Study of a System for the Isothermal Separation of
Components in a Binary Alloy with Change of Phase

Daniel Kessler

Département de Mathématiques, Ecole Polytechnique Fédérale
CH-1015 Lausanne, Switzerland
E-mail: daniel.kessler@epfl.ch

Jean—Francois Scheid

Institut de Mathématiques Elie Cartan, Université de Nancy 1,
F-54506 Vandoeuvre-les-Nancy Cedex, France
E-mail: scheid@iecn.u-nancy.fr

Giulio Schimperna

Dipartimento di Matematica, Universita di Pavia
Via Ferrata, 1, I-27100 Pavia, Italy
E-mail: giulio@dimat.unipv.it

Ulisse Stefanelli

Istituto di Analisi Numetica del CNR
Via Ferrata, 1, I-27100 Pavia, Italy
E-mail: ulisse@dragon.ian.pv.cnr.it

January 16, 2002

Abstract

An isothermal model describing the separation of the components of a binary
metallic alloy is considered. A process of phase transition is also assumed to
occur in the solder; hence, the state of the material is described by two order
parameters, i.e., the concentration c¢ of the first component and the phase field
. A physical derivation is provided starting from energy balance considerations
and the thermodynamic consistency of the model is shown. The resulting system
of PDE’s consists of a rather regular second order parabolic equation for ¢,
coupled with a fourth order relation of Cahn-Hilliard type for ¢ with constraint
and solution-dependent mobility. Global existence of solutions is proved and
several regularity properties are discussed under more restrictive assumptions
on the physical parameters. Continuous dependence on data is shown in a
special case. An asymptotic analysis of the model is also performed, yielding at
the limit step a coupling of the original phase field equation with a Hele-Shaw
like system for c.
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1 Introduction

In this paper, we aim to study a model describing the diffusive separation of compo-
nents in a binary metallic alloy possibly presenting a phase transition phenomenon.
As a basic simplification, the whole process is assumed to be isothermal.

We finally arrive at the system

Oip — Ap = Fi(p) + cF(p), (1.1)
Oyc — div(u(e, p)Vw) =0, (1.2)
w € —Ac+ B(c) +7(0) + 9(p), (1.3)

that, of course, has to be coupled with the no-flux conditions and with the Cauchy
conditions for ¢ and c. Here, we have set 3 := 01,1}, and. ..

Here is the outline of the paper. In the next section we provide some analytical
preliminaries that are required for stating the precise mathematical abstract formu-
lation of the problem. This is presented in Section 3 together with our main related
results. In Sec. 4 we approximate the system by regularizing the subdifferential term,
by use of the Yosida approximation, and then by exploiting a Faedo-Galerkin technique
and prove local existence by an a priori estimates — passage to the limit argument.
Section 5 is devoted to the analysis of further properties of the solution, as additional
regularity, continuous dependence on data, uniqueness, and physical interpretation.
Finally, in Sec. 6, the singular limit problem is considered and a related convergence
result is proved.

2 Mathematical preliminaries

Let Q2 be a smooth, bounded, and connected domain in R?, 1 < d < 3, and let T > 0
be the final time of the process. Set I' := 09, ¥ :=T x (0,7), Q¢ := Q x (0,t) for
t € (0,7), and Q := Q. Set also H := L*(Q) and V := H'(Q) and endow the latter
space with the usual scalar product

(v, w)) ::/vadx—i-/QVv-dex. (2.1)

Identify H and its dual, in order that the compact inclusion H C V' holds and
(V,H,V") form a Hilbert triplet [25, p. 202]. Denote by (-,-) the scalar product of
both H and H? and by |- | the associated norms. Finally, indicate by (-, -) the duality
pairing between V' and V' and by ((+, ). the associated scalar product on V.

Let us introduce some notations for functions and functionals with zero mean
value. Namely, for any ¢ € V', let us set

1
Vo:={CeV':i(a=0}, Vo:=VNV. (2.3)

The above notation Vj is suggested just by the sake of convenience; indeed, we mainly
see Vi, Vy as (closed) subspaces of V, V', inheriting their norms, rather than as a
couple of spaces in duality.



4 ISOTHERMAL SEPARATION SYSTEM

Let now 0 < a < g be assigned constants and let
p € Lipy(R?*), with o < pu <y ae. in R (2.4)

Let also v,z : 2 — R be measurable functions. Then, we can naturally associate to
the couple (v, 2z) the elliptic operator

By : V=V, (Bo,)t, y) = /Q,u(v,z) Vu-Vydx for u,y e V. (2.5)

Note indeed that
(v, z) € L>() with o < p(v,2) < gy a.e.in Q. (2.6)

Analogously, we introduce the realization of the Laplace operator with homogeneous
Neumann boundary conditions as

B:V >V, (Bu,y) = /QVu -Vydz for u,yeV. (2.7)

Clearly, B, B(y,;) map V onto Vj and their restrictions to V; turn out to be isomor-
phisms of V; onto Vj. Then, we can denote by N : Vj — V; the inverse of B and by
N,y : Vg —= V4 the inverse of By, ;). Just by applying the definition (2.5), one can
readily check that for any v € V' and ¢ € V], there holds

<B(v,z)uan,z)<> = <B(v,z)Mv,z)€a u) = (C,u) (28)
We also recall the Poincaré-Wirtinger inequality in the form
lollF < CallVullz;  for any v e Vo (2.9)

and for some Cp > 0 only depending on the domain 2. We have the following prelim-
inary result, for whose proof we refer, e.g., to [7, Lemma 2.2],

Lemma 2.1. For all ( € Vj and for all measurable functions v,z : Q@ — R, we have
that

