of course (B4) fails to hold. Then, letting T = 2, P = {0,2}, &; = &(t;),
€% :=1 one has that

Et)=1—-t)" and &p(t)=1 on [0,2].

In particular £(2) # &p(2) and the assertion of Lemma 3.9 does not hold.

Before closing this section, let us briefly sketch a comparison argument for discrete solutions
that, together with the above proved convergence of the algorithm, will in particular entail the
proof of Lemma 3.4.
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Lemma 3.10 (Comparison). Assume (B1) and (B4), let (€1,£)) and (e2,&9) fulfill (B2)-
(B3), (e1,7,&) p) and (e2,p,&3 p) be suitable approximations and &,p and &, p be the respec-
tive discrete solutions. Moreover, let €1 p < €ap almost everywhere in QQ and 5?’7, < 53’7;,

~

almost everywhere in Q. Then & .p < & p almost everywhere in Q.

Proof. It is straightforward to follow the same argument of relations (3.2)-(3.3) and check that,
taking into account the above assumptions, deduce that

as1,p < ax2p and aj p < ayp almost everywhere in @,

(with obvious notations). Hence, the assertion follows from {?’p < {g’p almost everywhere in
Q and (3.12)-(3.13). O

4 PDE problems

We shall now turn to the study of the full PDE problem consisting in the coupling of the
constitutive relation (2.4) the evolution of the internal parameter (2.6), and the quasi-stationary
momentum equation

o, +b=0 in Q, (4.1)

where b € L1(Q) is a given load. Due to the one-dimensional nature of the problem, the choice
of the boundary conditions

u(0,-) =0, o(1,-) =j() € L'(0,T),
for some traction j, gives rise to a traction driven problem which can be easily solved. Indeed,
one has just to compute o(z,t) = j(t) + fwl b(r,t) dr almost everywhere. Then, the evolution

of ¢ is completely determined through (2.6). Finally (2.4) and the initial condition for ¢ allow
us to recover the displacement wu.

On the other hand, as soon as one is interested in the displacement driven problem, namely
U(O, ) = 05 u(]-a ) = ’U('), (42)

for some given v : [0,T] = (0,400), the system does not decouple anymore and its analysis,
which is indeed considerably more complex, will be the argument of the forthcoming subsections.

4.1 Results
Arguing as above, as soon as b(-,t) € L'(Q) for almost every t € (0,T), we let g(z,t) :=
fwl b(r,t)dr and deduce that

o(x,t) = s(t) + g(z,t) ae. in Q, (4.3)

where s is a real valued function. For the sake of notational convenience and simplicity we will
fix K(o) := [M(F(0)), \u(F(0))] and L = 1. Hence, also owing to (4.2)-(4.3), we may take
the integral of (2.4) on (0,1) and rewrite the full PDE problem (2.4), (2.6), and (4.1) as

s(t) + /1 g(r,t)dr + /-z/l E(ryt)n(r,t)dr = v(t) for te€[0,T],
0 0
(z,t) € OF (s(t) + g(z,t)) for (z,t) € Q,

(
(
at) + aIK(._‘;(iE)+g(m,iE)) (f(xat)) 50 for (.’L’,t) € Q; (
z,0) = &%) for x €, (

n

£

(
&(
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As regard the data g and £°, we shall make the following assumptions:
(C1) g e W»H0,T; L)) NnWH1(0,T5 L®(Q)), v € HY(0,T),

(C2) &) € K(s° + g(-,0)) almost everywhere in €, where s° € R fulfills
s0 + fol g(0) + lifol &% = v(0), for some n°(-) € OF(s® + g(-,0)) almost everywhere
in Q.

Some comments on the latter requirements are in order. Indeed, as a by-product of (C1)
and the results of Subsection 4.2, one readily checks that, for all £ € L>(Q) with & > 0
almost everywhere, there exists a unique s € R and 7° € L>(Q) such that the equation and
inclusion in (C2) hold. Hence, the requirement of (C2) is actually reduced to the validity of the
compatibility condition £° € K (s° + g(0)) which is nothing but the equivalent in this setting
of (B3).

We are in the position of proving the following.
Theorem 4.1. Under the assumptions (A1)-(A2) and (C1)-(C2) there exists

(s,m,€) € H'(0,T) x L*(Q) x H' (0, T; L*(2))

fulfilling (4.4)-(4.7) almost everywhere.

The proof of the latter result will be established by introducing an effective approximation
procedure in the forthcoming two sections. Moreover, we are in the situation of proving the
following local Hélder continuous dependence result.

