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Abstract

We consider a strongly coupled system of partial differential equations as a model for
the dynamics of a thermo-visco-elasto-plastic solid under phase transitions. It consists of
the momentum balance equation for the displacement, the energy balance equation for
the absolute temperature, and an order parameter equation describing the dynamics of
the phase transition. Both the phase transition and the strain-stress law involve hysteresis
dependence represented by hysteresis operators. We show the thermodynamic consistency
of the model, and prove its well-posedness.
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1 Introduction

The paper is devoted to the problem of well-posedness of the system of equations

P U + Y Uggez — PUget — Oz = [, (1.1)
(Cy 0+ Filug,w]), — 6bpx = puly+ougy+g(,t,0)), (1.2)
Hi|ug, w] + 0Hsu,, w] = o, (1.3)
vwy + Hslug, w] + 0Hyluz,, w] = 0, (1.4)

as a continuation of the analysis started in [6], where the case 7 = 0 was considered under dif-
ferent boundary conditions. It constitutes a model for the one-dimensional thermomechanical
motion of a thin thermo-visco-elasto-plastic wire in which a solid-solid phase transition takes
place. In this connection, the unknowns u, 6, o, w denote displacement, absolute (Kelvin)
temperature, thermo-elasto-plastic stress component, and phase variable (usually called gener-
alized freezing index, cf. [5]), respectively. The positive physical constants p,7y, pu, Cy, K,V
denote mass density, couple stress coefficient, viscosity, specific heat, heat conductivity, and a
relaxation coefficient, in that order. The analysis in independent of the actual value of the con-
stants. For the sake of notational convenience, we therefore set p=vy=p=Cy=rk=v =1,
and the length of the wire is normalized to 7.
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The expressions H;, 1 < i <4, and Fj, are mappings which account for the material memory.
The assumptions stated below in Hypothesis 2.1 below are typically satisfied in the case of
hysteresis operators, see [6].

Egs. (1.1), (1.2), (1.4), represent the equation of motion, the balance of internal energy, and the
phase evolution equation, in that order; Eq. (1.3) is the constitutive law relating temperature,
strain and phase variable to the thermo-elasto-plastic stress component.

The motivation to study systems of the above type is twofold. On the one hand, it is well-known
that for many materials the macroscopic strain-stress (¢-o, where ¢ = u, is the linearized
strain and u is the displacement) relations measured in uniaxial load-deformation experiments
strongly depend on the absolute (Kelvin) temperature 6 and, at the same time, exhibit a strong
elastoplasticity witnessed by the occurrence of hysteresis loops that are rate-independent, i.e.
independent of the speed with which there are traversed. Due to the hysteresis, which reflects
the presence of a rate-independent memory in the material, the stress-strain relation can no
longer be expressed in terms of a simple single-valued function. Among the materials showing
very strong temperature-dependent hysteretic effects are the so-called shape memory alloys
(see Chapter 5 in [1]); but even quite ordinary steels are well-known to exhibit this kind of
behaviour, although to a smaller extent.

For a more detailed discussion about the model and a more complete list of related publications,
we refer the reader to [6]. The situation here is simpler due to the presence of the fourth order
term in Eq. (1.1), analogously as in the case without phase transitions and with temperature-
dependent hysteresis in [4]. The solution is constructed by an easy two-step approximation
method. First, a cut-off system is solved via Galerkin-type approximations and the compactness
argument, and then additional estimates are used for removing the cut-off constraint.

The paper is organized as follows: In Section 2, we give a detailed statement of the mathematical
problem and of Theorem 2.2 as the main result. We also show that the model is compatible
with the Second Principle of Thermodynamics in the form of Clausius-Duhem inequality. In
Section 3 we define the approximation scheme. Section 4 is devoted to estimates independent
of the Galerkin approximations. Section 5 brings the proof of existence for the cut-off system
and additional estimates, and in the concluding Section 6 we finish the proof of existence,
uniqueness and continuous dependence for the original problem.

