ANALYSIS OF A THERMO-MECHANICAL MODEL
FOR SHAPE MEMORY ALLOYS
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Abstract. This note addresses the mathematical study of a nonlinear model arising in the
description of the macroscopic thermo-mechanical behavior of shape memory materials and previ-
ously introduced in [31]. In particular, we discuss the model derivation and investigate a system of
PDE’s coupled with a vectorial variational inequality. We develop the analysis in both the dissipative
and the non-dissipative case, providing indeed a quantitative asymptotic connection between the two
regimes. Moreover, we prove the global in time well-posedness for suitable initial and boundary value
problems. As a by-product of the well-posedness analysis, we address a variable time-step discretiza-
tion procedure, proving indeed its convergence and providing some a priori error bounds. Finally,
we deal with the asymptotic behavior of the system for large times and establish the convergence of
the trajectories to the solution of a suitable stationary problem.
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1. Introduction. The present analysis is concerned with the evolution of four
unknown fields 6, x1, x2, and u governed by the following system of equations and
inclusion

O(cs8 — x1) — kAO =, (1.1)
dive +b =0, (1.2)
Ale(u) + Bx2) =0, (1.3)

o (2) ()= (057 ()= ) oo

These relations are asked to be fulfilled in the space-time domain @ := Q x (0,T") for
some open and bounded subset ) C R® with smooth boundary T' and some reference
time 7T > 0. In addition cg, ¢, k, v, and 6, are positive parameters, A and  are
respectively a 4-tensor and a 2-tensor, and u is a non-negative constant (see below).
Here, u = (u1,u2,u3) € R® and £(u) denotes the 2-tensor

1 6’LL1 (9’u,j ..
Ez](u)_§ (6331 +6—£Ez) for l,J—1,2,3,

while 0Ix stands for the subdifferential of the indicator function of the non-empty,
bounded, convex and closed subset K of R?, ie. Ix(z) = 0 if #+ € K and

Ix(z) = 400 elsewhere. Namely, 0k : R2 — 2R ig defined by
y€Olkg(z) iff x€e K and y-(w—2) <0 Vwe K.

Moreover o : 3 := 0;;0;; (summation convention) denotes the standard contraction
product of 2-tensors, (diveo); := 9(os5)/0z; for i = 1,2,3, and r : @ - R and
b:Q — R® are given functions.

The nonlinear system (1.1)-(1.4) arises in connection with the study of the thermo-
mechanical behavior of shape memory materials. These are metallic alloys with an
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intrinsic ability of undergoing a thermo-elastic solid-solid transformation between
crystallographic configurations with different physical and mechanical properties: the
austenite, which is stable at higher temperatures, and variants of martensite, stable at
lower temperatures [2, 21]. At the macroscopic level such a reversible phase transfor-
mation results in the so-called shape memory effect. Namely, shape memory alloys can
be permanently deformed (up to 8% under traction) and then be forced to recover
their original shape just by thermal means. This unusual macroscopic mechanical
effect is nowadays exploited in several innovative devices. Indeed shape memory ma-
terials are actually used in order to realize a variety of actuators (also of microscopic
size) and structures. The field of application of shape memory technologies ranges
from bio-engineering to structures-engineering and aerospace sciences [13, 16, 30].
Here we are concerned with a macroscopic modelization previously introduced in [31]
and able to describe the shape memory effect in a small deformation realm. We refer
the reader to the forthcoming Section 2 for a derivation of the model as well as for
some discussion on its thermodynamical consistency. As for the justification of this
modeling perspective as well as some experimental validation one should refer to the
original paper [31] as well as to [14, 20, 32]. For the purposes of this introductory
discussion, let us remark that the scalar field 6 in (1.1)-(1.4) represents the absolute
temperature of the medium while the vector field w is its displacement. Hence, the
2-tensors ¢ and e(u) stand for the tension and the linearized strain, respectively. Fi-
nally, K is the admissible convex and closed range for the internal variables [x1, x2]
(see below).

The current literature on the mathematical modeling of shape memory alloys is
quite rich and is beyond our purposes to provide here an exhaustive review. Indeed,
let us just mention that the problem of describing the thermo-mechanical behavior
of shape memory alloys has been tackled both from the microscopic [2, 4, 5] and
the macroscopic viewpoint [1, 3, 6, 18, 19, 33]. Among the latter, we shall partic-
ularly mention the so-called Frémond model for shape memory alloys. This model
was originally presented in [19] and analyzed in [9]. Indeed both the present model
and Frémond’s model [19] are formulated in the framework of Generalized Standard
Materials by means of analogous free-energy and dissipation considerations. In par-
ticular, the phase relation of Frémond’s model corresponds, in the present setting, to
the choices p > 0 and v = 0. On the contrary, the modeling considerations and the
experimental evidences of [31] suggest to consider the degenerate case p = 0 (taking
indeed v > 0). We will refer to the situation pu > 0 as the dissipative case and p =0
as the non-dissipative one.

Form the mathematical point of view, the present situation appears to be more
delicate with respect to the one of [9] because of the time-degeneracy of the phase rela-
tion (1.4). Moreover, let us stress that the momentum balance equation of [9] includes
of a fourth order regularizing term that is actually not present in our situation.

The system (1.1)-(1.4) has to be supplied with suitable initial and boundary
conditions. To this aim we ask for

6(-,0) =6° on Q, (1.5)
ux1(50),x2(-,0)] = p[x?,x3] on Q, (1.6)
k0,0 + h(0 —0.) =f on T, (1.7)
ov=g on I, (1.8)

u=0 on Ty, (1.9)

where 6%, XV, X9 are initial values, h,0. >0, f: T — R, and g : I; = R® are
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prescribed. Moreover, v is the unit outward normal vector to the boundary, and
{T'o,T:} is a partition of I" into two disjoint subsets of positive surface measure.

This paper addresses the mathematical study of the system (1.1)-(1.9) in both the
dissipative (1 > 0) and non-dissipative (u = 0) regime. First of all, we shall comment
on the model derivation and its thermodynamical consistency. Then, we investigate
the dissipative situation and provide a well-posedness result for a global variational
solution (Thm. 4.1). As a by-product of this analysis we provide a variable time-step
discretization scheme which turns out to be stable and convergent. Moreover, we are
in the position of providing an a priori bound of optimal order on the discretization
error. Then, we prove an asymptotic result that connects the dissipative and the
non-dissipative regimes. In particular, we prove that, as u goes to zero, the solution
of the dissipative model converges to the solution of the non-dissipative one (Thm.
4.2). Indeed, we also achieve some estimate in terms of p on the distance between the
latter two solutions. As a corollary of this asymptotic result, one obtains the global
variational well-posedness for the non-dissipative case as well (Thm. 4.1). Then,
we focus on the long-time behavior of solutions for the non-dissipative model. In
particular, we prove that the model actually converges to a unique equilibrium which
is characterized as the solution of a suitable elliptic problem (Thm. 4.3). Finally, we
turn to the proof of a suitable maximum principle which entails an essential lower
bound for the temperature in terms of data (Thm. 4.4). The latter in particular
ensures that, starting from a positive datum, the temperature 6 remains positive for
all times.

This is the plan of the paper. We shall discuss the derivation of the model in
Section 2. Then, we introduce the variational formulation of the problem in Section
3. Our main results are stated in Section 4, while Section 5 is devoted to the study of
the dissipative case. In particular, it contains the details of the discretization method.
The non-dissipative model is investigated in Section 6 and Section 7 focuses on the
long-time behavior of solutions. The crucial proof of the positivity of the temperature
is then given in Section 8.

2. Model. We devote this section to a derivation of the thermo-mechanical
model in study [31]. Our aim is to possibly clarify the meaning of relations (1.1)-
(1.4) and check for the thermodynamical consistency of the model. In particular, it
is beyond our purposes to provide the reader with a full justification of this mod-
eling perspective. Indeed, for a comprehensive discussion on the model as well as
some experimental validation, the reader should refer to [31] where the model was
introduced.