[INwa€llv < CaallCllv: (2.10)

where C, o > 0 only depends on o, ) — and one can choose Co 0 = (1 + Cq)/c.
A natural coercivity property [7, Lemma 2.3] is also satisfied by N, .),
Lemma 2.2. There exists Cy 0, > 0 such that, for any v, z,( as above, it is
(€ Nw)C) = CanullClyy (2.11)

and a valid choice is Cy 0., = a/pi(1+ Cq).
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Let us now extend the operators B(,,) and ./\/'(v,z) to a time dependent setting. So,
let now v,z : Q — R be measurable and, for a.e. t € (0,T), set B, ;)(t) := Bu),2()
and Ny (t) := Nw),2()). Clearly, since the analogue of (2.6) clearly holds in @, we
can extend the above maps to time dependent functions as follows. Let p € [1, 0]
and let u,( be measurable functions of time with values in V' and V[, respectively.
Then, for a.e. t € (0,T), we can put (B(y,,u)(t) := (B, (t))(u(t)) and (M) <) () :=
(Muw,2)(t))(¢(t)). Denoting by L(X,Y) the space of the linear and continuous operators
between the Banach spaces X and Y, a natural property turns out to hold (the proof
follows, with minor modifications, that of [7, Lemma 3.1]).

Lemma 2.3. For v, z as above and for any p € [1,+oc|, we have that the operators
B,y : LP(0,T;V) — LP(0,T;Vy) and N,y LP(0,T5Vy) — LP(0, T Vp),

introduced as noted above, are well defined. In addition, the By, ,) are (surjective)
isomorphisms of L?(0,T;V,) onto LP(0,T;Vy). Finally, we have that

1 B,z

| czeo,r;v),Lo0,mv2)) < Mo, INw,o)lleeorvy,eorive)) < Cagr  (212)

where the constant C, g is the same as in (2.10) and, in particular, does not depend
on the functions v, z. i

Let us now present some lemmas, extending to the less regular case of monotone
multivalued maps some properties that are obvious in a more regular setting. Thus,
for the sequel, let J : H — [0,+00] be a convex, lower semicontinuous, and proper
function and A be its subdifferential, regarded as a multivalued operator of H into
itself. Firstly, we have (see [9, Lemme 3.3, p. 73]):

Lemma 2.4. Let T > 0, u € HY(0,T; H), £ € L*(0,T; H), £(t) € A(u(t)) for a.e. t €
(0,T). Then, the function t — J(u(t)) is absolutely continuous in (0,T) and

(€(t), Bpu(t)) = %J(u)(t) for a.e. t € (0,T). (2.13)

In the following, anyway, a more precise statement will be needed,

Lemma 2.5. Let T > 0, u € H(0,T; V') N L?(0,T;V), n € L*>(0,T;V). Let also
n(t) € Au(t) for a.e. t € (0,7). Moreover, let us suppose that there exist i, ks > 0
such that

J() > k1|v|* — Ky for allv € H. (2.14)

Then, the function t — J(u(t)) is absolutely continuous in (0,T). In particular,

/ (Opu(r),m(r)) dr = J(u(t)) — J(u(s)) Vs,te (0,7). (2.15)

PROOF. Let us define a new convex functional Jey : V! — R as

Jexs(v) == J(v), ifveH, Jext (V) := 400, otherwise. (2.16)
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Owing to (2.14), it is not difficult to prove that Je is lower semicontinuous on V.
Furthermore, by definition of subdifferential and using that n € V, for any ( € H we
have

<C - ua77> = (UaC - u) S J(C) - J(u) = Jext(C) - Jext(u)- (2'17)

Note that this relation still holds if { € V'. Actually, due to (2.16), if ( € V' \ H,
then Jext(¢) = +o0, and (2.17) is trivial. Then, denoting by R : V' — V' the Riesz
isomorphism, it is not difficult to infer that

RT] € 8VI Jext (U),

where 0y Jey of course denotes the subdifferential of J.; with respect to the Hilbert
structure of V'. Then, Lemma 2.4 can be applied in the space V’'. Furthermore, for
all s,t € [0,T], a simple integration yields

[ @t nmyar = [ (@utr), Ra(r)).ar
= et (u(t)) — Joxe(u(s)) = J(u(t)) — J(uls)),
since it is known that u(-) € H a.e. in (0,7). [

Finally, for the proof of the next property see, e.g., [11, Lemma 2.

Lemma 2.6. Let z,£ € H, and let J be the realization in H of a convex, l.s.c., and
proper function j : R — [0, +o0], e.g.,

J(v) = / jv(x)) dx forv € H,
Q
where it is intended that the value of the integral might be +oo for some v. Then,

let £ € 0J(z). Let also p as in (2.4), u,v, By as in (2.5). Finally, let By, )z € H.
Then, (B(u,’u)za 6) > 0.

3 Main results

Let us give the main assumptions on the data of the problem. Let K > 0 and let

Fy, Fy,y € W (R), (3.1)
|E1], [Esl, Y] LY B, 1Y < K ace. in R, (3.2)
g € Lip) (R), (3-3)
o € H, co €V, (3.4)
B CRxR  maximal monotone graph s.t. 0 € ((0). (3.5)

Let us fix a convex and lower semicontinuous function ¢ : R — [0, +oc] such that
B = 0y and ¥ (0) = 0. Moreover, we recall that the domain of the graph £ is defined as

D(B) :={reR: B(r) #0}.
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Then, we also require
¥(co) € LH(Q), (3.6)
cq €int D(B), where cq := (co)q. (3.7
We are now able to state our main existence result,

Theorem 3.1. Let assumptions (2.4), (3.1-3.7) hold. Let us additionally suppose
that

g € WH(R), lgl,1d| < K ae. inR, (3.8)
where K is as in (3.2). Then, there exists a quadruple (p, ¢, w, &) such that
o€ H'(0,T; V)N L*(0,T;V), (3.9)
ce€ HY0,T; V)N L*®(0,T; V)N L*0,T; H*()), (3.10)
w € L*(0,T;V), (3.11)
£ L*0,T; H). (3.12)

The quadruple (p,c,w, &) satisfies
Oyp + Bo = Fi(p) + cFy(p) inV', ae. in (0,T), (3.13)

dc+ Byow=0 inV', ae in(0,T (3.14)

w=DBc+&+7(c)+g(p) inV', ae in(0,T), (3.15)

(3.16)

(3.17)

~—

E€pB(c) ae inQ,
©(-,0) = o(-), ¢(-0) =col-) a.e. in Q).