2 Statement of the problem

In the rectangle Q =10, 7[x ]0,7[, where T > 0 is a given final time, we consider
Problem (P). Find u,0,w : @ — R satisfying the equations

Ut + Uggze — Uget — Oz = [,

(0 + Filug,w]), — 0y = uZ, + oug + g(z,t,0),
Hl[uzaw]"—eHQ[uxaw] = 0,
wy + Hs[ug, w] + 0Hy[uz,, w] = 0,
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coupled with initial and boundary conditions

u(0,t) = u(m, t) = Uz (0,1) = Uge(m,t) = 0, (2.5)
0,(0,t) = 0, (m,t) = 0, (2.6)

u(z,0) = u’(z), (2.7)

uy(2,0) = u'(z), (2.8)

0(x,0) = 6°x), (2.9)

w(z,0) = w'(x). (2.10)

Before giving the list of hypotheses, let us fix the notation. We consider the spaces

C[0,T] of continuous functions u : [0,7] — R, endowed with the family of seminorms

uljo,g = max{|u(s)|; 0 < s < t} for te[0,7],

LP(0,7) endowed with the norms |- |, for 1 < p < o0,

W*2(0,7) of functions u € L?(0,7) such that the j-th derivative u¥) belongs to L?(0,7) for
1<j<k,keN,

LP(Q) endowed with the norms |- ||, for 1 < p < oo,
L>(0,T; L*(0,7)) endowed with the norm || - [|cc.2,
C(Q) of continuous functions @ — R endowed with the norm || - || -

In Egs. (2.2) —(2.4), H; and Fy, i = 1,2,3,4, are given causal operators C(Q)xC(Q) — C(Q).
Recall that an operator G : C([0,T]; X) — C([0,T];Y), where X,Y are Banach spaces, is said
to be causal, if for arbitrary functions vy, ve € C([0,7T]; X), the implication

vi(s) = va(s) Vs €[0,t] = Glu](t) = Glua](t) (2.11)

holds for every ¢ € [0,T]. If moreover G is (Lipschitz) continuous, then we obtain in particular
as a consequence of (2.11) that there exists a (Lipschitz) continuous function g : X — Y such
that for every v € C([0,T]; X) we have

G[](0) = ¥a(v(0)). (2.12)

Another operator F3 will be introduced in the sequel in order to make the model compatible
with the Second Principle of Thermodynamics. Details will be given at the end of this section.

Hypothesis 2.1

(i) Hi, i=1,2,3,4, and Fj, j = 1,2, are causal operators C(Q) x C(Q) — C(Q) generated
by operators H}, F; : C[0,T] x C[0,T] — C[0,T] according to the formula

Hi[ng]('r’t) :H;‘[e(x,-),w(x,-)](t), Fj[guw](xvt) = F;k[g(xa'):w(xa')](t)’ (2'13)



under the assumption that there exists a constant Ko > 0 such that for every €, €1, €9,
w, wy, wy € C[0,T] and every t € [0,T] we have

|Hf[e1, wi](t) — H[e2,wa] ()] < Ko (ler — ealppg + lwr — walioy) , i=1,2,3,4, (2.14)
|FY[e1, wi](t) — Filea, wol()] < Ko(lexlp, o4 T €210, 0,4)) (2.15)
X (\61 0+ w1 — w2|[o,t}) )
\Hi[e,w]|pr < Ko for i =2,3,4, (2.16)
Flle,w](t) > 0, (2.17)
and if moreover e,w are absolutely continuous, then
[(H[e,w]):(t)] < Ko(ler(t)| + |we(t)]) a.e. for i=1,2,3,4, (2.18)
(FYle,w))e(t)] < Kollelpyg 0,q)([e:(t)] + [we(t)]) a.e. | (2.19)
(Fyle,w])e(t) < Hile,w]er+ Hile,w]wy a.e. , (2.20)
(Fyle,w])e(t) < Hyle,w]ey+ Hyle,w]w; a.e. , (2.21)

(i) £, fi € L*(Q),

(iii) The function g(-,-,0) is measurable in @ for every 0 € R, and there erist a function
¢° € L*(Q) and a constant K, > 0 such that g(z,t,0) = ¢°(x,t) > 0 a.e., and

|g(fL‘,t, 01) — g(fL‘,t, 02)| S Kg |01 — 02| a. e. ‘v’01,02 € R, (222)