We will describe the thermo-mechanical evolution of a shape-memory material
with respect to its smooth reference configuration 2 C R® by means of the absolute
temperature 6, the (small) deformation e(u) (u is the displacement), and a pair of
internal variables [x1,X2] introduced below. In particular, for the purposes of this
section, 6 is assumed to be strictly positive (this will turn out to be Theorem 4.4 later
on). Let us suppose from the very beginning that only two martensitic variants are
present beside one austenite and indicate the respective local proportions as 71, 72,
and 74, respectively. This assumption is of course extremely reductive since, in some
particular alloy, up to 24 martensitic variants have been detected. Nevertheless our
somehow crude simplification is still suitable of describing the basic features of the
physical phenomenon [9, 31]. We moreover assume that the phases possibly coexist
at each point of the body, that no overlapping between different phases can occur,
and that no void appears in the mixture. Hence, the phase proportions 7, 72, and
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na are constrained to fulfill the obvious relations

0< m,m2,ma <1, m+n+na=1

We exploit these relations in order to eliminate 14 by introducing the internal vari-
ables

X1:=m+n2, X2:=1mn —1n2.

Of course the set {x1 = 1} corresponds to the situation where no austenite is present,
the set {x1 = x2} corresponds to the set where just the first variant of martensite is
present etc. Owing to the above discussion it is clear that [x1,x2] are constrained in
the triangle

K :={[z1,72] €ER? : 0 < |mo| < 21 < 1}. (2.1)

In order to deduce the differential relations governing the evolutions of the state
quantities above we will follow the approach via microscopic motions originally pro-
posed by M. Frémond. The basic novelty of the latter theory is to take into account
the thermo-mechanical effect of the microscopic rearrangements of the phases at the
macro-scales. In particular, one admits that the microscopic movements of the sub-
stance might give rise to some thermal macroscopic effect which influences the overall
energy balance of the body. We will not review here the full theory of Thermo-
Mechanics of Continua with microscopic motions and just refer the reader to the
recent monograph [20] for both a comprehensive discussion and a specific application
to the description of shape memory materials.

To the aim of dealing with microscopic motions, let us postulate from the very
beginning that the proper quantities describing such micro-movements are [x1, X2]
where of course the dot denotes time differentiation (as it is customary, at this stage
we assume that all the quantities occurring in the analysis are as smooth as needed
in order to go through the differentiations).

Hence, it seems convenient to regard the vector (u,[x,x2]) as an actual rigid
velocity vector. Moreover, let us assume that there exists a suitable linear space of
virtual rigid body velocities R (see [20] for a full discussion). Finally, we suppose
that, for all times ¢ € [0, T], the virtual power of the internal forces of the body with
respect to the generic smooth subdomain D C Q and virtual rigid body velocities
(v,¢) €ER is

P;,i(D,v,c) ZZ—/DO'ZE(U)—/DB-C.

The first term above is classical while the second one describes the power of micro-
scopic internal forces. In the latter the quantity B(-) € R* comes into play and
an obvious dimensional argument entails that it shall be regarded as an energy den-
sity. In particular, B represents and vector energy density per units of [x1, x2] (see
[20, Sec. 13.3, p. 360]). We now introduce the virtual power of the external and
acceleration forces as

P..+(D,v,c) ::/ b-v+/ g-vdH" 1, P,ee(D,v,c) ::/ pC-v.
D 8D D

Here, b represents an action density at distance (body force) while g is an action den-
sity at contact (traction) and we use a standard notation for the Hausdorff measure.
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Moreover, { = i is the macroscopic acceleration and p is the material density (no
microscopic accelerations are considered). By recalling the Virtual Power Principle
[23], choosing arbitrarily the regular and connected domain D and the virtual rigid
body velocities (v,c¢) € R we deduce from the relation

Poce(D,v,¢) = Ping(D,v,¢) + Pert(D, v, ),
two systems of momentum balance equations, namely [20, Sec. 2.4, p. 5]

pii=divo+b in Qx(0,T), (2.2)
ov =g, on I'x (0,T), (2.3)

which stands for the macroscopic momentum balance, and
B=0 in Qx(0,T), (2.4)

which corresponds to the microscopic momentum balance. Of course, v stands for
the unit normal vector field pointing outward T'.

Letting now e denote the internal energy density of the system, () the entropy
flux, we can follow [20, Sec. 13.4, p. 361] and deduce that, in our situation, the energy
balance is expressed by

é+ div(8Q) —r =o0:e(d) + B-[x1,X2] in Qx(0,7), (2.5)
—0Q-v=m on T x (0,T), (2.6)

where r and 7 denote some volume and surface heat source densities, respectively. In
particular, we note that the right hand side of (2.5) takes into account the contribution
to the energy balance provided by both macroscopic and microscopic movements.

The next step is to define the quantities e, @}, o, and B in terms of the state
variables in such a way that the Second Principle of Thermodynamics, in the form
of the Clausius-Duhem inequality, is fulfilled. In particular, the latter reduces in our
case to

§+ din—gzo in Qx(0,T), (2.7)

where s is the entropy of the system and r/6 represents an external entropy source
density. In order to accomplish the above requirement we will exploit the Ginzburg-
Landau theory by introducing the free energy density ¥ = ¥(,[x1, x2],€(u)) and the
pseudo-potential of dissipation ¢ = ¢p(V8,[Xx1,x2]) and defining

_9¢

=% e: =1+ 0s, Q:z—a(ve), (2.8)

__o¥

= Few)” 29
B:=[Bi,Bs], Bj:= o, 09 i=12, (2.10)

T Tty
The above choice splits B into a non-dissipative and a dissipative part, respectively,
and is inspired by thermodynamic considerations (see below and [20]). Moreover, the
latter notions of derivative are intended to be properly generalized in case ¥, ¢ are
non-smooth functions. At the present stage, our only requirement on the potentials
¢ and ¢ is that [20, 27], ¢ is convex, non-negative, and vanishes in 0.
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We shall now check for the thermodynamic consistency of this class of models by
recalling (2.5) and the above definitions in order to compute that

§+ din—f :%(0é+ div(GQ)—r)—%Q-Vﬂ
6¢ 3¢ L

where we used the properties of the pseudo-potential ¢. Hence, the Clausius-Duhem
inequality (2.7) easily follows from the positivity of 8. As a consequence, the general
positivity proof implied by Theorem 4.4 entails the thermodynamic consistency of the
whole class of models.

We now come to our actual choice of ¢ [31]. In particular, we let

$(0, X1, x2l 6(w) = —¢,01In 6 + %(E(U) +Bx2) : Ale(u) + Bxz)

el B8 4 L0 -8 + Ikl xe). (21)
20, 0.
In the latter expression, the first term is purely caloric and c¢; represents a specific
heat density. The second term corresponds to the mechanical energy. In particular
A is the elasticity tensor and the extra term [yx2 represent the mechanical effect of
the presence of the two different martensitic variants. Indeed, one assumes that the
mechanical potential of the material is

L eCu) + Bumn + Bamz) : Ale(u) + o + Baria),

2
where [3; are transformation strain tensors encoding the mechanical effect of the
martensite-austenite phase change and are assumed to verify §; = —f82 =: §, in order

to take into account the so-called self-accommodating properties of the two martensitic
variants [20, 31]. Note that the thermal expansion of the system is neglected.

The indicator function Ik forces [x1,Xx2] to take solely admissible values in K
and the term (0 0.)x1 classically represents the phase-temperature interaction.
In particular, K is a latent heat density related to the martensite-austenite transfor-
mation and 6, > 0 is the critical martensite-to-austenite transition temperature.

The modeling novelty of this framework with respect to the original Frémond
model for shape memory alloys [9, 19] consists in including into 1) the term

0 _0**

2. O3 +x3)s (2.12)

where a second critical transition temperature 0 < 6,, < 6, is introduced for the
austenite-to-martensite transformation. By referring to the zero-stress situation, one
observes that in Frémond’s model [9] no austenite is present for temperatures 6
below 6, nor martensites for 8 > 6,. This simplification is however fairly crude and
experiments suggest that one should consider a suitable temperature range where the
three phases may coexist in the zero-stress situation [14, 32]. The present model [31]
extends Frémond’s approach in the direction of including some description of this
effect. In particular, looking back to (2.4) in the zero-stress equilibrium ([x1,X2] =
0, 0 = 0) the internal variables are asked to fulfill

—— + (% +0I 3 ,
0* <X2 0 K X2 0
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which entails that

0. —0
X1 :min{max{m,O},l}, X2 =0.