Lemma 4.2. Assume (g1,v1,£Y) and (g2, v9,£) are two sets of data fulfilling (C1)-(C2).
Then, the respective solutions (s1,m1,&1) and (s2,m2,&2) to problem (4.4)-(4.7) fulfill

lIs1 = s2llcpo,r) + 16 — Llleqo,r@) < 1€ — & le (o)
+Cp(”!h = g2lleqo,mze(e)) + 191 — g2l (0,7;01 ()
g1 = 92112 0 11110 + e = ealloro.m ) (4.8)
for p € [1,+00] and a suitable positive constant C, depending on p, k, F, A, Ay, and ||gi||L=(q)
for i=1,2.
4.2 Stationary problem

As a first step in the direction of proving Theorem 4.1 we shall be concerned with some sta-
tionary problem. Indeed, we assume

(C3) E€L>(), g(z,t)=7(z) € L*(Q), 7>0,
replace g with g in relations (4.4)-(4.5), and study the stationary system

1 1
s+/ §+m/ &n> T, (4.9)

0 0
n€dF(s+g) in Q, (4.10)

E+0Ik(s4g)(6) 2€ in Q. (4.11)
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As one will see, the latter is nothing but the step-problem for some time-discretization of (4.4)-
(4.7). This subsection is devoted to the proof of the following result.

Lemma 4.3. Under the assumptions (A1)-(A2) and (C3) there exists (s,m,£) € Rx L™ () x
L>(Q) fulfilling (4.9)-(4.11) almost everywhere. Moreover, s and & are uniquely determined
and one has that

—supg < s < —infyg. (4.12)

Proof. We start by suitably regularizing the possibly multivalued graph OF by means of a
parameter dependent monotone Lipschitz continuous function 9F, € € (0,1), such that 0 =
OF(0), and the following graph convergence holds

Vz,y € R with y € 9F(z) there exist z.,y. € R such that
Ye € OF:(z:) and (z:,y:) — (2,9)

Indeed, owing to (A1), there are actually various possibilities of performing such an approxi-
mation. In particular, let us choose the so-called Yosida approximation [4]

OF.(z) := (z — (id + edF) 1 (z))/e,

where id is the identity in R. In this case, dF. turns out to be Lipschitz continuous of constant
e~ 1. By replacing OF by OF. in (4.10) and observing that (4.11) is actually equivalent to

§= TK(s+9) (6)7

where Tg(s44) denotes the projection on the nonempty, convex, and closed set K(s +g), our
stationary and regularized problem reduces to that of determining s. € R such that

1 t
5 + / gtk / Tx(o. 45 E)OF.(5. +7) = 7. (4.13)
0 0

We term the left hand side of (4.13) as V.(s¢). Hence it is clear that V. is continuous since
all the functions under the integral sign are Lipschitz continuous with respect to s.. Moreover,
one easily check that, if s, < —supyg, then 0F.(s, +g) < 0 and also s, + f01§ < 0, hence
Ve(s+) <. On the other hand, whenever s* > —inf g, then V.(s*) > ©v. Thus, we readily have
at least one point s. such that (4.13) is fulfilled. As a by-product, we have also deduced the
bounds

—supg < 5. < —infy, (4.14)

which are of course independent of . Starting from the latter bounds and (A1)-(A2) one easily
deduces that

Ne := OF;(sc +9) and & :=mk(s,14)(£),

are uniformly bounded in L*°(2). Let us now pass to the limit as ¢ — 0. Owing to the
above bounds and possibly extracting some (not relabeled) subsequence, one has that there
exist (s,7m,€) € R x L®(Q) x L>®°(Q) such that

se — 8, (4.15)
ne — n weakly star in L*°(Q), (4.16)
& — & weakly star in L™(Q). (4.17)
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Moreover, since s + g converges uniformly to s + g, one readily checks that the convergence
of & is uniform as well. In fact, owing to (A2), it is straightforward to bound |& — &;| for
two parameters €,d € (0,1) with (a multiple of) the quantity |F(sc +g) — F(ss + g)|, which
actually goes uniformly to zero due to the local Lipschitz continuity of F' (see (A1)) and (4.14).

Hence, in particular
/ £ene — / &,

and we can pass to the limit in (4.13) and get (4.9). On the other hand, (4.16) ensures that

/Olns(ss+§)—>/01n(8+§),

hence (4.10) is a standard consequence of the above graph convergence. Finally, we shall check
for (4.11). To this aim, let us choose any w € K(s + g) almost everywhere in Q and define
W, 1= T (s, +7)(w). It is straightforward to check that w. — w uniformly. On the other hand
we readily have that

(& —€)(& —w:) <0 ae. in Q.

