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Abstract
This note deals with a semi-implicit time discretization with variable time-step of a phase
transition model taking into account the microscopic movements of molecules. In particular,
we focus on the study of an unconditionally stable and convergent approximation. Moreover,
an a priori estimate for the discretization error is established.
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1 Introduction

The present analysis is concerned with a nonlinear system of partial differential equations describing
the evolution of the two unknown scalar fields § and X. Letting 2 be a bounded domain in R”
(n=1,2,3) and T > 0 be some final time, we deal with the following relations

f+6X—A0=0 (1.1)
X+ a(X) — AX + B(X) 3 6 — 0., (1.2)

to be fulfilled almost everywhere in  x (0,7). Here the dot stands for differentiation with respect
to time, a denotes a maximal monotone graph in R x R, 8 is a locally Lipschitz continuous
monotone function, and . is a given positive constant. In particular, we choose a to be the
subdifferential of the indicator function of the set [0, +00). Namely, we have

y€a(r) if x>0 and y(r—w)>0 Yw >0, (1.3)

or, equivalently, a(0) = (—0,0], a(z) =0 for z > 0, and a(z) =0 for z <O0.

The system (1.1)-(1.2) arises in connection with the description of solid-liquid phase transitions
taking into account the microscopic movements of molecules. In the context of the mathematical
modeling of phase transition phenomena it is indeed very common to regard the medium undergoing
the phase transition as a rigid body. Although this assumption may be often fully justified at a
macroscopic scale, it is clear that a phase transition is related to some change in the molecular
arrangements in the medium. That is to say that the system that undergoes a phase change is
surely not rigid at all at the microscopic level.

A new class of phase transition models taking into account microscopic movements of particles
has been recently introduced by M. Frémond [12]. In the framework of this new theory, one still



considers that the mechanical effect of the microscopic rearrangements of particles is negligible
at the macro-scales, where it is assumed that the latter movements are somehow averaged out.
Nevertheless, one admits that the microscopic movements of particles give actually rise to some
thermal macroscopic effect which indeed influences the overall energy balance of the body. We
shall mention that the idea of introducing a two-scale mechanical balance in order to describe
some material effect is not new and has been for instance introduced within the framework of the
Cahn-Hilliard equation by M.E. Gurtin [15] (see also [14] for additional details). In particular,
in [15] a new balance law for the so-called micro-forces is coupled with the standard macroscopic
balance equations. The above-mentioned theory, although it gives rise to differential models that
turn out to be similar to those derived within Frémond’s framework, has indeed an independent
physical motivation. On the other hand let us mention that the mathematical problems related to
the theory of micro-forces have recently attracted a substantial deal of interest [16, 24, 25, 26].

Let us now introduce a general model for solid-liquid phase transitions with microscopic move-
ments. Assume we are given a regular domain Q C R® (n = 1,2,3), connected, with a smooth
boundary T := 012, and filled with a substance which may undergo a two-phase transformation.
We aim to study the evolution of the system in a fixed time interval [0,7] by means of the state
variables 6 (absolute temperature) and X (order parameter). For the sake of convenience, let us
introduce some notations for the cylinders @ := Q x (0,¢), X; :=I' x (0,t) for ¢ € (0,7, and
let Q:= Qr, ¥ :=37. Hence, by referring the reader to the original papers [4, 3] and the recent
monograph [12] for a full justification from the point of view of Continuum Thermo-Mechanics, we
are left with the study of the following system of relations

o+ LX — kAG = —95(0—90)5<+u1>'<2 + X+ 8|VX|, (1.4)
u2x—5AX—qu+§+n=0£(0—oc), (1.5)
£ev(¥), nepX). (1.6)

Indeed, equation (1.4) represents the energy balance of the body while relations (1.5)-(1.6) stand
for its micro-momentum balance. In the latter expressions ¢, represents a specific heat density,
L is a latent heat density, k is the constant thermal conductivity, and 6. is the phase transition
temperature. The physical parameters pi,us,d,v are non-negative and the reader is referred to
[12] for their physical motivation. Moreover, 3,v are now maximal monotone graphs in R x R.
Let us stress from the very beginning that some physically interesting choices for v are v = 0
and v = a. We will refer to the first choice as the reversible situation while the second is termed
irreversible. In particular, the choice v = a is intended to force X to attain only non-negative
values modeling indeed the situation of irreversible phase transitions [13] which includes, possibly,
thermal hardening of glues, food cooking etc. Let us recall that, whenever v = a or v = 0 the
term ¢X in the right hand side of (1.4) is 0 since & # 0 only if X = 0. Moreover, we stress that
in the original model one has p; = p2 and that we specialized this notation for the sake of later
purposes. As for S we have to remark that two physically interesting situations are that of a cubic
nonlinearity arising from a double-well potential and the subdifferential e of the indicator function
of the interval [0,1] (especially suited for the case of X being a phase proportion), namely