Hence, no martensites are present for 6 > 6,, no austenite is allowed for 6 < 6., and
possibly all the phases are admissible for intermediate temperatures [31] (see also [20,
Rem. 13.4, p. 364)).

As for the pseudo-potential of dissipation we will ask for

y Y — k 2 1) M .o
(Y0, (X, %)) = 55IVOP + 533 + 56.

Here k& > 0 stands for a constant thermal conductivity coefficient and p > 0 measures
some dissipation effect on the phase variables. In particular, the heat flux ¢ := 0Q =
—kV@ is of Fourier type.

Finally, the balance relations (2.5), (2.2), and (2.4) read as follows

. ? A
csf — i — kA0 —r = —2-(0 = 0.)% + pxi + pxs, (2.13)
pii = dive + b, (2.14)
Sl + | +0I 3 . 2.15
M(X2> 0, X2 o:f8 K X2 0 ( )

We shall focus our attention from the very beginning on the quasi-static situation
where the inertial term pi is negligible in (2.14). Indeed, let us stress that the latter
approximation of the momentum balance equation is rather standard in connection
with the Frémond model [9, 10, 12, 24] and translates the believe that the mechani-
cal evolution takes place on some faster time scale when compared with the thermal
evolution. On the other hand, the reader is referred to [8] where the full momen-
tum problem is considered for Frémond’s model (see also [15, 22, 25] and the recent
monograph [26] for the analysis of mechanical evolution under different non-convex
settings).

In order to deduce the system (1.1)-(1.4) from (2.9) and (2.13)-(2.15) we now
apply some further modification to the balance relations by means of suitable small
perturbation assumptions. At first, one supposes to be interested in a temperature
range close to the critical temperature 6, and neglects the first term in the right hand
side of (2.13). By setting for the sake of notational simplicity 7 := £(0x — .x)/6x, we
readily check that the system (1.1)-(1.4) in the non-dissipative regime p =0 follows
directly from (2.9) and (2.13), (2.15), and (2.14) in its quasi-static form.

As for the non-dissipative regime p > 0 we shall additionally assume to be
interested in a situation where the phase evolution is suitably slow, i.e. u)'(? =0 in
the energy balance equation (2.13). On the other hand we retain the dissipation term
u[x1,x2] in (2.15). This is of course again an assumption of small perturbation type.

Finally, as for boundary conditions (1.7)-(1.9), one assumes to know g in (2.3)
just on I'y and imposes the body to be clamped on T'y. Moreover, we choose 7 :=
f+h(8. —0) where f is a prescribed surface heat source density, h > 0 is a thermal
exchange coefficient, and 6, > 0 is a given external temperature.

3. Variational Formulation. We start by fixing some notations. Let
H:=1?(Q), H:=HxHxH, V:=HYQ),
H:={o:Q = R3*?  measurable, such that o :0 € L'(Q)},

symm
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where R3)3  denotes of course the space of 3 x 3 symmetric tensors. All the above
spaces are endowed with their respective natural scalar products. In particular, we
will use the symbols (-,-) and ||-|| for all products and norms in the above L?—type
spaces. Moreover, the notation (-,-)r will stand for the scalar product in both L?(T")
and (L?(T))3, |-| denotes any Euclidean norm, || - ||z will stand for the norm in
the generic normed space E, and [-,-] denotes the generic pair. We introduce the

following Hilbert space
V:={v e V3, suchthat v=0 on Ty},
endowed with the standard norm, and set, for any u,v € V,
a(u,v) := (Ae(u),£(v)),

where ¢ : V — H stands for the linearized strain tensor. Following the classic linear
elasticity theory, we ask A = (a;jkn) to be symmetric and positive definite on Rg;ﬁr’m,
namely

@ijkh = Gijhk = Gghij; Vi, j,h,k=1,2,3, and Ao :0>0 VYoeRS /{0}.

Namely, for all o,7 € Rﬁ;ﬁm one has that Ac : 7 =0 : Ar = Ao : A%T, where A3
stands for the well-defined square root of A. In particular, since § # 0, we readily
compute that Alfﬂ # 0 as well. Moreover, recalling the Ty has a positive surface
measure and thanks to Korn’s inequality (see, e.g. [17, Thm. 3.3, p. 115]), there

exists a positive constant ¢y depending on A such that

a(v,0) = [[A2e)|* > evllol} WoeV.

Finally, let the notation (-,-) stand for the duality pairing between V' and V or
V' and V where the prime denotes the topological duals. Since the special trian-
gular form of K specified above is not needed for our analysis, let K be an arbi-
trary non-empty, bounded, convex, and closed subset of R?, and define the (con-
vex and closed) set K := {[z1,3,] € (L*(Q))?, such that [z1,2,] € K a.e. in Q}.
For almost every t € (0,7) let us define the functionals F(t) : V — V' and
G@t): V>V as

(F(t),0) == (r(t), ) + (f(t),0)p Vo€V,
(G(t),v) :== (b(t),v) + (g(t),v)F Yv € V.

We shall make precise our variational formulation of (1.1)-(1.9) by posing the following
problem.

Problem P,: To find § € H*(0,T;H) N L>(0,T;V), [x1,x2] € (H*(0,T; H) N

L>(Q))?, and u € H*(0,T;V) such that u(x1,x2) € (WH*(0,T;H))? and

((cs0 = €x1)e, ) + k(VO, V) + h(0 — b, 0)r = (F, p)

Vo eV, ae in (0,7), (3.1)
a(u,v) + (ABx2,e(v)) ={G,v) Yv eV, ae in (0,7), (3.2)
Ae(u) + Bx2) =0 ae.in Q, (3.3)
(Xl) Xl) (Xl) (QL(Q* - 9)) .
1Oy + +0Ik 3% a.e. in @, (3.4)
X2 X2 X2 —0:p
cs0(-,0) — £x1(+,0) = cs8° — X7 ae. in Q, (3.5)

M[Xl('70):x2(':0)] = M[X(l)axg] a.e. in €.
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REMARK 3.1. Let us stress that the above regularity requirements and (3.3)
entail in particular that o € H'(0,T;H). Namely, relation (3.4) makes sense.

4. Main results. We shall assume the following.

(Al) FeL*0,T; H)+ WH(0,T5 V"), G € HY(0,T; V'),

(A2) 0° €V,

(A3) X1, x3] € K.
In particular, the first in (A1) entails that there exist F; € L2?(0,7;H) and
F, € WbHY0,T;V'") such that F = F; + F,. We observe that, whenever
r € I2(0,T; H), f € Wh'(0,T;IX(T)), be H'(0,T;H), and g € H'(0,T; (I*(T))?),
the regularities in (A1) follow. As a consequence of (A1)-(A3), we introduce u® € V
as the unique solution to (3.2) at time ¢t =0, ¢ € H via «° and (3.3), and finally

¢
10X1,0,0(0), X2, (0)] = | 5= (6 — %) — X2, —0® : B — xS

In particular, we observe that the left hand side above is bounded in H x H, uniformly
with respect to p, and that relation (3.4) is fulfilled also for ¢ = 0.

We are now in the position of stating our results.

THEOREM 4.1 (Well-posedness). Let p > 0. Under the assumptions (Al)-
(A3), there exists a unique solution to problem P,. Moreover, given two sets of
data (Fi,Gi,09,x8 ;,X3;) fulfilling (A1)-(A3) and two external temperatures B, for
i = 1,2, the respective solutions (6;,x1,i,X2,i;ui) to the corresponding problems P,

Fulfill
t
/vel 6,) /0(91—02)
2

+Z (N||Xj,1 - Xj,2||2c([0,T];H) + x50 — Xj,2||i2(0,T;H)) + ||ur — u2||2L2(0,T;V)

o[

Hles (6] — 65) — 603 1 — XTI + llx3 1 — X3 al* + 161 — 9e,2l2> ; (4.1)

2

+ sup
t€[0,T]

(162 — 02”L2 o,7;H) T Sup
tc[0,T]

L2(T)

2

t
/ (Fii— Fio)| dt+|Fay — FoollZaorvry + 1G1 — Gallf20,7:0n
0

where ¢y depends on cs, k, h, £, v, T, Alﬁﬂ, 0., and cy but is independent of .