Hence the latter inequality passes to the limit and yields
(=8 —-w)<0 ae. in Q.

We conclude for (4.11) by observing that indeed £ € K(s+ 7).

In order to complete the proof, we shall now check the uniqueness of such solution. Hence,
assume we are given two solutions (s1,71,&1) and (s2,72,&) in the sense of Lemma 4.3 such
that, without loss of generality, s1 > so. Then, we take the difference of equation (4.9) written
for (s1,m1,&1) and the same equation written for (ss,72,&3), and multiply by s; — s, obtaining

1
(s1—82)° + f‘«'/ (61m — &am2) (01 — 02) =0,
0

where of course o; := s; + g, © = 1,2 and o1 > o2. We shall check that the integrand
I := (&m — &ma) (o1 — 02) is almost everywhere non-negative on Q. Indeed, we distinguish
three cases

i) 0 < 03 < 01. Then we have that 73 <71, 0 <11, and & < & almost everywhere. Hence
Eomg < Em < &m and I >0 almost everywhere.

ii) o2 < 0 < o1. In this case we readily check that 7, < 0 < 7;. Hence, of course, &1 —&ano >
0 and I >0 almost everywhere.

iii) os < o1 < 0. We reason as in case i). We have that 7o < np, 172 <0, and & > & almost
everywhere. Hence &ne < &1mp < &m and I > 0 almost everywhere.

Finally, we have proved that s; = s3, a contradiction. Since £ is uniquely determined by the
evolution of K(s+ g), we deduce that & = & as well. As regards 71,72 we just claim that
n turns out to be uniquely determined where OF(c) is a point and nothing can be said in
general where F (o) is multivalued. We stress that this is exactly the case of physical interest.
Indeed, the straightforward choices F(o) = |o| and A, A, as in Figure 1 entail that OF is
multivalued in 0. On the other hand, 1 is uniquely determined in the situation of the relaxed
problem (4.13). Moreover, the above proof ensures that actually V. turns out to be strongly
monotone of constant 1. Namely, at each level ¢, the point s. is unique. O
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Remark 4.4. We stress that the latter argument may be suitably adapted in order to prove
that

Lilo|lr2@) < ll€llz2(q)-
The proof of the latter fact is here omitted. Indeed this argument is very close to that of the
forthcoming proof of Lemma 4.3. On the other hand, we stress that the above claimed bound

justifies the computation of Subsection 2.4. In particular, relation (2.11) turns out to hold for
all t1,ty € [0,T] with ¢, < ts.

4.3 Evolutionary problem

We are now ready to present the proof of Theorem 4.1 and Lemma, 4.2. Let us refer at once to
the notations of Subsection 3.3 and deal with the implicit time discretization scheme

si—f—/lgi—}—m/l&ni:vi for i=1,...,N, (4.18)
n; € 8(}7’(3,- +gi)0 a.e. in Q, for i=1,...,N, (4.19)
S =81 5‘ L Ol (a4 (&) 30 ae. in Q for i=1,...,N, (4.20)
&o —50 a.e. in Q. (4.21)

In the latter relations g; and wv; stand for suitable approximations of g and v fulfilling

N N
> 7illé(09)illri) and > 7illdgill3aq)
=2 i=1
a;e uniformly bounded independently of P, (4.22)
gp — g uniformly as the diameter 7 — 0, (4.23)
i 7;|6v;|*  is uniformly bounded independently of P, (4.24)
i=1
’ vp — v uniformly as the diameter 7 — 0. (4.25)

Owing to (C1), the latter requirements may be easily achieved with the choices g; := g(0) +
Jo 9(s)ds and v; := v(0) + [;* 0(s)ds which are of course well-defined. In particular, stan-
dard 1nterp01at10n results ensure that W2L0,T; L2(2)) N WH1(0,T; L>®(f2)) is continuously
embedded in H'(0,7; H'(Q)).