Moreover, c is a conserved order parameter, i.e.,
c(t)a = cq for all t € [0,T. (3.18)

Remark 3.2. Using (3.12) and the last of (3.10), one can see that (3.15) turns out
to hold a.e. in Q). However, we prefer to state it in '/, since this is the natural output
space for the operator B.

Let us come to some regularity results.
Theorem 3.3. In addition to (2.4) and (3.1-3.7), let
o€ V. (3.19)
Then, the function ¢ whose existence is ensured by Theorem 3.1 satisfies
o€ HY(0,T; HynC°([0,T); V) N L*(0,T; H*(S2)). (3.20)
Theorem 3.4. In addition to (2.4) and (3.1-3.7), let
0o € H* (),  Onpo=0 ae onT, (3.21)

where n denotes the outer unit normal vector to ). Then, the function ¢ given by
Theorem 3.1 satisfies

p € WH(0,T; H) N H'(0,T; V) N L>(0,T; H*(Q)) N L*(0,T; H* (). (3.22)
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The following continuous dependence results holds in the regularity setting of Theo-
rem 3.1, but only in case the function p in (2.4) is replaced by a constant.

Theorem 3.5. Let us assume (3.1-3.3) and (3.5), and let us given two pairs of initial
data (¢g.1,¢o1) and (@2, €o2), satisfying (3.4) and (3.6-3.7). Moreover, let us assume
that

(co,1)a = (co2)a- (3.23)
Then, let us consider the system given by (3.13), (3.15-3.17), and

dc+Bw=0 inV', ae in(0,7). (3.24)

and, for i = 1,2, let (¢;, c;, w;, &) be two solutions of such a system, related to the
initial data (o1, co,1) and (g2, Co 2), respectively. Moreover, let us assume that R > 0
is a constant such that

lewllzr o2 (0) < R (3.25)
Then, there exists a constant C' > 0 only depending on 2, T, R, and K, such that

llor — S02||CO([0,T];H)0L2(0,T;V) + |len — C2||L<>°(0,T;v')nL2(0,T;V)
< C(lpor = ozl + llcon — cozllvr)- (3.26)

In particular, the solution to the modified system provided by Theorem 3.1 is unique.

Finally, let us prove that more restrictive assumptions on F}, F, ensure that the
component ¢ of the solution admits a “physical” interpretation as a phase variable.

Theorem 3.6. Under the hypotheses of Theorem 3.1, let us additionally assume that

F1(0) = Fi(1) = F5(0) = Fy(1) = 0, (3.27)
0<¢py<1 a.e. in €. (3.28)

Then, the function ¢ whose existence is stated in Theorem 3.1 fulfills
v € L*(Q), with 0 < o<1, a.e. inQ. (3.29)

Remark 3.7. We observe that assumptions (3.5-3.7) actually generalize the natural
physical assumptions on the graph g and the initial datum c¢g, that we now report in
a rigorous mathematical form for the sake of completeness:

0<¢ <1 ae. inQ, (3.30)
0<cq<l1, where cq:=(co)q, (3.31)
B = 0l (3.32)

Indeed, it is clear that, if (3.30-3.32) are fulfilled, then any solution of, e.g., Theo-
rem 3.1 satisfies, in addition,

c e L*(Q), with 0<¢<1 a.e inQ. (3.33)
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4 Proof of Theorem 3.1

4.1 Local existence

We aim to prove existence for (3.13-3.17) by exploiting a Faedo—Galerkin approxima-
tion. Indeed, the argument we use is rather standard and we prefer to sketch it just
for the sake of completeness. First of all, we regularize the system, by replacing [
with its Yosida approximation (. [9, p. 28]. Note that, in the physical case (3.32), f.
is given by B.(r) = e rifr <0, B.(r) =0if 0 <r <1, and B.(r) = et (r — 1)
if r > 1. We denote by . the primitive of S, such that .(0) = 0.

Then, we choose a special basis of test functions. Actually, for i € N, ¢ > 1, we
define {v;} as the complete system of eigenvectors of the eigenvalue problem

v; €V, Bv; = \jv; in V' (41)

According to the general spectral theory, the eigenvalues A; can be increasingly ordered
and counted according to their multiplicities in order to form a real divergent sequence.
Moreover, the respective eigenvectors {v;} are assumed to be normalized in H and
form an orthogonal basis both in V' and in H. At this point, we can set V, :=
span{vy,...,v,} and Vo := U, V,. Clearly, V,, is a dense subspace of V.