THEOREM 4.2 (Dissipation asymptotics). Under the assumptions (A1)-(A3),
the solution (0,,X1,u,X2,u,uyu) to problem P, converges as p — 0 to the solution
(0, x1,x2,u) of problem Py at least weakly in the respective natural spaces.

Moreover, we will address the study of the long-time behavior of the solution to
problem P,. Indeed, the reader should notice that the above stated well-posedness
result is actually independent of the choice of the reference time 7. Hence, in par-
ticular, the solution (6, x1,Xx2,u) to problem Py, may be uniquely extended for all
times. Let now the w—limit set be defined as

w(0,X1,X2,u) = {(Hoo,xl,oo,xgm,uoo) € Hx Hx HxY such that there exists
a sequence of positive real numbers {¢,} with ¢, — 400 and

(8(tn)> X1 (t0), X2 (tn), 1(tn)) —> (Boos X100, Xa,000 o) i H X H X H x V.
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To the end of establishing a long-time behavior result, we need some further
assumptions on the data. In particular, we ask for
(A4) F € L?(0,4o00; H), G € H'(0,4+00,V").
Hence, the following holds true.
THEOREM 4.3 (Long-time behavior).  Under assumptions (A2)-(A4), the
w—1limit set w(ﬂ,xl,xg,u) reduces to the unique solution to the problem

O =0. a.e. in (4.2)
a(Uso, V) + (ABX2,00,€(V)) =0 Vv eV, (4.3)
Ale(uso ) + BX2,00) = 0o G.€. in , (4.4)
¢
X1,00 X1,00 _(0* - 06)) .
’ oI ’ 0+ .e. Q. 4.5
(un)eom(iz) = (505) eema s

Namely, the whole trajectory converges to (oo, X1,00, X2,00> Uoo) @S t — +00.

We close this section by stating precisely a maximum principle for the temperature
0 which entails its positivity in the frame of our concrete modeling situation. To this
aim, of course some sign assumption on the external heat sources is needed and we
will ask for

(A5) (F(t),v) >0 for a.e. t€ (0,T) and all v € V with v >0 a.e. in Q.

The latter follows for instance when f, r > 0 almost everywhere in their respective
domains and could clearly be weakened. One has the following.

THEOREM 4.4 (Lower bound). Let p > 0. Under assumptions (2.1), (A1)-(A3),
and (A5), let 64 € R be such that

¢
7+ 5-(62—6.) <. (4.6)

Then, the unique solution (6,[x1,x2],u) to Problem P, fulfills
inf {inf Oy, 0., 0,04} < O(x,t) for a.e. (z,t) €Q, (4.7

where inf 6y stands for the essential infimum of 6y on (.

Clearly, in order to deduce from the above stated lower bound (4.7) a positivity
result for 6 (and consequently a proof of the thermodynamical consistency of the
model, see Section 2) one has to start from a positive initial datum 6, and ask for
the existence of a positive constant 6y fulfilling (4.6). Let us stress that this second
requirement is compatible with our modeling situation since, owing to the discussion
of Section 2,

L 14
(0* - 0**) + a_(od - 0*) = _(ed - 0**);

| &~

14
’Y‘i‘ E(ad_e*) -

)

and it suffices to choose 0 < 64 < 6., in order to achieve (4.6).

5. Dissipative problem. Throughout this section, the dissipation parameter
1 is fixed and strictly positive.

5.1. Continuous dependence. Let us denote by (6;, x1,i, X2,s, i) for i =1,2,
two solutions to problem P, associated to the given two sets of data (F;,G;,6?, X‘f,i,
Xg,z-), and 0. ;, for ¢ =1,2. We set 0 :=60; —0, UW:=u; —us and so on. Let us take
the integral on (0,t), for ¢ € (0,7, of relation (3.1) written for (81, x1,1,Xx2,1,u1)
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and subtract the same relation for (6, x1,2, X2,2, u2), choose ¢ := 5, and integrate on
(0,¢), for t € (0,T]. We readily obtain that
2
) 18l s

t k t
cs/ a2 + /a / <||c30 _ix ||+H/ 7,
0 0 o llezy  Jo
t s _ t L _
+/ </ Fz,e>ds+h/ (566,0)pds+5/ @3- (5.1)
0 0 0 0

Let us now take the difference between relation (3.4) written for (61, x1,1,Xx2,1, 1)
and the same relation for (02, x1,2, x2,2,u2), multiply the corresponding relation by
[X1,X2], exploit the monotonicity of the subdifferential and integrate on Q x (0,1),
for ¢t € (0,T]. We get

2
+_

: B 2 2 N—02_£ L _ tE. -
Z( %, @l +7/ ||xj||) 2 x| (.5 /O< B.%). (52)

Jj=1 j=1

As for the last term in the above right hand side we take advantage of (3.2)-(3.3) and
readily compute that

—7: f=—A%e(@) : A2 — |A5 X, (5.3)
ate@ie = [ (ad (—)-A%ﬂ—w/t@m (5.4)
/OnAs(u)n— /0< () : A58.%,) + [ (@3 .

Hence, by choosing 1 < p < (y+ |A2j|?)/|A2 |2, we take the sum between (5.2) and
(5.4) in order to obtain

2

Z( (I%; @117 = 11x511) +7/ ||x3||2> /IIAVE II?

Jj=1

t
/0 @) -2 / (Ake(@) : ASB, %) — A AP / A / @)

Then, multiplying (5.1) by 1/6. and taking the sum with the above relation, one has

cs [* k W >

s an2 2
> [ ol + oo —E lIx; @)l
9* /0 L2(T) 2 — J

t t — . 1
+v/ [, |I” + (v+(1—p)lA1§ﬂ|2)/ IIY2||2+—/ Aze(@)|]”

<_/ (|cs(9 —exl||+H/ Ty ds ) |e||+—/ </ o ds, 0>

[ soe,ards+2“|| o+ [ @m. (55)

2 2

t

h

20, b

t —
Y4
0

Finally, the assertion follows from an integration by parts.
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5.2. Discretization. Let us introduce our variable time-step discretization of
P,. To this aim we define the partition P := {0 = to < t; < -+ < ty_1 < ty =
T} with variable time-step 7; := t; — ¢;_1 and let 7 := max;<;j<ny 7; denote the
diameter of the partition P. In the forthcoming analysis the following notation will
be extensively used: being {w;}¥, a vector, we denote by wp and wp two functions
of the time interval [0,7] which interpolate the values of the vector {w;} piecewise
linearly and backward constantly on the partition P, respectively. Namely

wp(0) == wo, wp(t) = g;({t)w; + (1 — gi(t))wi1,
m’p(O) 1= wo, E’p(t) =w; for te (tifl,ti], i=1,...,N

where g;(t) := (t —t;—1)/m fort € (ti—1,t], i =1,..., N. Moreover, given a vector
{w; }¥,, we define another vector {6w;}Y, as dw; := (w; — wi_1)/7;.

Finally, we introduce some approximation of the data. Hence let F = F; + F;
where Fy € L2(0,T; H) and F, € W' (0,T; V") and set

1ok
Fi;:=— Fi(s)ds €e H for i=1,...,N, (5.6)
Ti Jt;_4
F2’1 = F2(t@) eV' for i= 0,1,.. .,N, (57)
G; = G(t,) eV for 1=0,1,...,N. (58)

Of course, owing to (A1), the latter positions are justified. In particular, let us remark
that one has

Fip — F strongly in L?*(0,T; H), (5.9)
Fyp — F» strongly in Wh(0,T;V"), (5.10)
Gp — G strongly in H(0,T;V"), (5.11)

whenever the diameter 7 of partition P goes to 0.
Hence, we are interested in the following discrete problem.
Problem D, : To find {6;}¥, € VN*', {[x1.5, x2,]} Y, € KVN*1, and {u;}N, e VN
such that, for all 4 =1,..., N,

((Cs(saz' - &le,i)a(p) + k(vaza VSD) + h‘(ol - Ge:SO)F = <F1 §0> V(P € V, (512)

a(’U/i,U) + (Aﬂx2,i55(v)) = (Giav> Vv € Va (513)
A(e(u;) + Bx2,i) =05 ae. in €, (5.14)

dx1 z) (Xl z) (gi(oi - 0*)) <X1 z) (0) .
i)+ ) (0 +0Ix (X)) 5 e in Q, (515
M(5X2,z' 7 X2,i o;: B K X2,i o) *&m (5.15)
6o =6° ae. in Q, (5.16)
X105 x20] =[xl x3] ae. in Q. (5.17)

5.3. Discrete well-posedness. We prove the following lemma.

LEMMA 5.1. Under the assumptions (A1)-(A3), (5.6)-(5.8), and for all T suffi-
ciently small, problem D, has a unique solution.