y€e(z) iff z€[0,1] and y(z —w) >0 Yw € [0,1],

or, equivalently, £(0) = (—00,0], £(1) = [0,400), e(z) =0 if z € (0,1), and e(z) = @ elsewhere.
Since we are restricting ourselves to the case of a locally Lipschitz continuous function § we shall
explicitly mention that the latter choice 8 = € is clearly not covered by the present analysis. On
the other hand, we are entitled to consider the cubic nonlinearity case.



Instead of presenting a derivation of relations (1.4)-(1.6), we prefer to outline here a brief survey
on the current literature on the model. The first result in the direction of the well-posedness for
some model related to (1.4)-(1.6) can be found in [3]. In the latter paper the authors detail the
derivation of the model in the case § = 0, and linearize (1.4) as

csb + LX — kAO =0, (1.7)

obtaining indeed existence of strong solutions in the multidimensional setting for quite general
graphs v, 3. Indeed, whenever the above linearized equation is coupled with (1.5)-(1.6) where
v = § = 0, we have to quote the former contributions [1, 2] where the ODE structure of the
momentum equation is fully investigated. Let us stress that the simplification assumption leading
to (1.7) is twofold. From the one hand, one assumes to be interested in temperature regimes which

are close to equilibrium (# ~ 6.). From the other hand one neglects the second order term plXQ
in the energy balance equation by assuming that indeed the phase transformation is very slow.

A first attempt in the direction of including the nonlinearities in (1.4) has been accomplished
in [20] where the authors consider g3 = 6 = 0 in the irreversible case v = a. Once again,
the existence of a global strong solution is achieved in the multidimensional setting by means of a
regularization technique. Of course here the model refers again to suitably slow phase changes, but
one is allowed to consider situations far from the critical temperature .. This is exactly the model
problem that is reconsidered in this note from the point of view of its possible approximation.

The results of the paper [9] concern a system which is fully consistent from the modeling
viewpoint, i.e. (1.4)-(1.6) with the choices 8 =¢ and § = v = 0. The analysis of [9] relies on the
idea of carefully exploiting the ODE structure of (1.5) that occurs within this choice of parameters.

Again in the multidimensional setting, we have to quote [21] which focuses on the full model
(1.4)-(1.6) with the choice 6 = 0. In the latter paper, the authors choose v to be the indicator
function of the interval [0, A] for some large A > 0 representing a limiting velocity in the phase
transition. The existence of a global strong solution is achieved by means of a time discretization
argument, and it strongly relies on the a priori uniform bound on X. Namely, 0 < X < .

The full three-dimensional problem (1.4)-(1.6) with § =0, v = @, and 8 = & has been recently
proved to admit a local in time strong solution by means of an approximation argument [30]. Let us
stress that the locality (in time) of the above result is motivated by the highly nonlinear character
of the problem. In particular, one has to use a generalized Gronwall-type lemma leading to local
solvability [29, Thm. 7.1].

A different approach to this class of problems is addressed in [22] where the system (1.4)-(1.6)
is suitably rewritten by means of some hysteresis relations. In particular, the authors investigate
an extension of the results of [17] to the case when the energy balance equation is not assumed to
be linear and takes the form of (1.4) with ¢ = 0.

As for the one-dimensional case, we shall refer to the papers [18] and [23]. Here problem
(1.4)-(1.6) is studied for 6 = 0 both in the reversible [23] and the irreversible situation [18]. The
existence of a global strong solution is achieved by means of an approximation, a priori estimate,
and passage to the limit technique inspired to some similar problems in thermo-visco-elasticity
[10, 11]. In particular, some suitable estimates, available indeed just in the one-dimensional setting,
are fully exploited. A further global solvability result is contained in [32] where the authors face
the problem of finding a solution to the elliptic-parabolic problem (1.4)-(1.6) for u; =2 =6 =0
and either v = 0 or v = a. The existence result is obtained by means of a suitable parabolic
approximation (s > 0) through a limit procedure.