For any n € N, we consider a triplet of functions of the form

n n n
=Y el =Y alu,  wl=Y wlw,  (42)
i=1 i=1 =1

where ¢;, ¢;, and w; are regarded as suitably regular real valued functions of time,
whose dependence on e,n is not stressed, for simplicity. We indicate by ¢, c, w the
vectors {;}i=1,..n, {Citi=1,..n, {Witi=1, -

We now aim to write the finite-dimensional approximation of (3.13-3.16). Thus,
fixing n, let us substitute the expressions given by (4.2) into that system and then
choose v = v; for j =1,...,n. Taking (4.1) into account, it is not difficult to arrive
at the system

¢’ =—Ap+ F(p,c), (4.3)
c=—-M(p,c)w, (4.4)
w = Ac+ Be(c) +v(c) + g(). (4.5)

Here F, 3,7, and g are locally Lipschitz continuous functions of their arguments
that are naturally constructed starting from F} and F,, (., v, and g, respectively.
Moreover, A is the diagonal matrix of the first n eigenvalues of (4.1) and, finally, the
matrix M (e, c¢) = (m;;(p, ¢)) is defined as

mij(p, c) = /Q,u( Z OkUks Z ckvk>Vvi - Vo, dz (4.6)
k=1 k=1

and, by (2.4), is a locally Lipschitz function of ¢, c. Of course, the above system has
to be complemented with the boundary conditions obtained by approximating (3.17).
Namely, we take @y, € V,, con € Vi, with

Yon — @0 1n H, Con —+Co InV (4.7)
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and require that the functions ¢?, ¢ satisfy

©2(0) = won, 2(0) = con, a.e. in . (4.8)

Then, an application of Cauchy’s Theorem for ODE’s guarantees the local existence
and uniqueness of the solution of the above system (4.3-4.5). Actually, plugging (4.5)
into (4.4) and taking advantage of (3.1-3.2) and (3.8), we see that the right hand
sides of the system given by the resulting relation and (4.3) depend on ¢, ¢ in a
locally Lipschitz continuous way. Hence, there exist 7, > 0 and functions ¢, c €
CL([0, To); R™), w € C°([0, Ty]; R™), such that (4.3-4.5) hold V¢ € [0, Ty] together with
(4.8).

4.2 A priori estimates

We now aim to prove some a priori estimates on the solution of the approximated
system given by (4.3-4.5) and (4.8). Hence, let us rewrite (4.3-4.5) by replacing the
expressions (4.2) therein,

(Opp2 + Bl v) = (F1 (@) + 2 Fo(or), v) VoeV, Vte(0,T), (4.9)
<6tc" + B(<.0 Cn)w” > =0 YVvelV,, Vte (O,T), (410)
(wl,v) = (Bl + Be(cl) + () + g(el),v)y  YveV,, Vte(0,T). (4.11)

In the sequel, £ will be a positive constant, possibly varying even inside a single row,
but allowed to depend only on €2, o, ug, K,T" and, in particular, not on 7, n, . Symbols
like, e.g., k, are intended to mean that the constant £k, might also depend on one, or
more, additional parameters (in this case, o). The elementary Young inequality

rs <or’+s*/4c  foranyr,s€R, o >0 (4.12)

will be repeatedly used in the following. Finally, we observe that, since our estimates
do not depend on Tj, the limit solution will turn out to be defined up to the final time
T. For this reason, we shall directly work in the interval (0,7).

Energy estimate. Take t € (0,7, choose v = w? in (4.10) and v = 0y in (4.11),
integrate over (0,%) and sum together the results. Owing to (2.4), observing that two
terms cancel, and integrating in time the term with f,, it is easy to infer

oVl g0 + 5 Lgenwe+ /¢€ )dm<—\Vc()n|2

/wg Con dac—// ") Ol da:ds—// g(pl)0pcl dx ds. (4.13)

The last two integrals on the right hand side above can be estimated in several ways.
For instance, splitting the former in the duality (V,V’), we have

‘// atc dde‘ < 0'||atcn||L2(OtV/) +l€ +k ||Vcn||L2 Qt) (414)
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and, analogously,

t
[ atemawzdsds| < olorlage + b+ kallVelliagy  (419)
0JQ

where, of course, o is as in (4.12) and the above k,’s also depend on the bound K to
v, g and their first derivatives.

Now, in order to estimate the norms of ¢! appearing in (4.15), we choose
v = ¢ in (4.9) and integrate again over (0,¢). Taking advantage of (3.1-3.2) again,
it is immediate to infer

1 n n 1 n n
SIPEOP +1IVeliagy < 5loonl* + B (L + 92 11Z20, + ez lIZ2qn) - (4.16)

We now have to estimate the norms of 9;c? on the right hand side of (4.14-4.15).
Then, note that A\; = 0, so that 1 € V, for every n and we can choose v = 1 in (4.10),
obtaining

(&gc’;, 1> =0.

Thus, 0;c? € V,, N Vy. Noting that V,, N Vy = span{v,, ..., v,} by orthogonality, one
can readily see that the appropriate restriction of N is an isomorphism of V,, NV}, onto
itself (in coordinates it is the inverse of the diagonal matrix obtained by suppressing
the first row and column of A). Hence, we can choose v = N'9;c? in (4.10). Integrating
over (0,t) and owing to Lemmas 2.2, 2.3 and to the inequalities (2.9) and (4.12), we
get

2
||3t0?||%2(0,t;V') < k”B(w?,cg)w?”%%o,t;w) <k HB(%‘,C?) (w? - (w?)ﬂ) HL2 0,4V’
0,t5V)
2
< ENlw? — (wallz vy < kIVWIZ2(0,)- (4.17)

Before collecting the above computations, we still have to recover the full V-norm of
¢ on the left hand side of (4.13) and we do this by noting that

1 1 ¢
L@ = Lieol? + / (Bic?, &) ds
2 2 o
1 1
< Sleonl? + 310 oy + M agy + HIVE gy (418)

Now, let us multiply (4.13) by m; > 0 and (4.16) by my > 0, where m; and msy will
be chosen later. Then, we take the sum of the resulting relations and add also (4.17)
and (4.18). Taking (4.14) and (4.15) into account, we infer

mq mo
mialVu ) + GHVEOF +mi [ v (0)do+ o0
1
Sl
my 2 n(|12
< o + " (Vo +m1 [ uleon) do -+ b2 20
Q

+ m2||V(p?”%2(Qt) + ||atc?||%2(0,t;v’) +

1
+ honall P2 22000 + (5 + 2m10) 12 0y + (ko + BV I,

* ma * 1
+m k3 IVeR T2, + 7|800n|2 + kIVwl 2, + §|00n|2, (4.19)
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where k¥ is the constant k, multiplying the last norm in (4.15) and £* is the constant
k on the right hand side of (4.17).
Now, let us choose successively my, o, and ms, in order that