Proof. We proceed by induction. Namely, we assume to know the solution of the
problem up to level ¢ — 1 and solve for level . In particular, we are concerned with
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the problem of finding 6; € V, [x1.:, x2,:] € K, and u; € V such that

((esbi — x1,i, ) + Tik(V0;, V@) + 1:h(0; — O, 0)r = (Fi', ) Vo€V, (5.18)

a(u;,v) + (ABx2,i,e(v)) = (G;,v) Yv €V, (5.19)
Ale(u;) + Bx2,i) = 0i ae. in Q, (5.20)

X1,i VX1, + o (0 — 9*)) (Xl i) (Xl il) .
T+ * + 01 =) ’ a.e. in Q, (5.21
M(Xzi) i ( vXx2,i + 051 B K X2,i a X2,i—1 (5.21)

where we collected in the right hand sides of (5.18)-(5.19) and (5.21) the quantities
known at level 4 and let F}* := 7;F; + cs0;—1 — £x1,i—1. We shall stress that the latter
scheme is of course fully implicit.

Let us now fix [X1,X2] € K. It is then straightforward to find the unique solutions
0 eV and u € V to (5.18) with x1 instead of x1,; and (5.19) with X» instead of
X2,i, respectively. Hence, we have implicitly defined a mapping 77 : K = V x V as
Ti[X1, X2] := [0,u]. On the other hand, for all (5,11,)”(2)~€ V xV x H there exists
a unique pair [x1,X2] € K solving relation (5.21) with (0,4) instead of (6;,u;) and
o; is defined by (5.20) with x2 instead of x2;. Thus, one may define a mapping
Ty:VxVxH—K as To(0,id, X2) = [x1,X2)]-

Our next aim is to prove that, for sufficiently small 7, the mapping 753 : K — K
defined as T3[x1, X2] := T2(T1[X1, X2], X2) is a contraction in H x H. To this end let
[X1,5: X2,5] € K, [05,u5] = Ti[Xa,5, Xe.5),  Xagx2,5] = Ts[X,5, Xe,5] for j =1,2,
and define 6 := 60, — 05, W := u; — us etc. Hence, we readily check that

(csaa (P) + Ti(vg7 V(p) + Tih(g7 SD)F = (€§17 30) V(p € V7
a(@,v) + (ABX2,6(v)) =0 Vv €V,
o: B = As(T): B+ ABY, : B.

Namely, by choosing [p,v] = [#,7] above one gets that
- g —= L —= _ —=
16 < —Mxall, lAZe@l < edlixall, o Bl < ellxall, (5:22)
S

where ¢; just depends on AzB. On the other hand, we exploit (5.21) and get that

. ; L6, —0; i-1/Ti
(Xl,]) — (1 + 6_[[()_1 ( Ti ) (9*( ]) + ,U/Xl, I/T) for J _ 1’2
X2, B+ Ty —0j 1 B+ px2,i-1/Ti

In particular, also using (5.22), one computes that

2
— 2 — 2 Ti
+ <
Il + Il < () (

T 2o

K] = =~

< (o) (sl +aimr).
1 CAdS

Finally it suffices to fix 7 < u/ max{f?/(csf.),c1} in order to get that T3 is actually
a contraction in H x H. The assertion follows from the fact that T3(H) C X which
is closed in H x H. O

2

0
—0
6.

+ll7: ﬂll2>
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For the sake of later convenience, we rewrite the scheme (5.12)-(5.15) in more
compact form as

(8e(csOp — tx1,p), ) + k(VOp, V) + h(0p — b, 0)r

= (Fp,p) Vo€V, ae. in (0,7), (5.23)
a(@p,v) + (ABXy p,e(v)) = (Gp,v) YveV, ae in (0,T), (5.24)
Ale(@p) + BXap) =0p ae. in Q, (5.25)

X X £6.-86
10, (X“’) +7(§1’7’) +0Ix (E“’) 5 (9* (6. 7’)) ae in Q. (5.26)
X2,P X2,p X2,p —op:f3
REMARK 5.2. In order to completely justify the above notations one could con-

sider, for instance, ug := u® and og := ¢® where u° and ¢° are defined above.

5.4. Stability. Our approximation scheme fulfills some suitable conditional sta-
bility property. In particular, this subsection brings to the proof of the following
lemma.

LemMMA 5.3. Under the assumptions (A1)- (AS’), (5.6)-(5.8), and for all T suffi-
ciently small, let {6} € VN {[x1,i, x2,i]} g € KN*Y, and {u;}Y, € VN be the
unique solution to problem D,. Then there exists a positive constant cy just depend-
ing on Cs, k7 h/a 067 F: 0*7 v, Alﬁﬂ: Cy, 007 [X?:Xg]: ||F1||L2(0,T;H)7 ||F2||W1:1(0,T;V’);
and ||G||g1(0,r5v7) such that

162 || 22 0,75 ) o (fo,71;v) + X125 X2, Pl (1 (0,7 1))
+vHl xa,ps x2, )l (w0, m))2 + |[ull510,750) < C2. (5.27)

In particular, co is independent of p and 7.

Proof. Henceforth we will denote by ¢ any positive constant, possibly depending
on data but neither on g nor P. In particular, ¢ may vary from line to line.

Let us take the difference between relation (5.15) written at level i and the same
relation at level i —1. By defining [dx1,0,0x2,0] := [X1,4,¢(0), X2,41,¢(0)] we are entitled
to do so for ¢ = 1,...,N. Next, we multiply the resulting relation by [dx1,:,0X2,i]
integrate in space and sum for ¢ = 1,...,m for some m = 1,..., N. By exploiting
the monotonicity of the subdifferential, we obtain that

2 m
> ( [16x,mI* = —||5><j(0)||2 +72n|l5><j,ill2>
j=1 =1

m

E m
<o > 7i(86;,0x1:) — D 760y : B, 6x2,4)- (5.28)

i=1 i=1

We now take the difference between relation (5.13) written at level ¢ and the same

relation at level ¢ — 1, choose v := du;, and sum for ¢ = 1,...,m. One readily gets
that
m m
S rillAze(ous)|? = Zn 0Gi,0us) = 3 Ti(A%e(du;) : AZB,0x2,).  (5.29)
i=1 i=1 i=1

On the other hand, owing to (5.14), it may be easily computed that

oi: B =A%e(6u;): A28+ |A2B|%0x2; Vi=1,...,N. (5.30)
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Hence, taking into account (5.30) and adding (5.28) to (5.29), we may again choose
a suitable p such that 1< p < (y+ |A24]?)/|AZ8|? and deduce that

> (Slxml” = Slioxs O)I?)

Jj=1
@ L L -1 & 1
3 (0l + o+ AP = pAES Ixaal?) + £52 S mlle(ous)
i=1 i=1
ﬁ m m
< —E;Tz(éez,éxlyz)—f—;T,((SG,,(SU,) (531)

Next, we test relation (5.12) by ¢ = 7;06; and take the sum for ¢ = 1,...,m. Due
to (A2) we obtain that

m k‘ h m
2 2 2
e Z,-zl Till60:ll” + S1IVOml” + Sl10mllza () < ¢+ h(Be, 0m)r +ei§:1: 7:(80,6x1,:)

+ ZTi(Fl,i;(Soi) + (Foym, Om) — (Fa,1,6°) — Z<F2z - Fi-1,0i-1). (5.32)
i=2

i=1 i

Finally, it suffices to take the sum between (5.31) and (5.32) multiplied by 1/6.,
consider (A3), and perform some standard computations in order to obtain that

2 m 2
1Y 118x5ml® + 10ml[3 + > 7 (Z 15411 + 1168:1* + ||5uz'||§)

j=1 =1 j=1
m—1
<c Z Ti(0F2,4,0i—1)
i=2
m
+c (1 B3 + |1 Fon |3 + Zﬁ' (116: G113 + ||F17,-||2)> ) (5.33)
i=1

Finally, from (5.6) and (5.8) and an application of the discrete Gronwall lemma we
readily obtain the bounds of (5.27). O

5.5. Convergence. Let us now consider the limit as the diameter 7 of partition
P goes to zero. We are actually in the position of proving the following.