Under the above assumptions we simply exploit Lemma 4.3 and obtain by induction some
vectors {s;}N, € RV, {n}¥, € (L=®(Q)V, and {&1Y, € (L°°(Q)V*! fulfilling (4.18)-
(4.21). In particular, again referring to Subsection 3.3 for notations, we may rewrite the system
in the compact form

1 1
5p +/ gp+k | Epip=Tp ae. in (0,T), (4.26)
0 0
Mp €OF(GEp +3gp) ae. in Q, (4.27)
&p + 0Ik(5p43,)(Ep) 30 ae. in Q, (4.28)
&p(0) =¢€° ae. in Q. (4.29)
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By also exploiting (4.12) and (4.22), one readily gets that |[[5p||L=(0,1), [ITipllL=(g), and
”Z’P”Lw(Q) are bounded independently of P. We now deduce some bound on time varia-
tions, we take the difference between (4.18) written at level i and the same relation at level
i — 1 and multiply the resulting equation by (s; — s;_1)/72, and have that

1 1
|65 + (/ 59i) dsi + :‘i/ d(&mi)ds; = 6v;ds;, (4.30)
0 0

which is actually valid for 4 = 1 as well (see (C2)). The last integral in (4.30) shall be handled
as follows

1 1 1 1
'f/o 8(&imi)os; = fi/o d(&mi)do; —H/O 8(&imi)ogs > —H/O d(&mi)dgs,

where, of course, o; := s; + g;, for i = 1,2, and the inequality is motivated by the fact that
0(&m;)do; > 0 almost everywhere, exactly as argued in the Subsection 4.2. Hence, multiplying
(4.30) by 7; and taking the sum for ¢ = 1,...,m, one may perform a discrete integration by

parts and obtain that
2
9 ZTZ|531| < ZTz <</ [6g:l ) + |(51}i|2>
1
+f€/ EmMmOgm — fi/ €omodgr — K Z Tz’—i-l/ £inid(6g)it1-
0 0 = 0

Namely, we may exploit (4.22) and (4.24) in order to deduce that |[sp||g1(o,r) is bounded
independently of P. The latter bound and again (4.22) entail by the same considerations as
above that

162 |2 0,7;22(02))  is bounded independently of P (4.31)

as well. Owing to the above stated a priori bounds and by letting the diameter 7 of partition P
go to zero, we may find (possibly taking not relabeled subsequences and thanks to the compact
injection H'(0,T) C C[0,T)) a triplet (s,n,&) such that

sp — s uniformly in [0,T], (4.32)
Mp — 1 weakly star in L*(Q), (4.33)
& — & weakly star in L°°(Q) N H(0,T; L*()). (4.34)

Let now Q be a second partition of the interval [0,7] and denote by
PUQ::{0:T0<T1 < o< Trpm-1 <7‘M=T}
for some M € N. We claim that

[ax, 1€p (ry) — Ea(rj)llL=() < ek [pax l(sp + gp)(r;) = (s@ + 90) (7))l L=(0),
where cx bounds the Lipschitz continuity constants of A\p o F' and A\, o K. In order to prove
the latter relation it suffices to reproduce in the current framework the argument of [19, Lemma
IT1.2.1, p. 66]. In particular, we stress that no compactness in space is needed and (4.23) and
(4.31) ensure that

&p,&p — € strongly in L™®(Q). (4.35)
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In particular, (s,n,&) fulfills the regularity requirements of Theorem 4.1 and the initial condi-
tions (4.7) almost everywhere. Since (4.23) together with (4.32) imply that

5p+gp = s+g uniformly in @, (4.36)

and we readily observe that

Avh@p+yw—y£n@+gx

one can exploit the properties of maximal monotone graphs [4, Prop. 2.5, p. 27] in order to
deduce (4.5) almost everywhere. Moreover, thanks to (4.33) and (4.35), we obtain that

1 1
/ Epﬁp%/ én ae. in (0,7,
0 0

thus (4.4) holds almost everywhere. As for (4.6), we simply refer to (4.28) in order to claim
that

é’p(gp —wp) <0 ae. in Q, Ywp € K(5p +§p) a.e. in Q.
Let us now fix w € K(s+g) almost everywhere and define Wp := Tk (5,47,)(w). As above, ow-

ing to (4.36), we obtain that wWp converges uniformly to w in Q. In particular, the convergence
(4.34) ensures that

Oz/Qép(Ep—m)ﬁ/Qé(f—w),

and the almost everywhere validity of (4.6) follows.