2k o< 1’
« ~ 4Amy

my Z mo Z 2m1 ]C;

Then, all the terms on the right hand side of (4.19) are controlled. Indeed, (4.7) holds
and we notice that, by (3.6) and [9, Prop. 2.11, p. 39,

/djs(cOn) dr <1 +/¢(Co) de <k,
Q Q

at least for n large enough, depending on £. Hence, we readily see that Gronwall’s
lemma can be applied to the function

t =l @IV + |z ()

in order to derive a bound. Since we need an estimate for the full V-norm of w, we
take v = w? in (4.11) and integrate over (0,%¢). Owing to the Lipschitz continuity of
7, g, and (. and noting that, due to the estimates given by (4.19),

1 1
< SV Eag) + 51V Bagy < F:

t
[ ey as
0

we readily get
w32 ) < ke + &, (4.20)

where the constant k. resulting from the term [.(c.) is quadratically dependent on
the Lipschitz constant of 3. and explodes as € 0.

4.3 Passage to the limit

Passage to the limit as n " co. We now aim to pass to the limit firstly as n " 0o
and then as ¢ N\, 0. Up to the end of the paper, all the convergence relations will be
meant to hold up to the extraction of suitable subsequences, generally not relabeled.
Then, from relations (4.19-4.20), we see that there exists a triplet (¢, c., w.), such
that

or = Qe weakly star in L*(0,T; H) N L*(0,T;V), (4.21)
c® —c.  weakly star in H'(0,7;V") N L™®(0,T;V), (4.22)
wy — w, weakly in L*(0,T;V). (4.23)

Then, standard interpolation and compact embedding results for vector-valued func-
tions (see, e.g., [32, Sec. 8]) ensure that

e — ce strongly in C°([0,T); H). (4.24)
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In order to derive some strong convergence for ¢ we need an estimate of its time
derivative. Due to the finite-dimensional setting, we cannot proceed by a direct com-
parison in (4.9); then, we choose v = N (8,¢" — (8¢™)a) € V,, in (4.9) and integrate
over (0,t), t < T, deriving

t t
/ <0ts0?,/\/(3t90? - (5t€0?)9)> ds —|—/ <B<,0?,N'(8tg0? - (3t€0?)9)> ds
0 0
t
= [ (R + Bl N (Bt — (@upt)a)) ds. (4.25)
0

Note now that, since N'(9;¢" — (9;¢%)a) € Vo a.e. in (0,T), we can rely on Lemma 2.2,
obtaining

t
/ (Onpl s N (0502 — (Depl)e) ) ds = / (0007 — (0p2), N (O — (0ip2)) ) ds
0
> K[|9r? — @eall 20y (4.26)

Moreover, by (2.8), it is easy to check that

t
/0 (B N (90" — (™)) ) ds = 10" () — (¢")al? — [on — (won)als

and the latter norm is bounded, of course. Finally, the terms on the right hand side of
(4.25) can be split in the duality (V’, V) and estimated by taking account of (3.1-3.2),
estimates (4.21-4.22), and the continuous embedding V' C H. This allows us to derive
from (4.25-4.26) the relation

10ne? = (D)ol 20z < K- (4.27)

Next, we notice that, (9;¢")q is constant in €2 everywhere in [0,7]. Thus, taking
v = =+1 in (4.9) and noting that, by (3.3) and the second of (4.22),

|(BeR)a(t)] < E(L+ |||z 0mizr@y) < K (4.28)
for all ¢ € [0,7]. Then, (4.27) yields
Oy — Opp.  weakly in L?(0,T; V") (4.29)
and, using (4.21) and [32, Sec. 8] again,
o = Q. strongly in L*(0,T; H) N C°([0,T]; V). (4.30)

Now, the boundedness and Lipschitz continuity of Fi, Fy, 7, g, and (., together with
relations (4.24) and (4.30), allow us to take the limits of the nonlinearities in (4.9) and
(4.11). As for dealing with (4.10), we have to rewrite it as

(Opcl,v) + / ples, et)Vwl - Vode Vv eV, ae. in (0,T).
Q
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Then, we note that, by (2.4) and Lebesgue’s dominated convergence theorem,
(o, cl) = u(pe, c) weakly star in L>°(Q), and strongly in LP(Q)  (4.31)
for any p < co. Thus, recalling (4.23),
plpl, )Vl = p(pe, c.)Vw,  weakly in L*(Q) (4.32)

and this permits us to pass to the limit in (4.10). We still have to prove the H?
regularity for c.. Then, it is enough to set v = B¢? in (4.11), integrate in time, and
note that, by monotonicity,

/Ot(ﬁg(c?),Bc?) ds = /Ot/Q B(cM|Ve*dxds > 0 (4.33)

and that .
[ By as| < IVuzll 9o < k. (4.34)

We point out that this estimate depends just on the L?-norm of Vw" and not on the
full V-norm of w!; in particular, the k on the right hand side does not explode as
e\ 0.

Finally, we observe that, if v € V. is fixed, system (4.9-4.11) surely makes
sense for sufficiently large n. Then, by the density of V, in V, in the limit we are
allowed to take any v € V as a test function. As for the Cauchy conditions (4.8), they
pass to the limit too, since (4.7), (4.24) and the second of (4.30) hold.