LEMMA 5.4. Under the assumptions (A1)-(A3), (5.6)-(5.8) and for oll T suffi-
ciently small, let {0:3N o € VN {Ix14, x2.4]} 0 € KN, and {w;}Y, € VN be
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the unique solution to problem D,. Then the following convergences hold

bp — 0, weakly star in H'(0,T; H) N L*>(0,T;V)

and strongly in C([0,T); H), (5.34)
0p — 0, weakly star in L>®(0,T;V)
and strongly in L*°(0,T; H), (5.35)
Xi P — Xju weakly star in WH(0,T; H),
and strongly in C([0,T); H), j=1,2, (5.36)
Xjp — Xju Strongly in L=(0,T;H), j=1,2, (5.37)
up —> u, weakly in H'(0,T;V)
and strongly in C([0,T];V), (5.38)
up — u, strongly in L*=(0,T;V), (5.39)

where (8, X1,u, X2, Uyu) 15 the unique solution to problem P,.

In particular, let us stress that the latter lemma entails the proof of the existence
statement of Theorem 4.1.

Proof. Taking into account the estimate (5.27) and well known compactness
results, we readily find a quadruple (8, X1,4, X2,u, %) such that, possibly taking not
relabeled subsequences, the weak and weak-star convergences of Lemma, 5.4 hold true
together with the following

6p — 6, strongly in C([0,T]; H), (5.40)
0p — 0, strongly in L°°(0,T; H). (5.41)

We now turn to the proof of some strong convergence for X1,P>X2,p, and up
by a direct Cauchy argument. To this aim, let P,, denote the extracted sequence
of partitions. We denote by 8,, := 0p,,, um = up, etc. By taking the differ-
ence between (5.26) written for P, and the same relation for P, , multiply it by
[X1,n = X1,m>X2,n — X2,m); integrate on €2, and exploit the monotonicity of the subd-
ifferential we readily obtain that

2

; Z 10t = Xam) DI +7 DN m = Xjm) DI

Jj=1

VIR
Q.|g_‘

< 2 Bn = 0m) DI K1,n = Xa,m) DN = (@ =T (£) 2 B, Kz = Xa,m) (1),

(5.42)

Sl

for almost every t € (0,T). In particular, we made a crucial use of the fact that, given
any vector {w;}X, € HV*1, one has that (w}p,wp) > (wp,wp) since of course the
residual term (wp,Wp — wp) is non-negative. On the other hand, by taking the
difference of the corresponding relations (5.24) with v = %, — U,, and of (5.25) we
readily check that

||A§8(Hn - ﬂm)”2 = _(AEE(HH - ﬁm) : Aiﬂa (Y2,n - Y2,m))
+{Gn — G, Un — U ), (5.43)
_((ETL - Em) : ﬂiYZn - Y?,m) = _(A%E(ﬁﬂ - ﬁm) : A%ﬁaxmn - Y2,m)
— A% B %, — Xo,mlI*- (5.44)



SHAPE MEMORY ALLOYS 17

Hence, owing to the latter relation, taking the sum of (5.42) and (5.43), and integrating
n (0,t) for some t € (0,T] we easily infer that

2 t t
2( 10 = Xim) DI +7 / ||7,-,n—x,-m||2)+ / 1AS (@, — T)|?
=1
V4
0_ ||0 _om””Xln le”_z 0 (A28( —Um) A BJXQTL X2m)
A% pP / Kon = Xomll? + / (G = Com, i — i)
0
Y ¢ L2 ¢ 2, 1 b 2
<3 [ =Tl + = VAP [ o~ ol + 5 [ AFe(@ — )
0 0 P Jo

£2 t _ ) t .
+2037/0 1B — B +/0 (@ — G — i),

for some 1< p < (v + |A28|2)/|A2B[2. Hence, in particular,
2 t t )
_ _ 2 _ _
> (#in = Ximloqm + [ 1K =Xgll) + [ 10 = Tl
0

i=1
i i
<e( [ 1. -8l + [ G -Gl ). 6.4
0 0

where ¢ depends on £, 6., v and c¢y. Finally it suffices to exploit (5.11) and (5.41) in
order to obtain that [x1,p, x2,p] is a Cauchy sequence in (C([0,T]; H))?. Namely, we
checked the strong convergences in (5.36)-(5.37). The strong convergences of (5.38)-
(5.39) are now an easy consequence of (5.11), (5.36)-(5.37), and (5.43).

We prove that indeed the quadruple (6,,x1,4, X2,u, Uu) solves problem P,. Let
us introduce the new auxiliary variables [El,p,zwp] € 01 K(yl’p,xz’p) almost every-
where in @ such that (5.26) reduces to the following equality

— { ra
X1,p X1, 7-(0p —6.) &2\ _ (0 .
Na( >+’Y(_’>+(*_ + |- = a.e. in Q.
“Wer X2,p op:f Eop 0
Hence, moving from (5.27), it is straightforward to possibly extract a further sub-

sequence such that the convergences of Lemma 5.4 hold and there exists [&1,,,&2,,]
such that

&p =&,y weaklyin L?(0,T; H), for j=1,2.

Owing to the above proved convergences and (5.9)-(5.11) it is now possible to pass to
the limit as the diameter 7 of partition P goes to zero and check that (8, X1,u, X2,
Up, &1,y §2,) fulfills relations (3.1)-(3.3), (3.5)-(3.6), and

£ _
() () + (8r)> (" 0)) eeme G

Moreover, it is straightforward to check that

T T
A (é‘j,’Pan,'P) — /0 (é-j,[qu,u) for .7 = 172



18 U. STEFANELLI

In particular, classical results on maximal monotone operators [7, Prop. 2.5, p. 27]
entail that [&1,,&2,,] € 0Tk (X1,u, X2,,) almost everywhere in @) and the assertion of
the Lemma follows. Before closing this proof, we observe that the convergences stated
in the Lemma hold for all the sequence of partitions and not just for a subsequence
since the solution to problem P, is unique. O

5.6. Error estimates. For the sake of completeness, we state here an a priori
bound on the discretization error. To this aim, recalling from (A1) that F := Fy + F5,
we sharpen our regularity requirements by asking for

F, € BV([0,T); H), (5.47)

where the above notation refers to the space of real functions valued in H with
bounded variation. We have the following estimate.

LemMMA 5.5.  Under the assumptions (A1)-(A3), (5.6)-(5.8), and (5.47) let
(6, [x1, x2l,w) and {6:}y € VN, {[x10x2. o € KN, and {u;}Y, € VN
be the unique solutions to problem P, and D,, respectively. Hence there exists a
positive constant c3 depending on co such that, possibly taking T small enough, one

has that
El 8
16 =65 lzz0m + sup | [ 9080 + sup | [6-5n)
s€[0,t] 0 s€[0,t] 0 L2(I)
2 2
+1 ) lIxi = xiplleqoam + O Ixi = Xipllzzo.em
j=1 j=1
+||u — u'P”C([O,t];V) <cgT Vte0,T]. (5.48)

We will not give here the detailed proof of the latter result. Indeed, the argument
follows closely the lines of the proof of the continuous dependence estimate (4.1). The
additional intricacy related to the fact that the continuous and the discrete solutions
do not solve the same equations may be overcome by the same techniques of the two
papers [34, 35] where indeed the abstract analysis of [28, 29] is applied in a similar
context. On the other hand, some comment is in order. We point out that the latter
estimate is optimal with respect to the order of convergence, since the backward Euler
scheme is used in order to approximate time derivatives in problem P,. Moreover,
no a priori constraints between consecutive time-steps are imposed. Hence (5.48)
ensures the possibility of implementing an adaptive procedure as in [29]. Finally, let
us remark that c¢s depends exponentially on T since the Gronwall lemma is used in
the proof of (5.48).