We shall also mention the contributions [5, 6] where the effect of microscopic accelerations is
taken into account and a well-posedness analysis for the related hyperbolic-parabolic problem is
presented.



Finally, the strict positivity of the temperature has been proved in [31] for a very general
class of models of the type of (1.4)-(1.6). In particular, this general result fully justifies the
thermodynamic consistency of Frémond’s approach for all the dissipative models of this class that
have been considered in the literature.

This paper is devoted to the study of a variable time-step discretization procedure for the
system (1.1)-(1.2). The latter system fits in the general frame of (1.4)-(1.6) with the choices
1 =6 = 0 and v = a and the normalization of most of the constants to 1. The interest
in implementing some numerical experiment is evident. Indeed, the possibility of devising some
efficient approximation methods would both be crucial for applications and greatly serve for the
sake of validating Frémond’s approach. On the other hand, all of the models in (1.4)-(1.6) that
have been proved so far to admit a solution are not known to be well-posed, in particular we are
lacking uniqueness proofs. This fact, basically motivated by the highly nonlinear features of the
models and often related also to the reduced and/or regularized problems, prevents somehow from
obtaining an effective approximation procedure. In this paper we will focus on (1.1)-(1.2) which
retains most of the basic issues of the modeling, admitting indeed a unique solution. We will study
a suitable variable time-step discretization of the above problem, addressing unconditional stability
and convergence issues. Finally, we will prove an a priori error bound on the discretization error.

Let us just stress that some time discretization techniques have already been exploited for the
sake of proving existence results within the class of phase change models with micro movements
[18, 21]. On the other hand, the original existence result of [20] is based on some regularization
procedure and fixed point techniques. In particular, no discretization is proposed in [20]. In
this concern, we provide here the basic ideas for an independent existence proof and some novel
regularity result.

This is the plan of the paper. In Section 2 we will set some notation and state the problem in the
continuous setting. The details on the variable time-step discretization are presented in Section
3 while its unconditional stability and convergence are proved in Section 4. Finally, Section 5
addresses the issue of error controlling.

2 Continuous problem

Let us start by defining
H:=L*Q), V:=H'(Q), and W :={u€ H*(Q) such that d,u=0 on 9Q},

endowed with the respective standard scalar products, where v stands for the outward unit normal
to 0. In particular, we denote by (-,-) and || - || the scalar product and the norm in H and
by ||-|lg the norm in the generic Banach space E. The reader is referred for instance to [19] for
definitions and properties of function spaces.

We set the following assumptions on data. Let

0<46.<0, be assigned constants, (2.1)
a:R — 2% be defined by

y€a(z) iff x>0 and y(zr—w) >0 Yw >0, (2.2)
j € CYR) be convex, minj = j(0) =0,

B := 3" be locally Lipschitz continuous, (2.3)
OpcVand 0<6y <6, ae.in Q, (2.4)

Xo € W. (2.5)



By collecting [20, Thm. 2.2] and [20, Prop. 2.4], we are able to state the following well-posedness
result.

Theorem 2.1. Let assumptions (2.1)-(2.5) hold. Then, there exists a unique triplet (6,X,&) such
that

6 € H(0,T; H)nC’([0,T); V)N L*(0,T; W), (2.6)
X € Wh>(0,T; Hyn H'(0,T; V)N L*(0,T; W), (2.7)
£e L*(0,T;H), (2.8)
6+6X — A0 =0, (2.9)
X+E—AX+BX)=60-0. ae in Q, (2.10)
£ € alX) a.e. in Q, (2.11)
0(-,0) =8y, X(-,0)=Xo a.e. in Q. (2.12)
Moreover, it turns out that
0<6<80, a.e. in Q. (2.13)

Although we will not provide here explicitly a new proof of this result, let us just stress that
the existence part is indeed a consequence of the forthcoming Lemma 4.2. As for uniqueness,
we remark that indeed it may be proved by suitably reformulating (indeed in a rather simplified
manner) the argument of Section 5.

Remark 2.2. Since for n < 3 one has that W is embedded continuously into L%(2), the
regularity (2.7) entails that we may actually regard 8 as a globally Lipschitz continuous function
without loss of generality.

Remark 2.3. The special choice of (2.2) could be generalized to
a:R— 2% such that D(a) C [0,400) and 0 € a(0),
with no particular intricacy (here D(a) :={z € R : a(z) # 0} is the effective domain of «).