Passage to the limit as € \, 0. We would like to repeat the procedure above;
however, we can no longer take advantage of the Lipschitz continuity of 5. and in
particular of the bound (4.20). Hence, we have to perform a new estimate of S.(c.),
consisting in a variant of an argument devised in [23, Lemma 5.2]. Namely, we set
Ze := (Be(ce))a and take v = B.(c.) — x. in the n-limit of (4.11). Moreover, we choose
v = Mo, eo) (ﬁg(cg) — xg) in (4.10), subtract from the above, and integrate over (0, 1),
where ¢t < T. Proceeding as in [16, Sec. 4], we can prove that

”ﬁs(cs) - 335“%2(@) S k (435)

Note in particular that, by Lemma 2.3, (4.12), and the continuous embedding V' C H,

t
1
/0 <atcsaM¢s,cs) (ﬁa-:(cs) - xs)> ds < Z“ﬁs(cs) - 335”%2(@) + k”atcrs”%?(o,t;V’)

and the latter quantity is bounded by (4.29).

The second part of the procedure consists in the estimation of the average
xe, that can be performed exactly as in [7, Subsec. 5.3]. Observe that, at this step,
the hypothesis (3.7) turns out to be crucial. This means that, in the physical case
B = 0ljp1;, we cannot start by concentrations ¢y a.e. equal to 0 or to 1. By this
argument, it follows the existence of a function £ such that

B.(c.) — & weakly in L*(0,T; H). (4.36)
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Now, we can improve the bound (4.20) by taking v = w, in the n-limit of (4.11). We
readily obtain

||w5||%2(Q) <k, (4.37)

where k£ does no longer depend on ¢, thanks to (4.36). Now the passage to the limit
as € \, 0 can be performed as in the previous subsection and suitable limit functions
(p, ¢, w) are obtained as limits of (¢, ¢, w,), respectively. The only difference concerns
the identification of the function £. Indeed, by (4.36), the analogue of (4.24), namely

c. — ¢  strongly in C°([0,T]; H), (4.38)

and the monotonicity argument of [2, Prop. 1.1, p. 42], one can actually prove (3.16).
Finally, to conclude the proof of Theorem 3.1, it suffices to show (3.18) and, of course,
it is enough to take v = 1 € Vj in (4.10) of the approximate statement, and pass to
the limit in €, n.

5 Regularity and uniqueness

Proof of Theorem 3.3. We derive additional a priori estimates, independent of €, n,
for the solutions of the system (4.9-4.11). We just give the highlights of this procedure,
since it is rather similar to the analogous argument in [31, Sec. 3]. Thus, we first have
to take v = Oy¢” on the right hand side of (4.9) and integrate over (0,t), for ¢t < T.
Then, performing standard integrations by parts, using the uniform boundedness of
F; and F; and (4.24), and taking advantage of (3.19), it is easy to arrive at

€2 013y + |02 | Lo 0,130 < - (5.1)
Of course, to make the procedure rigorous, we have to improve (4.7), by requiring
Pon € Vna Pon — Yo inV. (52)

Finally, choosing v = By? in (4.9) and working as above, we get the bound

1Bz |2 o0,1;m) < k- (5.3)

The above relations can be taken into account in order to get the convergences yielding
(3.20) at the limit. Indeed, the HZ?-regularity follows from (5.3) and the standard
elliptic regularity theorems, while the C°([0, T]; V) regularity in (3.20) is a consequence
of, e.g., [1, Lemma 6.3].

Proof of Theorem 3.4. Again, we proceed similarly to [31, Sec. 4]. Anyway, our
conditions on ¢! are slightly different from those of [31]; so, we briefly detail the
computations. Thus, we take v = B2¢ in (4.9) and integrate again over (0,¢). Thanks
to (4.1), the Gauss-Green formula can be used to obtain

5| Bez (O] + VB [2q,) < §|Bs00n(t)l2+/0 (Fi(p2) + L Fa(gl), B*¢l) ds (5.4)
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and we have to estimate the right hand side above. The initial datum can be controlled
just by postulating
Pon € Vna Pon —7 Yo in HQ(Q) (55)

Furthermore, integrating by parts the latter term in (5.4) and using (3.2) and (4.12),
we easily get

t
1
[ Fen + @R, Bt ds < SIVBe I,
0

t
BV ooy + HIVE gy + / / PPV Pdods.  (5.6)

Of course, recalling (4.21-4.22), we just have to control the last term. Thus, using
some standard three dimensional embedding theorems, we get

t t
K / / PPV dods < k / 1 () 2 IV (5) 2y s
0 0
t
<k / e ()2 ey 27 () 2y s
0

t t
<k / e ()2 gy [P () 2 s + K / ISy | Ben(s)Pds. (5.7)

Now, the first integral on the right hand side is bounded by (4.21-4.22), while we can
control the latter with the first term on the left hand side of (5.4) if we take advantage
of the second of (4.22) and of the Gronwall lemma in the form of [9, Lemme A.4,
p. 156].

Then, passing to the limit we derive the third and the fourth of (3.22). Now, we
have to choose v = 0;Bp™ in (4.9) and integrate again in time. Proceeding as before,
we obtain

107 g + 5 B2 OF < 5B O + [ (Fie?) + Falet). 082 ds (53)

and we readily see that the right hand side can be estimated as above. In particular,
working as in (5.6-5.7), we arrive at

t
/ / L Fy(@0)Vl - 0Vl d ds
0JQ

1 n ! Y1) n n
< leatV%H%z(Qt) + k/o lle2 () [0y (|2 () * + [ BeZ () ) ds. (5.9)

Then, (5.8) yields the second regularity in (3.22). To prove the first one, we differen-
tiate in time (4.9) and test the result by 0;¢". Note that this procedure is rigorous.
Indeed, referring to the formulation (4.3), we see that the right hand side is at least
locally C%!. Thus, we get

5\@% P + 10,V el 17200 < 5\@% 0)[? +/0 (Fi(#7)0pz, 0ppl) ds
t

t
n / (P EL ()00, D) ds + / (O (), Dy} ds (5.10)
0 0
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and we have to bound the four terms on the right hand side. As for the initial datum,
we note that, by (4.9), (5.5), the second of (4.7), and the boundedness of F; and Fy,

|0l (0) > < k(| Bepon|” + lcon|* +1) < k. (5.11)