(iv) w®e Wh?(0, ),
(v) 8° e WhH(0,7), 6°(x) > 6* >0 for all x € [0, 7],
(vi) u® € W42(0,7), ut € W2%(0,7), u°(0) = v’(w) = «%,(0) = vl (7) = 0, u!(0) =
u'(m) = 0.
According to the discussion preceding Eq. (2.12), it follows from the above hypotheses that
there exist functions 1, ¥; : R® - R, i = 1,2, 3,4, such that

Hile,w](0) = ;(e(0), w(0)), i=1,2,3,4, (2.23)
File,w](0) = T1(e(0), w(0)), (2.24)

for all e,w € C[0,T], and we have

O, i

max{‘—aqi (e,w)|, —(;ﬁ) (s,w)‘} < Ky, (2.25)
ov ov

max{ a—gl(s,w) , a—wl(e,w)‘} < 2Ko(le] + |w)) (2.26)

for a.e. g,w € R.

We are now ready to state our main result. The rest of the paper is devoted to its proof.
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Theorem 2.2 Let Hypothesis 2.1 hold. Then Problem (P ) admits a unique solution such that
u, 0, W, 0, Uy, Ug, Ugt, Ugg, Wy € C(Q), U, Uggt, Ugzzz, 0x € L0, T; L2(0,m)), ;0.0 € LA(Q),
Eqs. (2.1), (2.2), (2.6) hold almost everywhere, and Eqgs. (2.3) — (2.5), (2.7) — (2.10) hold for
all (z,t) € Q. Moreover, there erists a constant C* > 0 such that 0(x,t) > 0*e~C" for every

(r,t) € Q.

Let us note that (2.20), (2.21) are the hysteresis energy inequalities corresponding to clockwise
admissible hysteresis potentials, cf. [1, 3]. They will turn out to be substantial for the positivity
of temperature which in turn yields the crucial energy estimates. Moreover, they ensure that
the model itself is thermodynamically consistent.

Indeed, we define the free energy ¥ in the form
1
U = 0(1—logh) + Fi[ug, w] + 0 Folu,, w] + §u§w (2.27)

The entropy S is given by the relation

S = —aa—\g = logf — Fylu,, w], (2.28)

and the internal energy has the form

U = W+052=9+Fm%ﬂ4+%ﬁy (2.29)

The energy conservation law
U + @@ = Ugt (Ugt + 0) + Ugglizer + 9, (2.30)
where ¢ is the heat flux which we consider in the Fourier form ¢ = —6,, and ¢ is the heat

source density, is nothing but Eq. (2.2). As a criterion of thermodynamical consistency, we

require that
0(z,t) >0 (2.31)

for every (x,t) € @, and that the Clausius-Duhem inequality

q g
— > = .
St“L(e)w =9 (2.32)

holds almost everywhere in @ for every solution of our system. Condition (2.31) is ensured by
Theorem 2.2. To check that (2.32) holds, we first notice that it is equivalent to

0
Uy < 0 St + Uyt (uxt + 0) + UpgUgpt — QH (233)
as a consequence of (2.30). We have by (2.20), (2.21) that
Ut - 0 St = Fl[uwa w]t + 0 F2[U:ca w]t + Ugz Uzt S O Ugt — th + UgzUgxt (234)

hence (2.33) is satisfied due to the choice of g.
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3 Approximation

The solution to Problem (P) will be approximated in two steps. We first fix a cut-off parameter
r > 0 and consider the following truncated problem.

Problem (P(r)). Find u,0,w : @ — R satisfying the equations

Ugt + Ugzzzr — Uzat — O = [, (31)
(0+F1[u:ww])t —Ope = uit‘l'o'uzt'f'g(xat: Qr(e)) ) (32)
Hl[uwaw] + Qr(e) HQ[uwaw] = 0, (33)
wy + Hslug, w] + 0,(0) Hylugz,w] = 0, (3.4)
coupled with initial and boundary conditions (2.5) — (2.10), where p,(6) is given by
o0r(#) = max{0, min{r,0}} . (3.5)

We approximate Problem (P(r)) by a finite-dimensional Galerkin system with basis functions

2
ap(r) = 4 - sin kz for k€N, (3.6)
2 cos kx for ke N
b = \/; ’ 3.7
) { 1 for k=0. 37

For a fixed n € N, the problem reads as follows.