Before closing this section let us mention that we are actually in the position of sharpening the
existence result of [20, Thm. 2.2] by requiring the extra regularity (see (2.5))

Mo = (1+ )" (AXo — B(Xo) + 6o — 6.) €V, (2.14)

where of course 1 stands for the identity in R. Let us stress that (2.2)-(2.5) already entail that
no belongs to H. On the other hand, whenever Xy € H3(Q) we readily check that (2.14) holds.
By suitably exploiting our discretization technique we will provide the following regularity result.

Lemma 2.4 (Regularity). Let assumptions (2.1)-(2.14) hold. Then, the unique solution (6,X,§)
to (2.6)-(2.12) fulfills

X € H*(0,T; H)nWhH>(0,T; V). (2.15)

Of course, moving from (2.15), some extra regularity for # will follow from standard parabolic
estimates. Moreover, by restricting the choice in (2.4) to some more regular initial data we would
be in the position of obtaining even sharper regularity results for 6. This will however drift our
attention from our main focus on approximation issues and we prefer to leave it to the reader.



3 Discretization

Let us now focus on a possible approximation of the above system (2.9)-(2.12). We are interested
in a wvariable time-step discretization of the problem. To this aim let us start by introducing the
partition

P = {0:t0<t1 <<t <tN:T},
with variable time-step 7; := ¢; — t;_1 and let 7 := max;<ij<n 7; denote the diameter of the
partition P. No constraints are imposed on the possible choice of the time-steps throughout this
analysis.

In the forthcoming discussion the following notation will be extensively used. Letting {u;}Y,
be a vector, we denote by up and Tp two functions of the time interval [0,7] which interpolate
the values of the vector {u;} piecewise linearly and backward constantly on the partition P,
respectively. Namely

up(0) :=uo, up(t) :=vi({t)u; + (1 —v(t))us,
ET(O) = Uo, ﬂ?(t) = Uy, for t € (tiflati]a i=1,.. 'JN
where
vi(t) = (t —ti—1)/m; fort € (t;—1,t], i=1,...,N.
Moreover, we indicate with T an operator acting on functions @ : [0,7] — R which are piecewise
constant on P (i.e. u(t) =u(t;) for t € (ti—1,t;], i =1,...,N) and is defined by
(Tpu)(t) :=u(ti1) for t € (ti-1,t:],i=1,...,N.
Moreover, we will make use also of a quadratic interpolating function of {u;}¥Y. . In particular,

by assuming 7o > 0 to be given and defining 4'(0) := (uo — u—1)/70, we let @ : [0,7] — R be
defined as

ﬁyﬁ);=u0+xé p(8)ulp(5) + (1 — yp(8)) T puly(s) ds,

where yp(t) := v;(t) for t € (t;-1,t;], ¢ = 1,...,N. As for the latter interpolating function we
shall stress that

1 (i — i1 Wii — i
@h(t) = — (“ Yimt Tt T 2) for ¢ € (ti_1,ti), i=1,...,N. (3.1)

Ti Ti—1
The reader is referred to [33] for some additional material.

Let now 6pp,Xop € W be some approximating initial data fulfilling (2.4). We are interested
in finding a solution
{6, X:}i € (W x W)NH

to the scheme

0o = bop, Xo = Xop, (3.2)
Oiz0is g Xi=Xiv pg i=1,...,N, (3.3)
Ti Ti
X; — Xi—1 .
(1+(1) (7) —AXi+ﬂ(X,~)90,-_1—66 i=1,...,N. (34)
T;

In particular, we approximate time derivatives by means of the backward Euler method and we
consider the right hand side of (3.4) to be known at each level 7. This is to say that the above
scheme is semi-implicit.

Our first result is the following well-posedness.



Lemma 3.1 (Discrete well-posedness). The scheme (3.2)-(3.4) admits a unique solution.

Proof. Let us proceed by induction on 3. Namely, we shall prove that, given
(0i—1,Xi—1) € W x W, we may find (0;,X;) € W x W fulfilling relations (3.3)-(3.4). As a first step
we claim that one may find a unique X; € W fulfilling (3.4). Unfortunately we cannot simply
exploit the well-known results on the sum of maximal monotone nonlinearities in this particular
setting and we are forced to introduce a further regularization parameter o > 0 and study instead

(1+ ay) (i) — AXiy + B(Xiy) = 6 1 — 0. (3.5)

Ti
where a, is the standard Yosida approximation
os(r) =rfo if r<0, a,(r) =0 otherwise.