We now turn to the proof of Lemma 4.2. In order to simplify notations, henceforth C
stands for a positive constant, possibly depending on p, &, F, Ay, A, and [|g;|=(q), i = 1,2,
and possibly varying from line to line. First of all we exploit (4.12) an recall that

lIsillco,m < C. (4.37)

We now take the difference between equation (4.4) written for (s1,71,&1) and the same equation
for (s2,m2,&) and multiply it by s; — s2 obtaining

(s1—82)* + (/0191 - 92) (51— 82) + 5/01(51771 — &me)(01 — 02)

= 'f/ (E1m — &am2) (g1 — g2) + (v1 — v2) (81 — 82),
0

where o; := s; + g;, for ¢ = 1,2. Thus it is a standard matter to reason as above and, also
owing to (Al)-(A2), obtain that

1 . 1
§|81 — 5 < (/ 9 —92>
0

On the other hand, by exploiting (4.6)-(4.7) and recalling, for instance [19, Lemma II1.2.1,
p.66], it is easy to check that

2

1
+@rWW+c/|m—m. (4.38)
0

&1 = &l o,mne)) < 1€ — ElLr()
+C (|Is1 — s2llcgo,ry + lgr — g2llc (o, ;0 (2))) - (4.39)

Whence the assertion of Lemma 4.2 follows. Our continuous dependence result entails in par-
ticular that the components s and £ of the solution to problem (4.4)-(4.7) are uniquely deter-
mined. As before, 1 may not be unique in many interesting situations.



22

4.4 Space approximation

We provide now additional discussion in the direction of the effective approximation of the
evolutionary PDE problem (4.4)-(4.7). Indeed, the previous section is devoted to its fully
implicit time-discretization with variable time-steps. Of course we are also entitled to consider
some space discretization as well. To this aim, let us give here some easy example in this
direction. Indeed, let us consider the space partition

T ={0=20<z1 < <zxpm_1 <zpr =1},

and denote by h; := z; — x;_1 the space step and h := max;<;<um h; the diameter. Then, we
approximate L!(f2) by means of the finite element space of piecewise constant on 7 polyno-
mials and define the projector

1 (%
Or(w)(z) == h_/ w(r)dr for z € (z; 1,2, i=1,...,M, Ywe LYQ).

It is then straightforward to check that the above requirements are fulfilled. Moreover, one also
has that the classical estimate

||w — HT(’w)HLl(Q) < hVar[Oil]w Yw € BV(ﬁ),

where BV (f) denotes the space of functions w : [0,1] = R of bounded variation Vary,jw.
Then, looking back to the previous subsection, we shall make precise this discussion in the

following positions
1 T t;
| (g(w,O) + [ gt dt) dz,
) Jrji-1 0

gp7(x,t) :=gij for (z,t) € (zj1, 23] X (ti1,ti],
for i=1,...,N, j=1,..., M. Then, we readily state the following estimate.

Lemma 4.5. Under the assumptions (A1)-(A2) and (C1)-(C2), let (s,n,&) denote an al-
most everywhere solution to problem (4.4)-(4.7) whose existence is stated in Theorem 4.1 and
1, MprEpr) a solution to (4.26)-(4.29) where gp, & are replaced by &5 := (&%) and

gpr defined as above. Then, we have that
lIs = 3p7llze=(0,1) + 1€ = Eprllie=(o,510(2)) < NIE° = &7l (a)
Cp (||9 = gprllLe(o,rir@) + 19 = Fp7llL=(o,1;01 ()

— 1/2 _
+llg = GprlE2 0,100y + 1o = TR lloo,m )

where Cp 1is the same constant of (4.8). Moreover, if in addition to (C1)-(C2) we also have
that
(9,v,€°) € L=(0,T; BV(Q)) x Wh>(0,T) x BV (%),

then
lIs1 = 5p7llLee0m) + 1§ = Eprlliesomriay < C(BY? +7),
for h small enough, where C >0 depends just on g, v, £&°, and C,.
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We shall omit the proof of the latter a priori bound on the total discretization error since
it suffices to adapt the argument of Lemma 4.2. Nevertheless, we stress that the above error
control imposes no constraints on the possible choice of the partitions and it is optimal with
respect to the order of convergence in time since we approximated the time derivative with
a first order difference. Finally, we could of course strengthen our assumptions on data and
present some alternative error estimates in LP norms.

Before closing this section we remark that of course some other choice for the space ap-
proximation may be considered and we restricted here ourselves to the finite element space Py
of piecewise constant on 7 polynomials case just for the sake of simplicity and a variety of
other choices may be considered. Moreover, we stress that in the physically relevant situation
F(o) = |o| and Ay, A¢ as in Figure 1, no regularization of OF is needed in order to solve
(4.13). Indeed, it is clear that £ =0 where OF is not regular.
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