Problem (P(")(r)). Find w®™ : Q = R, uy,...,un,00,...,0, : [0,T] = R, satisfying for
k =1(0),1,2,...,n the system

i + K2 + krug + / o™ kbyde = / faydz, (3.8)
0 0
O + /0 (R, 0], byda + k6, = /0 (@) + o) 1 g™) beda,  (3.9)
H [u™, w™] + 0,(0")Hy[ul, w™] = o™, (3.10)
w™ + Hs[ul, w™] + 0,(0™) Hy[u™ w™] = 0, (3.11)
where

g™ (z,t) = glz,t,0.(6™ (z,1))), (3.12)
u™(z,t) = 3 u(t) ap(x), (3.13)

k=1
0™ (xz,t) = > 0k(t) b(z), (3.14)

k=0



coupled with initial conditions

up(0) = /0 u(z) ag () dz | (3.15)
i (0) = /Oﬂul(x)ak(x)da:, (3.16)
0(0) = [" 0@ bi(x)da, (3.17)
w™(z,0) = w(z). (3.18)

We consider (3.8) — (3.18) as a first order system for the unknowns U = wuy,...,u,, V =
Uty ooy Uny Z = 205 2n, W™, where 2 = 0 + [T Fi[ul™, w™] bydx for k =0,...,n, and
with a right-hand given by causal locally Lipschitz continuous operators. In a neighbourhood of
the initial condition we construct a local solution (U, V, Z,w™) € C([0, 7];R™) x C([0, 7]; R") x
C([0,7]; R™™) x C([0,7] x [0, 7]) for 7 > 0 sufficiently small in a standard way by the Banach
Contraction Principle. In the next section, we derive estimates which, on the one hand, imply
that this local solution can be extended to a global one and, on the other hand, will enable us
to pass to the limit as n — oo and r — oo.

4 Estimates

Throughout the section, we denote by C;(r),Cs(r),... any positive constant independent of
n, and possibly dependent on 7, and by K;, K,,... any positive constant depending only on
the quantity

R = |Ifllz+ 1()ellz+ lg”ll2 + [w°l2 + [(w”)al2 + 10° ]2 + (07)]2 + [ (u”)azaal2 + [(u))aal2, (4.1)

and, in particular, independent of both n and r. The dependence on T is not taken into
account here, as T is assumed to be fixed.

We first recall an easy embedding and interpolation result.

Lemma 4.1 Let V be the space of functions v € L*(Q) such that v, € L®(0,T; L*(0,7)),
v € L*(Q), endowed with the norm ||v||2 + ||vtll2 + ||vz|lco,2- Then there exists a constant K
such that for every v € V. we have

1/2 1/2
ollZ < Ky (I0ll3 + lollaledlz + olloo2) + olle [oelle™ [vellc,2) (4.2)
and the inequality
w(z,t) —v(y,s)] < Ki(loills + l[valloas) (It = s'/* + |2 — y['/?) (4.3)

holds for every t,s € [0,T], x,y € [0,7]. In particular, V is compactly embedded into C(Q).

Proof. For every s,t € [0,T] we have
™ s T rm
/ v¥(z,t)dr < / v*(z, 8) dm+2/ / |v||vg| dzx dt .
0 0 o Jo
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Integrating the above inequality with respect to s and passing to the maximum with respect
to t we obtain

IVl < %llvllg + 2[oll2flve]2 - (4.4)
Similarly, for z,y € [0, 7] and ¢ € [0,T] we have
v(a,t) < w0 +2 [ o6t va(& 1)l de, (45)
and integrating with respect to y we obtain
vl < %“v”goﬂ+2||U||00,2||U£E||00,2’ (4.6)
and inequality (4.2) follows easily from (4.4), (4.6). The Holder-type estimate (4.3) is a spe-

cial case of Theorem V.2.4 of [3], and the compact embedding follows from the Arzela-Ascoli
Theorem. [

4.1 Estimate I

Consider a maximal solution of (3.8) — (3.18) defined in a time interval ]0,T,[ . Testing Eq. (3.8)
by 1, we obtain