Hence, we readily have that 4 : X —» (1 + a,)(X — X;_1)/75, —A : H — H with domain
D(-A)=W,and 8: H— H are all monotone and maximal. Moreover, we readily check that
the sum A — A 4+ 8 is maximal monotone and coercive and we apply standard results [7, Cor.
2.7, p. 36] in order to deduce that there exists X;, € W fulfilling (3.5). As for to remove the ¢
approximation, we simply refer the reader to [21, Sec. 3] where the limit procedure for ¢ — 0 is
fully detailed and we reduce ourselves to a suitable X; € W fulfilling (3.4).

Now, taking into account the continuous embedding W C L*(Q), we stress that X; is es-
sentially bounded. Thus, we know that (X; — X;_1)/7; € L®(Q) as well. According to these
considerations and the fact that (X; — X;_1)/7; > 0 almost everywhere we readily check that

M:H—H MO := (1+(X¢—Xi71))0
is positive, linear, and continuous, hence maximal monotone. Rewriting (3.3) as
M&i — T,'Agi = ei—l

and arguing as above we conclude the existence part of the Lemma. The uniqueness proof simply
follows by contradiction, arguing separately on the two equations (3.3) and (3.4). O

Owing to the latter well-posedness result, we are now in the position of exploiting the above
introduced notation and rewrite the system (3.3)-(3.4) in the compact form

é'y +0pXp—ABp =0 aee. in Q, (3.6)
Xj) + EfP — AYT + B(Y'y) = ‘I'ygy —0. ae. in Q,
£y €a(Xp) ae. in Q.

4 Stability and Convergence

We shall start from the following unconditional stability result.

Lemma 4.1 (Stability). Let {6;,X;}Y, solve (3.2)-(3.4) and 0 < 6op < 0. almost everywhere
in Q. Then there exists a constant Cgap depending just on Q, T, 0., and j such that

0<68p <0, a.e. in Q, (4.1)
||99>||H1(0,T;H)0L2(0,T;W) + ||XT||W1’°°(0,T;H)OH1(0,T;V)ﬂL°°(0,T;W)
+ l€pllemm) < Costas (1 + [|60z[lv + [[Xoz[lw) - (4.2)



Moreover, whenever 6gp, Xop fulfill (2.14) as well, the above constant Cyiqp can be chosen in such
a way that

Xl 200,11 + [IXp W 0,75v) < Cstan (1 + 602 lv + X0z llw + [Imozllv) (4.3)
where we have defined nop = (1 + )~ (AXep — B(Xop) + Bop — 6.).

Proof. Within this proof C' will stand for some suitable constant depending on Q, T, 6, and j
and possibly varying from line to line.

Let us start from checking the crucial bound (4.1) by induction. Indeed, it suffices to take the
product in H of (3.3) and the function —0; = min{0,60;} € V in order to get that

167112 + (B, 67) + 7 / Vo7 | = / (Xi = Xe_1) 6 67

We now exploit the induction hypothesis 6;_; > 0 a.e. in Q and the essential non-negativity of
X; — X;—1 and obtain
0 =0 ae in @ = 6;>0 a.e. in .

Next, we multiply (3.3) by (6; — 0.)" := max{0,6;, — 6.} € V and get

16; — 6.) (1> + (6 — 65-1), (8 — 6.)T) +n/ [V((8: = 6:))
Q

_ / (X — Xi_1) 0:(6; — 0.)*.

Once again, by using both the induction hypothesis 6;_; < 6. a.e. in  and the already proved
essential non-negativity of 6;, we conclude for (4.1).

By exploiting the above derived uniform bound on 85 we readily deduce the bound in (4.2) by
means of standard parabolic estimates techniques. In particular, one multiplies (3.6) by 65 and
(3.7) by X, takes the integral on Q; for t € (0,T) of the two relations, and makes use of (4.1)
in order to get that

1 o .
/ 16|17 + / Vs < / V8032 + 6, / 1ol 105, (4.4)

/ 12 + / (VX2 + (1))
<3 [ (¥l + itxon) + 20,00 [ Il (45)

where |Q| stands for the Lebesgue measure of Q. In the above computations we also exploited
the following facts

VOy - VOp > Vlp -Vlp, VXp-VXp>VXp-VXp ae. in Q,

and / (B(X), X) > /Q (i(Xp () — i(Xo)).