6. Non-dissipative problem. We now proceed to the proof of Theorem 4.1 for
@ = 0 and Theorem 4.2. To this aim (8, x1,u, X2,u, Uu) Will denote a sequence of
solutions to problem P, as p converges toward 0.

6.1. Continuous dependence. First of all, we address the continuous depen-
dence claim in the non-dissipative situation. To this end, it suffices to follow exactly
the lines of the corresponding proof of Subsection 5.1 with the choice of the parameter
pn=0.

6.2. A priori estimates. We shall prove the following.
LEMMA 6.1. Under the assumptions (A1)-(A3), let (04, X1, X2,u>Up) be solu-
tions to problem P,. Then, there exists a positive constant c4 just depending on
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Cs, k, h, eeyra s A%B) Ccy, 9*, 90, [X?;Xg]? ||F1||L2(0,T;H); ”FQ”Wl’l(O,T;V’); and
Gl 0,730y and such that

||6u||H1(0,T;H)OL°°(0,T;V) + ”[Xl,qu?,u]”(Hl (0,1;H))2 + ||Uu||H1(0,T;V) < . (6.1)

In particular, c4 is independent of p.

Proof. This argument is just sketched here since it is very close to that of Lemma
5.3. Indeed, the above stated result represent the continuous version of the stability
estimates for the discrete scheme. Namely, the key a priori estimate consists in taking
the sum between (3.1) with ¢ := 6;/6., the time derivative of (3.4) multiplied by
[X1,1,¢5 X2,,t], and the time derivative of (3.2) with v = u, ;. We shall remark that
the latter choices of test functions are not admissible at the present stage. However,
the above calculation is to be intended at an appropriate approximation level (for
instance that of the discrete scheme). We prefer to skip the details of this discussion
for the sake of clarity. Next, taking the integral on (0,t) for some t € (0,7T] of the
upcoming relation, the assertion of Lemma 6.1 follows along the same lines of the
proof of Lemma 5.3. O

6.3. Passage to the limit. Let us now finally turn to the proof of the Theorem
4.2. Precisely, we prove the following.

LEMMA 6.2. Under the assumptions (A1)-(A3), let (8u,X1,u> X2,u>Uu) be the
solution to problem P,. Then the following convergences hold

6, — 0 weakly star in H'(0,T; H) N L>®(0,T;V)

and strongly in C([0,T); H), (6.2)
Xju — X; weakly in H'(0,T;H)
and strongly in C([0,T];H), j=1,2, (6.3)
u, — u  weakly in H'(0,T;V)
and strongly in C([0,T]; V), (6.4)

where (0, x1,X2,u) is the unique solution to Fy.

Proof. This argument is very close to that of Lemma 5.4. Thanks to Lemma
6.1 we are in the position of finding a quadruple (8, x1,x2,u) such that, possibly
taking not relabeled subsequences and owing to well known compactness results, the
following convergences hold

6, — 0 weakly star in H'(0,T; H)NL>(0,T;V)

and strongly in C([0,T); H), (6.5)
i — X; weakly in HY(0,T;H), j=1,2, (6.6)
u, — u weakly in H'(0,T;V). (6.7)

We now turn to the proof of a direct Cauchy argument. To this aim, we fix two
parameters fin, U, Of the extracted subsequence and denote by (6, x1,r, X2,r> Ur)
the solution to problem P, , for r =n,m (on, on are defined accordingly). Next,
we take the difference between (3.4) written for p; and the same relation for us),
multiply it by (X1,n — X1,m> X2,n — X2,m), and integrate in space. We readily obtain
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that, for almost all ¢ € (0,T),

WZ 1(Xj,m = X3,m) @)1 < é”(en = 0m) O 1(Ox1,n = X1,m) (@]
_(/3 (o —om)(2), (X2,n - X2,m)(t))

+ D M nXime = pmXgm )OI (an = Xim) @) (6.8)

j=1
Once again we readily compute that

[AZe(Un — um)|| = —(A%e(un — um) : A8, X2,0 — X2,m) ae. in (0,7), (6.9)
_(Un - UM) : B(X2,n - X2,m)
= —Alis(un — Up) : AIE,B(XQ,“ - X2,m) — |A1§,3|2(X2’n - Xgm)2 a.e. in Q. (6.10)

Finally, taking the sum between (6.8) and (6.9) and using (6.10), we readily obtain
that

M Xm = X1,m) N + (7 + A2 B2 = p|AZB1) [ (X2, — Xom) (D)2

+%||A1§E(un —un) D < é”(on —0m) ) 1(X1,n — X1,m) D)

+ > N (nXgmt = e Xgmt) O G = X5m) B,
j=1

where once again p is such that 1 < p < (v + |[AZ8[2)/|A2|2. Now, it suffices to
recall (5.27) and (6.5) in order to infer the strong convergences

Xjp — X; stronglyin C([0,T];H) for j=1,2,
u, — u strongly in C([0,7T];V).

Moving from the above positions, the proof of this lemma may be concluded exactly
as that of Lemma 5.4. O

6.4. Error control. The Cauchy argument devised in the latter subsection may
be used in order to achieve some quantitative control on the distance between the
dissipative and the non-dissipative regimes. In particular, we have the following.

LEMMA 6.3. Under assumptions (A1)-(A3), let (8u, X1, X2, Up)
and (0,x1,X2,u) denote the unique solutions to problems P, and Py, respectively.
Then, there exists a constant cs with the same dependences of ¢z (in particular
independent of p) such that

t t
16 = 8ullzorn + sup | [ 9@ =6,)]+ sup || [(0=6,)
te[o,7] [|J/o tefo, 7] [|J/o L2(I)
2
+ 3 1Ix5 = Xoullz2omm) + 1w — wullz20.mv) < s/

Jj=1

The proof of the latter lemma, follows the same lines of Subsections 5.1 and 6.3 and
is therefore omitted.
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6.5. Discretization. Let us comment here the possible discretization of prob-
lem Py. First of all we observe that the limit procedure of Section 5 is completely
independent of p. On the other hand, the positivity of u is exploited in order to im-
plement the contraction argument. Namely, one could choose p = u(7) > 0 such that
lim, o+ u(7) = 0 and prove that the resulting discrete solution exists and converges
indeed to a solution to problem Fy.

It is however remarkable that we would also be in the position of providing a
variable time-step discretization scheme for problem P, as well. Namely, we could
directly work at the non-dissipative level 4 = 0 and prove Lemmas 5.1, 5.3, and
5.4 (and hence Theorem 4.1) directly for problem Dg. On the other hand, we pre-
fer to analyze here the discretization of the dissipative problem because the well-
posedness proof for problem Dy relies on some non-constructive technique (Schauder
fixed point) and hence shows a merely theoretical interest (while the scheme for prob-
lem D, is effectively computable). Finally, we are interested in establishing the
asymptotic connection within the dissipative and the non-dissipative models at all
levels, namely the continuous and the discrete ones.

As for the discretization error estimate (5.48) one could actually prove that an
analogous bound holds true in the case p = 0. In particular, in the latter non-
dissipative case we will be forced to replace 7 with /7, i.e. we reduce ourselves to a
sub-optimal convergence rate.

7. Long-time behavior. Let us now turn to the proof of Theorem 4.3. In
particular, let us recall that the dissipation parameter p is set to be zero through-
out this section. Namely, we will carry out the long-time behavior analysis in the
non-dissipative regime. Owing to Theorem 4.1 it is a standard matter to check
for the existence and uniqueness of a quadruple (€, x1,x2,u) such that, for each
T € (0,+00), one has that § € H'(0,T; H) N L=(0,T;V), [x1,x2] € (H'(0,T; H))?,
u € HY(0,T;V), fulfilling conditions (3.1)-(3.5) with u = 0. We proceed by establish-
ing some lemmas.

LEMMA 7.1. Under the assumptions (A2)-(A4), there exists a positive con-
stant cq depend'mg on Cs, k7 h: 967 F: Y Alﬁﬂ; Cy, 0*7 007 [X?:X(Q)]J ||F||L2(0,+00;H):
and ||G|m1(0,4005v7) Such that

t 2
/0 (166112 + D Ixsall® + el + 110 = 6y < s ve>0.  (7.)