%% (ju ), +

2

uP @) < ™) [ul ), + 1O w0, @)

)+ 170 + o))

2
@) + i

< 5 (ool

for every t €]0,T,[ . We have by Hypothesis 2.1 that

wi (@, 1) < Ko(1+ 0,(6™ (z,1))), (4.8)
hence ‘
W™ (@, 1) < [0 + Ko (t-l— /0 QT(H(")(x,s))ds) . (4.9)
This enables us to estimate
o™ (2, 1) < [Hi[0,0)(x, t)| + | Hi[ul, w™)(x, t) — H[0,0](z, 1), (4.10)

+ 0, (0™ (x, 1)) |Ho[ul, w™)(z, 1)

IN

K, (1 4 0,(0 (1)) +

K5 (1+ 007, 1) + [

(n) ]
ot w® (z, )

. o)

ug;) (z, s)‘ + 0, (0™ (z, 8))) ds)

IN

for all (z,t) € @, where we also used the fact that
0z, 0)] < v/l - (4.11)
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| < K (1+ gT(e<n>(t))\j+/Ot QT(H(”))(S)Eds—I-/Ot

u™ (s) E ds) : (4.12)

Using the inequalities |u{™(0)] < [u']2, [u((0)|> < |ul, |2, and applying the Gronwall argu-
ment to (4.7) we finally obtain for every t €]0,7,,[ the estimate

2

OO+ @O+ [P ds < 1 (14 [ o6 as) . @)

4.2 Estimate 11

We now test Eq. (3.9) by 0. From Hypothesis 2.1 it follows that

CRICIRE

4.14
2 2dt ( )

00, < [0, (a2 00|

2

+ W@ + (6™ ul) @), + |00, + K,

gr(em))(t)\z)’
where we have by (2.19) that

(R, el )] < Ko (Jud(, ) fo + 0™ @, o + [us? (2, ) + i (@,8)) -
(4.15)
The estimates (4.8) — (4.10), (4.12) — (4.15) yield an upper bound for the maximal solution of
Problem (P™(r)) which may possibly depend on n and r, but does not depend on 7T},. The
solution is therefore defined in the whole interval [0, 7], that is, T, = T'. Inequality (4.13) can
then be written in the form

e s e R (R P (410
Using (4.15), (4.8), (4.9) we obtain
|E ), w™)| < K (1 + o8 + gr(e“”)Hi) , (4.17)

and combining (4.14) with (4.12), (4.17), and (4.16), we end up with the inequality

o], + 1o, < 2O, + |1, ] (4.15)
+ L (21 + o) + ol + 52 0
< K; (1+ I+ gr(f)‘"’)Hio) (1+ng(0(”))|\2)-




4.3 Estimate III

Differentiating Eq. (3.8) and testing by i yields
1d

2

([us )], + i

n 2
) +

u @] < o)

ull ()], + £, [u ()], (4.19)

2 dt 2 2 2
1 2 2 1 2
(n) (n) 2, | (n)
< 5 (jof; + Do), + 271808 + 57 [P 0)).
hence
1y (12 12 112 112 n 2 n 2
S+ o [ < o+ + PO + B0 w2o)
where ) 2 o
ugr(0)], < lul,f3, (4.21)
WPO)]) < 1FO)e+ [ulrele + [uky]z + [087(0)] (4.22)
By (2.23), (2.25) we have
o (2,0)] < Ko(L+ (6™ (2,0)(|ufy (2, 0))| + [wp(2)]) (4.23)
+ 1657 (x, 0)[(|2(0,0)| + Ko([uf (z, 0))| + [w’(x)]) -
Similarly as in (4.5) with ™ (z,0) instead of v(x,t) we have
1
0O < —10%]; +216%0632, (4.24)
and using (4.11) we obtain
O < Ko(l+ 187(0) o) (ful o + o) + Ky 000 (1 + [uy o+ +u0),  (4.25)
hence
i (0)|, < K. (4.26)
2
It remains to estimate the term Hat(n)HQ in (4.20). We have
o (@, 1)] < Ko (14 0, (0™ (@, ) (July (2, 0] + [ (2, 0)]) + 0" (z,)]) . (427)
and from (4.18) it follows that
)12 2 112 2
Hot ) , < Ku (l—i- 0. (6™) ‘2) (1-%— ul®) ‘Oo—i- 0 (8¢ ))Hoo> : (4.28)
hence also
n 2 n 2 n 2 n 2 n 2 n 2
B+ B < o (1 o) (14 [+ o)) - (a29)
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Using Lemma 4.1 we can find for every § > 0 some Kz > 0 such that