Let us just discuss the first inequality above. Indeed, for all ¢t € (¢;-1,%;], i = 1,..., N, we have
that

Vlgp(t) - Vp(t) = VOp(t) - Vp(t) + (VO(t) — VO(t)) - VOp(2)

= Vlp(t) - VO (t) + V(Gi — ()8 — (1 - 71.(,5))91,71) v (M)

Ti

= Vop(t) - VOp(t) + 1%’“) (IV(8; — 6;_1)||> > VO5(t) - VOp(t) a.e. in Q. (4.6)

2



Hence, taking the sum of (4.4) with a suitable multiple of (4.5) we immediately get that

102l 1 (0,761 Lo (0,73v) + X2l E1 (0,75 E) N Lo (0,7 v)
< C (14 l6ozllv + IXozllv + lli(Xop)lL1(0)) - (4.7)

Now, by comparison in (3.6) and standard elliptic estimates, we obtain
1021220, mw) < C (1 +16o2llv + [Xowllv + [li (Xop) |21 (0)) -

Next, our second estimate consists in multiplying (3.7) by the function 9;(—AXp + (8(X))»)
and exploiting (4.7). Indeed, let us multiply (3.4) by 7;p; where

pi = —An; + ¢ = —-A (Xi — Xi_l) + (ﬂ(xi) — ﬂ(Xi_l)) for i=1,...,N,

Ti Ti

and take the integral over ) obtaining
7i(Mi, pi) + 7i(&i, pi) + Ti(=AX; + B(Xi), pi) = Ti(0i-1 — Oc, pi), (4.8)

where & € a(n;) almost everywhere in ). We readily check that
7i(ni, pi) = Ti/ IVnl? + (i, G) > Ti/ [Vnil?,
Q Q
where we simply exploited the monotonicity of 5. On the other hand,

73 (&ir pi) = —7i(&i Ami) + (&, G),

and the above right hand side is non-negative due to [8, Lemma 2] and the monotonicity of a and
B. Finally, we readily check that

1 T2 1
Ti(—AX; 4+ B(Xsi), pi) = §|| — AX; + BXG)|P + ?HMHZ - §|| — AXi—1 + B(X)|P

Next, we take the sum in (4.8) for ¢ =1,...,m (m < N). One has that

Ui 1 A
S /Q 938+ 5l = Ao + B0 P
=1

m

| = AXop + B(Xop)||> - Zﬂ'(oz'fl — 6., pi). (4.9)

=1

<

N | =

The second term on the right hand side above may be handled by means of a discrete integration
by parts procedure. Namely, we easily infer that

m m—1
ZTj(ei_l - Hc,pz-) - — Z Ti((ei - 01’—1)/7-1'7 _Axi + /B(Xz))
i=1 i=1

+(m—1 — Oc, —=AXm + B(Xim)) — (fop — bc, —AXop + B(Xop))-

Hence, owing to (4.7), we readily apply the discrete Gronwall lemma and obtain that

X2l . 1ivynz=orw) < C 1+ lozllv + [li(Xop) l1() + [Xozllw + 1B(Xop)ll) -
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Finally, the proof of (4.2) follows from a comparison in (3.7) and (2.3).

Let us now turn our attention to the proof of (4.3) under the extra assumption that 6op, Xop
fulfill (2.14). To this aim, we recall that

nop = (14 a) ' (AXop — B(Xop) + bop — b.) €V,
so that (3.4) at level 0 reads

nop + &op — AXop + B(Xop) = bOop — 0.,  &op € a(nop) a.e. in Q.

We now take the difference between relation (3.4) written at level ¢ and the same relation at level
i—1 for i =1,..., N, multiply the resulting relation by (n; — 1;-1)/7, and take the integral on

) obtaining (recall (3.1))
1 1 1
s — 1l + / Vol =3 [ 1Vnal
(2

< Al lms = ni—a || + ;||9z' = 0i—1ll llm: — mi1ll,
K

where we also used the monotonicity of a and the Lipschitz continuity of 3. Next, taking the
sum for ¢ =1,...,m, and exploiting (4.7), we readily get that

—Z / Viml? < / Vnosl? + C,

and the assertion follows. O

Ni —Ni—1

Let us now state the convergence result.