By Hélder’s inequality and the continuous embedding H?(2) C L*®(Q2), we see that
the first couple of integrals I; + I, can be estimated as follows:

t
LB <h [ (1 I Olline) Do) ds. (5.12)
0

The latter integral I3 on the right hand side of (5.10) has to be split in the duality
between V' and V' and gives

1 1
13| < §||3t0?||%2(o,t;v') + §||F2(§0?)at§0?”%2(0,t;v)
t
< b+ kIO i + [ [ 1962 00t P o ds (5.13)

t
<kt k[ etlsl0n(s) dods (5.14)
0

Thus, collecting (5.10-5.14) and using the third of (3.10) and the fourth of (3.22), we
see that Gronwall’s lemma applies to ¢ — |9,¢™(t)|?, so that the proof of Theorem 3.4
turns out to be complete.

We now come to the “physical” interpretation of the solution and assume (3.27—
3.28) in addition to (3.1-3.7). Then, we modify F; and F, by effecting a truncation.
Namely, we set, for i =1, 2,

F(r):=0 ifr<0orr>1 F(r):=F() if0<r<1. (5.15)

Thanks to (3.27), it is clear that Fy, Fj still satisfy (3.1-3.2). Thus, Theorem 3.1
guarantees the existence of a solution to the system (3.13-3.17), where ﬁl, 2 replace
Fi, F5 in (3.13). Now, we state a maximum principle argument ensuring that, under
the regularity assumptions of Theorem 3.1, any solution to the modified system (3.13—
3.17) is actually a solution also to the original one.

Lemma 5.1. Under the assumptions (3.1-3.7) and (3.27-3.28), the component ¢ of
any solution to (3.13-3.17) — with F, Fy in place of Fy, Fy — satisfies

0<p<1 a.e. in Q). (5.16)

We do not report the proof of this lemma, that is rather standard and actually identical
to the proof of [31, Thm. 3]. Anyway, we note that Theorem 3.6 follows as an easy
consequence. Moreover, we observe that of course assumption (3.8) is not required in
the above result, that holds for any g satisfying (3.3).

Remark 5.2. It is worthwhile to discuss an important consequence of the above
property. Of course, we would like to prove the well-posedness of the system (3.13—
3.17) in the physical case ensuring the bounds 0 < ¢,¢ < 1 a.e. in Q. The above
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Lemma guarantees that any solution of the truncated system is a solution of the
original one in the very general regularity setting of Theorem 3.1. Of course, if we
were able to show the uniqueness of the solution to the original system, this would
mean that this unique solution is physically meaningful, since it has to coincide with
a solution of the truncated system, that surely exists. However, the uniqueness result
provided by Theorem 3.5 holds just in case yu is a constant function. Hence, we cannot
exclude that there exists some solution to (3.13-3.17), whose component ¢ attains its
values also outside [0, 1].

Proof of Theorem 3.5. Let us set ¢ := @1 — g, ¢ 1= ¢1 — €2, W = Wy — Wo,
g = 51 — 62, ®Yo = ¥o,1 — Yo,2, Co = Cp,1 — Cp,2- Then, write (313) ﬁI‘St]y for ©1,C1
and then for s, co, take the difference, multiply it by ¢, and integrate over (0,t), for
t <T. Then, owing to (3.1-3.2), it is easy to get

1 1 3K [*
S0P +19lEsy < 3leol” + 25 [ o) ds
K t t
+5 [le@Pds+ [ [ lellFe) - Bl deds (67
0 0 JQ2

and by the continuous embedding H?(Q) C L*(f), holding for d < 3, the latter
integral can be estimated as

t t
<K / e (8)ll (e [0(5) P ds < & / lex@)lmlo(s)2ds,  (5.18)
0 0

where K is as in (3.2). Now, take the difference of (3.15) written for the two solutions,
multiply it by ¢, and integrate again over (0, ). Then, note that, by (3.23) and (3.18),
c(s) € V, for a.e. s € [0,T] and it makes sense to test the difference of the relations
(3.14) by Ne. Moreover, by using Lemmas 2.1, 2.2 it is not difficult to prove that

t
Ca,Q, Ca,Q
[N = SR8l -
0

Thus comparing with the relation obtained from (3.15), exploiting the monotoniticy
of A, and noting that two terms cancel, we readily obtain

lcol[V-

Co, Con
—5E @IV + 1 VellZa g, < =5 lcollv + Ellelza g, + Ellelzogy-  (5:19)
2 2

Then, we note that, by the compact embedding V C H and the inequality (2.9), for
any o > 0 there exists k, > 0 such that

”CH%Q(Qt) < U“VCH%Q(Qt) + kU”C”%?(O,t;V’)' (5.20)

Then, summing together the expressions (5.17) and (5.19), taking (5.18) and (5.20)
into account, choosing o suitably small, and using hypothesis (3.25), we note that the
Gronwall lemma in the form of, e.g., [9, Lemme A.4, p. 156] can be applied to the
function

t= o) + lle@5,

so that relation (3.26) can be inferred by standard considerations.
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Remark 5.3. In the physical case (3.32), or just assuming that D(f) is bounded,
assumption (3.25) can be avoided, since one can just take R = sup{|r|, r € D(5)} to
estimate the term in (5.18).