=1

We do not provide here a detailed proof of the latter estimate. Indeed, the
argument of Lemma 6.1 (together with the long-time assumption (A4)) may be easily
adapted to ensure the validity of (7.1).

A first consequence of Lemma 7.1 is that the set

{(6(), x1(t), x2(t),u(t)), t >0} isboundedin V x H x H x V.

Therefore, there exists a sequence ¢, — +00 and a quadruple (foc, X1,005 X2,005 Uoo)
such that

0(tn) — 0o strongly in H,
Xj(tn) — Xjoo  weaklyin H, j=1,2,
u(tn) — Uoo weakly in V.
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Indeed, by observing that relations (3.2)-(3.4) are actually fulfilled everywhere in time
and almost everywhere in ) and arguing as in the proof of Lemma 6.2, we easily check
that the above devised direct Cauchy argument entails that the latter convergences
are strong. In particular, the set w(f,x1, x2,u) is non-empty.

Consider now any (Oeo, X1,005 X2,00, Uco) € w(8, X1, X2,u). Hence, there is a se-
quence {t,} of positive real numbers such that ¢, — +oco and

(e(tn)aXl(tn):x2(tn)au(tn)) — (0007X1,00aX2,00au00) in HxHXxHXxV. (72)
For n and t > 0, we define
On(t) =0(tn+1t), xjn®)=x;tn+t) =1,2, up(t) :=u(ty,+1t).

We can introduce a pair of auxiliary functions [£1,5,&2,,] such that the functions
Ons X1,ny X2,n5Un,0n;&1,n,&2,n solve relations

¢
Xl,n E(on - 0*) 51,71, _ 0 .
7(X2,n> + ( o B ) + (52@) = (O) ae. in Q x (0,7), (7.3)
(&’n> € 0Ix(x1,Xx2) a.e. in Qx(0,7), (7.4)
g2,n
as well as the relations (3.1)-(3.3), for all T € (0,+0c0). However, note that,
in (3.1)-(3.2) F and G have to be replaced by F, := F(-+t,) and G, := G(-+ t,),
respectively. We also point out the initial condition 6,(-,0) = 6(-,t,) almost every-
where in (.

Owing to Lemma 7.1 it is not difficult to prove some estimates for the functions
0ns X1,ms X2,m5 Un>E&1,n, and &, which are uniform with respect to n. The proof of
the next result is omitted since it is analogous to the proof of Lemma 5.3.

LEMMA 7.2. Let T > 0. Under the above assumptions, letting &, and &, be
as in (7.3)-(7.4), there exists a positive constant c; with the same dependencies of
ce such that

10| 211 (0,15 5) L= (0,75v) + |[tnllE1 0,7;0)

2 2
+ Z x5, e 0,7 0) + Z 1€5,nll 22 (0,731) < €2 (7.5)

j=1 j=1

Another consequence of Lemma, 7.1 is to allow the identification of the limit of
0ns X1,ny X2,n, and u, as n — +oo. More precisely, we have the following
LEMMA 7.3. Under the above assumptions, for every T > O there holds

0, — 0 strongly in H'(0,T; H), (7.6)
Xjn — Xj,o0 strongly in HY(0,T;H), j=1,2, (7.1
Up — Uoo strongly in H*(0,T; V). (7.8)

Proof. Taking into account (7.1) it is straightforward to check that

T tn+T
/ 1602 =/ 162 — 0 as n —> +oo. (7.9)
0

n
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An analogous computation applies to X1,n,t, X2,n,t, a0d Up ¢, as well. Hence, we easily
deduce that

16n(2) = booll < [16(t) = O (0)[| + [|6(£n) — booll
< T1/2||0n,t”L2(0,T;H) + ||0(tn) - 600“

Owing to (7.2) and (7.9), the right hand side of the latter inequality goes to zero as
n — 4o0o. Hence, (7.6) is proved. A similar argument ensures that (7.7)-(7.8) hold
true. O

After these preliminaries, we may prove Theorem 4.3 by passing to the limit as
n — +oo in the equations (3.1)-(3.3) for the quadruple (6, un, X1,n, X2,n) and data
[F,,Gy] and in relations (7.3)-(7.4). Thanks to the above lemmas and well known
compactness results we find a subsequence (not relabeled) of 8, X1,n, X2,n, and u,
and a pair (&1,00,&2,00) such that, in addition to (7.6)-(7.8), the following convergences
hold

6n — 0 weakly star in L*(0,T;V), (7.10)
Eim — Ejoo  weakly in HY(0,T;H), j=1,2. (7.11)
The above proved convergences and (A4) are sufficient in order to pass to the limit

n (3.1)-(3.3). In particular, it turns out that 6. = 6. almost everywhere in Q. As
far as relations (7.3)-(7.4) are concerned, we observe that we also have

(ﬁ(en - 9*)) . (é(em —0.)
on:p 00

Hence, we just need to identify the limit of [&; ,,&2,,]. Indeed, from (7.7) and (7.11),
one easily infers that

(£i,n7 Xz,n) — (é.i,ooaxi,oo) a.e. in (OaT)a for i = 172

) strongly in (C([0,T); H))?.

The classical theory of maximal monotone operators (see, e.g., [7, Prop. 2.5, p. 27])
then entails that [&1,00,82,00] € Ok (X100, X2,00) almost everywhere in Q and we
have finally proved (4.2)-(4.5). In order to conclude the proof of Theorem 4.3 we
provide the following stronger result.

LEMMA 7.4. Let the external temperatures 0.1,0.2 be given and let
(X1,i> X2,i>ui) € H x H xV fulfill

a(ui,v) + (ABX2,i,e(v)) =0 Yo €V,
Ae(u;) + Bx2,i) = 0i  ae in

7<X1’i) + 01k (Xl l) ( ) a.e. in Q,

X2,i X2,i

for i =1,2. Then, there exists a positive constant cg depending just on £, 0., 7, A%B,
and cy such that

2
> llxga -
j=1

—uz|ly < cg|fe,1 — Oe,2|- (7.12)
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Once again the proof of the latter lemma may be easily achieved by adapting the
argument of Subsection 5.1. A consequence of the above continuous dependence result
is that, since (foo,X1,00, X2,00, Uoo) are uniquely determined, we readily check that
the w—limit set reduces to a point and the whole trajectory (8(t), x1(t), x2(t),u(t))
converges t0 (oo, X1,005 X2,005 Uoo) a8 t — +00. In particular, this concludes the
proof of Theorem 4.3.

8. Lower bound for the temperature. Let us now turn to the proof of Theo-
rem 4.4. This argument is very close to that of [11] and will be just sketched referring
to the latter paper for details. We will start by checking (4.7) in the dissipative case
> 0. In this situation we claim that

¢ * :
(’YXI + 0_(9 — 0*)) > —pxie a.e. in @, (8.1)

where we used the standard notation for the positive part. Indeed, xi1,; = 0 almost
everywhere on the measurable set {x; = 1}. On the other hand, for almost every
(z,t) € {x1 < 1}, one readily checks from (3.4) that (see [11])

V4
(NXl,t +x1 + 0—(9 - 9*)> (z,t) > 0.
Let us now consider
0 := inf{infly, b, b, 04} € R,

(the case § = —oo being obvious), choose ¢ = —( —8)~ € V in (3.1), and take the
integral on (0,t) for ¢ € (0,7 obtaining

e o t . t ~
SO0 @ +k [ 19 =07 =1 [ 6-6.0-0)
== [Ee-07)-¢ [ G -0, 82)
0 0

Owing to (A5) and (8.1) one gets that the above right hand side may be controlled
as follows

- [we-07)-¢ [ Gane-0)
<[ ((rerg0-0) 0-0)
< 2/ ((v+£<a—0*>)+,<o—@) —0,

since § < 6; and (4.6) holds . Hence, looking back to (8.2) and considering that
8 < 6. as well, we readily check that 8 > 6 almost everywhere in (). The proof of
the lower bound for the temperature in the non-dissipative case p = 0 simply follows
by approximation owing to (6.5).
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