Lemma 4.2. Let {0;,X;}, solve (3.2)-(5.4). Moreover, let
(Bop, Xop) be bounded in V x W and converge strongly to (60,Xo) in H x V. (4.10)

as the diameter T of partition P tends to 0. Then, there exists a triplet of functions (6,X,&) such
that

0p — 0 weakly star in H'(0,T; H)N L*(0,T; W) N L*(Q)

and strongly in C°([0,T); H) N L*(0,T; V), (4.11)
Xp — X weakly star in H*(0,T;V)N L0, T;W)NWH*(0,T; H)

and strongly in H'(0,T; H) N C°([0,T]; V), (4.12)

Ep — & weakly star in L°°(0,T; H), (4.13)

such that (2.9)-(2.12) are fulfilled. Moreover, as soon as
(1+a) ' (AXop — B(Xop) + bop — 6.) are bounded in V, (4.14)
we also have that

Xp — X weakly in H?*(0,T; H), (4.15)
Xp — X weakly star in W>(0,T;V). (4.16)
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Proof. Owing to (4.10) we readily find a constant Cgy,¢, such that

1602 lv + |IXor|lw < Caatas

independently of the partition P. Then, thanks to well-known compactness results, estimates (4.1)-
(4.2) allows us to find a triplet (6, X, ) such that, possibly taking not relabeled subsequences, the
above stated weak star convergences hold. As for the strong convergences in (4.11) and the strong
convergence of Xp in C°([0,T];V) we may exploit [34, Cor. 4]. On the other hand, the strong
convergence of Xp in H(0,T; H) does not follow from compactness arguments and we postpone
its proof to Section 5. Moreover, in view of the uniqueness of the solution to the continuous
problem, one gets also that the convergences (4.11)-(4.13) hold indeed for the whole sequence as
7 — 0, and not just for a subsequence.

Taking into account (4.2) we have in particular that

169 — 0| 20,1501, 1109 = T2O9 (o0 (0,7 11y> X9 = XopllL20,13v) < C,y (4.17)

for some constant C' depending on Clyqp and Clygq-
Hence, we have that

0p O Xp — 009X weakly star in L*(0,T; H).

The above convergences suffice to write the limit equations (2.9)-(2.10), and to ensure relations
(2.6)-(2.8) along with the Cauchy conditions (2.12). Thus, we only have to prove inclusion (2.11).
Let us multiply equation (3.7) by &:Xp and take the integral over Q. It is straightforward to
check that

T T
//&PatX:P=/ / (— Xy — B(Xp) + AXp + T30y — 0.) O Xy
0 Ja 0 Ja
< —l00Xs s — [ (o) + [ 3(xer)

T T
—/ / VXp -VOXp + / / (Tfpay —6.) O Xop.
0 JQ 0 JQ

Next, we take the limsup as 7 — 0 on both sides of the latter relation. Of course we have
that

limsup—/Qj(X;p(T)) = —liminf ; i(Xe(T)) < —/Qj(X(T)), (4.18)

70 T—0

where the last inequality holds since Xp converges strongly to X in C([0,T];V). Finally, owing
to (2.3) and the strong convergence of Xgpp, it is a standard matter to check that

| its) — [ itxo)

Thus, thanks to the above stated convergences and (4.18), we conclude for
limsup/ / 5:? Xy < _||8tX||L2(OTH) /j(X(T)) + /QJ'(XO)

7—0
[ [oxsane [[o-oyan
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Recalling (2.10), the right hand side of the previous equation may be rewritten as

// X — BX)+ AX +60 —6.)9,X = //gatx

hence, one infers that
T p T
limsup/ /Efpathag/ /gatx.
7—0 0 JQ 0 JQ

Finally, applying [7, Prop. 2.5, p. 27], relation (2.11) is established.
In case (4.14) holds true, the constant Cy.t, above can be chosen in such a way that

16oz[lv + [IXop|lw + lImopllv < Caatas
independently of the partition P. Hence, estimate (4.3) entails that
iy — upl| 20,76y < CT,

for some constant C' depending on Clep and Cygee. Finally, the proof of the lemma follows from
(4.3) and standard compactness arguments. O

5 Error control

We now come to the proof of an a priori bound of the discretization error.