( 2) (4.30)

2 2

(n)

zt

(n)

o u™

+ || Uzt

00,2

u zzt

o

Since QT(Q(H))Hz < (0("))H2 < 7r?, we obtain for § = §(r) sufficiently small that
Jut] i, + [, < &) (4.31)
as a consequence of (4.29) and (4.16), hence
() (n)
[0, + 6], < ), (4.32)
uly < Gs(r), (4.33)
o, < Cur) (4.34)

as a consequence of (4.18), (4.31), and (4.28). Furthermore, differentiating Eq. (3.11) with
respect to ¢, we obtain from Hypothesis 2.1 and from (4.8), (4.32), (4.33) that

[, < csr). (4.35)

4.4 Estimate IV

By Hypothesis 2.1 we have for z,y € [0, 7] and ¢ € [0,7] the inequalities

™ (2, 1) — wiV (y,1)] < Ko(\em)(x,t)—e‘")(y,t)\ (4.36)

+ (14 0.0 (1)) (

ul(z, ) =l (y, )], +

w™(z,-) = w™(y, ')‘[O,t]) )
< Ko(1+7) (

+/0t( (n)

ul) (@, 5) — uly) (v, )| +

6 (1) = 0™ (y, )| + [ul (2, 0) — uf (y, 0)| + |u°(z) — w’(y)|

o .5) — uf” 0,5 s

Using Gronwall’s lemma and letting y tend to z, we see that the following two inequalities
hold a.e. in Q:

w0 < Colr) ([60(2,1)

V) (z,0) +|w |+/

(z s)|) ds) ,

(4.37)
(z,5)|) ds) . (4.38)

mmtx S

wi(z,0)] < Cilr )(

xO —Hw |+/

zzt 33 8
The argument of (4.36) — (4.38) yields analogously that
é”)(x,t)| < Cg(r) ( (z, 0 + [w?(z |+/ u"(z, 5) (x S)D ds). (4.39)
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We have in particular the following estimates.

o]+ [+ o], + ], < Gotr) (4.40)
|‘7:(vn)‘oo,2 < Cho(r). (4.41)

Directly from Eq. (3.8) and from estimates (4.41), (4.31), (4.17), (4.34), we obtain that

|

(n)
Ugrza

IN

Cu(r), (4.42)
< Cha(r) . (4.43)

00,2
p()

T

2

5 Solution of Problem (P(r))

The estimated established in the previous section and the compact embedding in Lemma 4.1
enable us to pass to the limit as n — oo, keeping r fixed for the moment. Selecting a
subsequence, if necessary, we find functions u, 6, w, o € C(Q) such that

Ugy, Ugy Ugty Ugy, Wy € C(Q) )
Uty Ugxty Ugzza, Wat, Wy, 91, Oy S Loo (0, T; LZ(Oa ﬂ-)) ) .
Ugtt, eta 0:1::1:) Oty Wyt € L2(Q) ’ (53)

and

o u™ — y, u§") — uy, ul™ = ug, u;(g) — Ug, U = Uy, 0 = 0w 5 w,

T rr

wt(n) — wy, 0™ — o, all uniformly in C(Q),
® ( ) — U, U gcraLc)t — Ugxt , U;(m);m — Ugggr, W gtL) — Wy, w;(gn) — Wy, ag(un) — 0:57 0-;") — Oy,

all weakly* in L*®(0,T; L*(0,7)),

(n)

® Uyt — Ugitt, et(n) — O, 0(n — Ogz, O¢ "

— o, wY — wy, all weakly in L*(Q).

The above convergences imply immediately that u, 6, w, o satisfy Problem (P(r)) in the sense
of Theorem 2.2. Moreover, passing to the limit in (4.16), (4.18), (4.29) we obtain the estimates

2 2 2 2
el 2 + MttsallZe  + luaelly < K (14 10115) (5.4)

2 2 2
16615 + 16212, < K7 (1+110115) (1+ lusellZ, + 11612, (5.5)
et 5 + NtaatlZ o + Nuzelly < Kun (14 116012) (1 + lluatl2, +1012) - (5.6)

Note that the above estimates are independent of r. Additional estimates will be needed for
removing the cut-off. We first show that 6(z,¢) remains bounded away from zero in Q.
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5.1 Positivity of temperature
We rewrite Egs. (3.2), (3.3) in the form
et - ozz = _Fl [Um, w]t + uit + (Hl[uza w] + Qr(e) H2[um: ’IU]) Uzt + g(xa ta Or (0)) ’ (57)

and using the relations (2.20), (3.5) we obtain a.e. in () the inequality

et - eww 2 _H3[u:ca w] Wy + Qr(e) H2[u:c: w] Uyt — Kg Or (0) (58)
2 Qr(e) (H2[u$aw] uwt+H3[uwaw] H4[uwaw] - Kg)
= h(z,t)0,

where h := 9’9(9) (Ha[tg, w] gy + H3[ug, w] Hy[u,, w] — K,) is a function from L>(Q),
|hllee < Ko(Cs(r) + Ko+ K,;) =:C*(r). (5.9)
Let us consider an auxiliary function
2(z,t) == e MY(x,t) — 6* (5.10)
with 6* from Hypothesis 2.1. Then (5.8) reads
2 — Zgw > (C*(r) + h(z,t)) (2 4+0%) > (C*(r) + h(x,t)) 2 (5.11)

a.e. in Q. Let us test Eq. (5.11) by the negative part z~ of z. Then
1, _ b 1 _ « b
Sl @B+ [ e (s)Eds < Slm @B +207() [ | (s)Bds. (5.12)
We have by hypothesis z~ (z,0) = 0 for every z € [0, 7], hence
t
2 (@ < 4C*() [ 12 () ds, (5.13)
0

and Gronwall’s argument yields z~ (x,t) = 0, that is,

O(z,t) > e Mg > 0 (5.14)

for every (z,t) € Q.

5.2 Estimate V

Test Eq. (3.1) by ug, (3.2) by 1, and sum up. The positivity of # and F; then yield

d (1 1
pr (§IUt(t)|§ + 5 ltaa(B)3 + 10() |1 + [Fi[ue, w]ll) < [fOl2ue®)]2 +19° @) + K [0,
(5.15)
hence, by Gronwall’s lemma,
lue()]5 + [uss ()3 + 0@ |1 + | Filug, w]()1 < Ko Vte€[0,T]. (5.16)

13



5.3 Estimate VI

Testing Eq. (3.2) by 1/6 yields

t pm u2t 02 s T 0
Yot | Yz < _ )
/o/o (0 +02>dxds < /Ologﬁ(ac,t)dac /Ologﬁ(a:)dx (5.17)
¢ 7fFl[uw,w]t—aum—g(x,s,gr(Q))
+ /0/0 7 dx ds,
where
"logO(z,t)dz < /”e(x,t)dm < Ku, (5.18)
0 0
- /ﬂlogeo(:c)dx < —rlogh, (5.19)
0
1 1
E(Fl [Ug, W]t — O Ugy) < E(Hg,[um, w]wy — 0r(0) Ho[tg, W] ty) (5.20)
(0
< _® é )(H3[um, w] Hfug, w] + Holtg, w] tzt)
< Kz (14 Jugl),
“e5.00) _ @09 +oles0) - owsal) o oo
0 0 - 9 ’
Hence,

// ( )dacds < Ku (1+/0t/()7r|uzt|dxds) (5.22)

IN
=
~

VAN
=
S
/‘\/‘:\/\
+
e

A
=

and this yields the estimate

t ™ u2t 02
=4z < . .
/) /0 ( 9 -+ 02) dx ds S K16 (5 23)

o) < /ot /O 10:(& D)1 5’ (5.24)

holds for every z,y € [0,7] and ¢ € [0,7], hence, by integration over y and by the Cauchy-
Schwarz inequality,

b(r,1) < %(/Oﬂe(y,t)dy)%%( /O”Z—%(ﬁ,t) d§>1/2 (/Oﬁe(s,t)df)m (5.25)
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Furthermore,