Lemma 5.1 (Error). Assume (2.1)-(2.5) and (4.10) and let {0;,X;}} ., solve (3.2)-(3.4) and
(0,X,€) fulfill (2.6)-(2.12). Then there exists a positive constant Cer. depending on Cisiap such
that

16 — O ||coqo,77;mynL2(0,13v) + X — Xl 10,13 H)nC0 ([0, 775v)
< Cerr (160 = 00| + X0 = Xos v + V7). (5.1)

Proof. Within this proof C' stands for any positive constant depending on Cjsqp and may change
from line to line. Let us start by fixing two partitions P1,P2 and denote by

Q=fP1UfP2:{0=qo<q1<---<QM—1<qM:T}.

Let now 7; be the diameter of partition P; for j = 1,2. Moreover, let us set for the sake of
notational convenience

(65, %;) := (0;,X2,),  (0;,%) := 0,,Xp;) j=1,2,

and é = 01 - 02, )AC = Xl - X2 etc.
We take the difference between (3.7) written for P; and the same relation for Ps, multiply by
X, and integrate on Q; for t € (0,T). By exploiting the monotonicity of « one gets

[ @2+ 9%-v08) < [ [ (=600 - 5050 + (70,8 - T0.80)) 1k

1 rt N . ¢ ~ ¢ _ _
<2 / / B2 + A? / / X2 + / / To,81 — T8, (5.2)
2 Jo Ja 0Ja 0Ja
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where A stands for the actual local Lipschitz constant of § on the ball of suitably big radius
R > 0 depending on Cjtap, Cata, and Q, and such that |X;| < R almost everywhere in @ for
j=1,2.

In order to deal with the latter relation, we compute

t R “
//W-atvicz//vx 6tvx+//VX ) - 9 VX.
0JQ

Our aim is to get rid the last residual term above. To this end we cannot simply exploit the

computation in (4.6) since X is not the affine interpolating function of X on the partition Q. By
means of (4.2) and (4.17) (the latter will be extensively used throughout this proof), we will simply
reason as follows.

// \% ? )-8, VX < ||X X200,y 10Xl L2(0,65v) < C (71 + T2). (5.3)

As for the last term in the right hand side on (5.2) we simply exploit (4.17) and deduce that

// (75,01 — Tp,05)° _//|9|2 + C(rf +73).

On the other hand, we readily get that

t N t s R R
// |X|25// (45/ |atx|2) + O (RO +72 +72) .
0JQ 0JQ 0

Thus, in particular, relation (5.2) entails

t t s
//|at>%|2+||v>2(t)||2gc// (43/ |6t5(|2ds>
0JQ 0JQ 0
t “
e (||5<(0)||2V+ [ |@|2+n+72). (5.4
0JQ

On the other hand we write the difference between (3.6) written for P; and the same relation
for P, obtaining that

6té - Aé = —5169(1 +§28tX2 a.e. in Q.

Now it suffices to multiply the latter relation by @, integrate on @Q; for some t € (0,7, and recall
that 9;X; > 0 almost everywhere in () in order to get that

// 009+ VAP z/t/ (— 00 (8)” — 20,1 )
< 6. // 0] 0] < 5 // |at><|2+292// 0P + C(r2 +12). (5.5)

We shall once again argue as above and deduce that

t N t A t oA R t A
//6,50@ = //8150 0+//6t(9 ((9—0) Z //atGG—C(Tl +7'2).
0/Q 0J/Q 0JQ 0JQ

Hence, taking the sum between (5.4) and (5.5) we readily prove by means of the Gronwall lemma
that 6 is a Cauchy sequence in C°([0,T]; H) N L?(0,T;V) and X is a Cauchy sequence in
HY(0,T;H)N C°([0,T); V). Moreover, letting for instance the diameter 7> go to zero and taking
into account the above proved convergences, we readily get that Lemma 5.1 holds. O
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As a by-product of the above proof, we have also obtained the strong convergence of Xp in
H'(0,T; H). Hence, we are in the position of concluding for Lemma 4.2 as well.

We remark that the convergence rate of estimate (5.1) is sub-optimal with respect to € since
the implicit Euler method was exploited [27, 28]. On the other hand, we do not expect an optimal
order of convergence 7 with respect to X. Indeed, in the situation of Lemma 5.1, the solution X
may even fail to belong to H?(0,T; H) (see Lemma 2.4). Finally, no constraint on the possible
choice of time-steps has been introduced throughout this analysis. Hence, the time-steps might
be tailored according to some further numerical or experimental considerations, possibly including
some adaptive procedure.
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