Combining (5.25) with (5.23) and (5.16) we obtain
T
[ 6@dt < K, (5.26)
0
T rm T T
||9||§:/ / 6%(z,t) dudt < / \0(t)|oo/ 0(z, ) dz dt < K1y K. (5.27)
0 0 0 0

Coming back to Egs. (5.4) — (5.6), we see that Eq. (5.27) entails

||ut||<x>,2 + ”um”oo,Q + Juzll, < Kis, (5.28)
16311 + 102052 < Ko (1 + lJuarllZ, + 16112, (5.29)

2 2 2 2 2
it + Nzt + ltanll; < Koo (14 l[uarllZ, + 1611%,) - (5.30)

We now apply Lemma 4.1 consecutively with v = 6 and v = ug. From Eqgs. (5.27) — (5.30) we
obtain in particular that

18elly + 110zl + [10lloc < Ko (5.31)

6 Solution of Problem (P)

Choosing now r := K, we have o.(0(z,t)) = 0(z,t) for every (z,t) € Q, hence u,0,w,o
satisfies the existence part of the assertion of Theorem 2.2. The lower bound for 6(z,t) follows
from (5.14) with C* = C*(r).

The uniqueness is a consequence of the following stronger result on locally Lipschitz continuous
dependence. All constants K; introduced in the previous sections will be now considered as
functions K; = K;(R) of the quantity R defined by (4.1) according to the discussion at the
beginning of Section 4.

Theorem 6.1 Let Hypothesis 2.1(i) hold, and let R > 0 be given. Then there exists a constant
Lg such that for every data f;, gi, w?, 67, u), u}, i = 1,2, satisfying Hypothesis 2.1 (ii) —
(vi) and such that

il + 1 CF)ellz + g8 M2 + [wila + [(w?)al2 + 16072 + [(67)al2 + [(uf)ososl2 + (Ui )asl2 < R

for i = 1,2, the differences 4 = u; — us, W = wy — wo, 0 = 01 — Oy of the corresponding
solutions u;, 0;, w; satisfy the inequality

el oop + Ntizalloo o + N1tatlly + 10lloc2 + llwelley < LrA, (6.1)

where we set B B
A = |Iflla + llglle + [@°2 + |uggle + |@']2 +16°]2,

with f = fl - f27 g(ﬂ?,t) = I_naX{|gl(mat,0) - 92(x,t;0)|, 0 < 0 < KZI(R)}7 u_)O = w(l) - wg;
' =ud =, @' =ul —ul, 0°=6%—09.
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Proof. By Hypothesis 2.1 and using (5.31), we obtain from (2.4) that
0B < Koa(R) (08 + 103+ 0B+ [ (o) + () B) ds) . (62)
and from Gronwall’s lemma it follows that
B0 < Kos(R) (87 + 005+ [ ()3 + 10()3) ds) (6:3)

We analogously have for 6 = 0, — 0 that

t _
6O < Kau(R) (82 + [ (jals)  +10()13) ds) (64)
Testing the equation )
Uyt + Uggpe — Ugpt = Oz + f (65)
by u; we therefore obtain
d / _ _ _
= ([30)]; + |2a(0)[3) + 205 (6.6)

_ t _
< Kos(R) (A7 + [FOR + w0 + [ (Jaas)§ +100)3) ds)
and Gronwall’s lemma yields again for ¢ € [0,7] that
¢ ¢
w0 + 1)+ [ )} ds < KnlB) (A7 + [ Bo)Eds) . (67)

We now integrate the difference of Eqs. (2.2) for #; and 6, with respect to ¢ and test with 6.
This and the above estimates yield that

2 drt- 2 _
00+ 2| B ds < Kun(B) (\9°|% + a0} + 2" (6.8)
2
t _
+ /0 (I%(S)@ + |wi(s)[5 + lo(s)]5 + |9(s)]; + K, |9(8)|§) d8>
t o _
< Kux(R) (N + [l ds> .
0
and the assertion follows from a repeated use of Gronwall’s lemma. [ |
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