6 Sharp interface limit

We now perturb the system (3.13-3.17) and study a relate singular limit problem,
whose physical relevance has been outlined in the Introduction. Henceforth, we as-
sume that the function p defined in (2.4) depends only on ¢, as in the original ther-
modynamical setting, take a parameter A > 0 that is supposed to go to 0 in the limit,
and consider a solution (gy, ¢y, wy, &)) to the system

Orpr + Box = Fi(py) + e Fa(py) in V', ae.in (0,7), (6.1)
Oicx + By, wy =0 in V', a.e.in (0,7), (6.2)

wy = ABey + & + Ay(ex) + g(pn) in V', a.e. in (0,7), (6.3)
& € Blen) a.e. in @, (6.4)

oa(+,0) = wo(+), ea(+,0) =co(+) a.e. in Q. (6.5)

Here, ¢y, co, F1, F5, 7, g, and S are as in Theorem 3.1 that, of course, can be used to
deduce the existence of such a solution. Moreover, the operator B, is defined as in
(2.5) with the only difference that it has to depend only on one function ¢,. Hence,
also the inverse map N, of V{ to V; retains the natural properties stated in Section 2.
We have the following result,

Theorem 6.1. Beyond the above stated hypotheses, let us assume that there exist
k1, ko > 0 such that
Y(r) > kir* —ky  Vr e D). (6.6)

Then, there exists a quadruple (o, c,w, ), such that, as A \ 0, the following relations
hold,

Ox— P weakly star in H*(0,T; V') N L>(0,T; H) N L*(0,T;V), (6.7)
cx— ¢ weakly star in H*(0,T; V') N L>(0,T; H), (6.8)
Aex — 0 strongly in L*(0,T;V) and weakly in L*(0,T; H*(Q)), (6.9)
wy — W weakly in L*(0,T;V), (6.10)
E— & weakly in L*(0,T; H). (6.11)

Moreover, the quadruple (¢, c, w,§) satisfies

Ovp + By = Fi(p) + cFy(yp) inV', ae. in (0,7T), (6.12)
dc+B,w=0 inV', ae in(0,7), (6.13)

w=£&+ g(p) a.e. in Q, (6.14)

€ € Be) a.e. in Q, (6.15)

¢(,0) =@o(), c(0)=cl) ae in (6.16)
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Remark 6.2. We notice that (6.6) is a standard assumption, that ensures the well-
posedness of this kind of degenerate parabolic systems [17, 22]. Of course, it is verified
in the physical case (3.32), where the second of (6.8) can be straightforwardly im-
proved as

¢y — ¢ weakly star in L*(Q) and 0<c¢<1 a.e. in Q. (6.17)
PROOF.  As usual, we proceed by compactness methods and start by deriving a new

a priori estimate. To this aim, test (6.1) by ¢, and integrate as usual over @, t < T,
easily obtaining

1
sIoAOF +1IVerllizen < 3 ~pol? + £+ klloalizan + Fllealzan- (6.18)

Now, test (6.2) by wy and (6.3) by 0;c,, integrate over @; and sum the results. Note
that this procedure makes sense as the right hand side of (6.3) lies in L?(0,T;V).
Then, we formally have

o[ Vurlaigy + 5 Ver(t) + / lex(t)

|Vco|2 /w Co d:v—i-/\/ (Orer, 7y (c,\))ds—i-/t(atc,\, (pr))ds.  (6.19)

Note anyway that the integration in time of the term with &, has to be justified, and
this can be done by applying Lemma 2.5 (in particular, the integration formula (2.15))
with the choices of

J(v) == /Q (w(v(x)) + %|VU(3:)\2> dr, forve H, (6.20)
ui=cy,  n=wy—Ay(er) —glen). (6.21)
Indeed, it is easy to show that n € L?(0,7;V) for all A and that
n(t) € 0J(u(t)) for a.e. t € (0,7).

Finally, (2.14) is a consequence of (6.6), so that the lemma can be applied.
Now, proceeding as in (4.17), one readily sees that there exists a constant k, > 0
such that

||Vw>\||L2(Qt) ko ||8tc/\||L2(0tV’) (6.22)

Then, we have to split the last two integrals in (6.19) w.r.t. the duality (V’, V). Namely,
for some k* dependent on «, but not on A, we have

t
k., .
A / (e e ds < 2 [0ealBan + KNy + B (623)

and . L
/0 (Orers g(pa)) ds < Za“atc/\”%?(o,t;v’) + koAl 7200 + & (6.24)
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Now, let us multiply (6.18) by m > 0 (to be chosen at the end), and sum the result
to (6.19), so that, collecting also (6.22—6.24), we infer

m . o ka A
5\%(15)\2 + (m = E)IVerlliz + §||wa||%2(gt) + §||5tCA||%2(o,t;v') + §|ch(t)\2
A
+ / wlert)) de < ol + K1+ m+ X) + 2 |Veof? + / W(co) da
Q Q
+ (mk + k*) ||g0,\||%2(Qt) + (mk + k*)\2) ||C)\||%2(Qt) + k*)\2||Vc,\||%2(Qt). (625)

Now, using (6.6), we immediately have

/Q W(es(®) dz > kylex ()2 — ko, (6.26)

so that, upon choosing m > 2k*, we see that, at least for A sufficiently small, Gronwall’s
lemma applies once more to

t= oA + lea@®* + A Ve @),

so that (6.8), the second and the third of (6.7), and the first of (6.9) readily follow
from (6.25). Moreover, the first of (6.7) can be deduced by a direct comparison in
(6.1), while for the other relations it is necessary to repeat the argument leading to the
estimation of £, and this can be performed as in Section 4, with minor modifications.
Note indeed that in this setting the function /3 is no longer regular; hence, to integrate
by parts the term with Bcy, Lemma 2.6 has to be used. Actually, this procedure gives
relation (6.11). Now, to deduce (6.10), it suffices to estimate the L?(0,T; H) norm of
wy. Thus, test (6.3) by w,, integrate over (0,t), and note that

t
‘/ MBex, ws) ds| < K| Vus|2agn + NIVerlaoy < & (6.27)
0

thanks to (6.25) and the first of (6.9). At this point, (6.10) is a consequence of the
other convergence relations and the second of (6.9) can be proved by a comparison in
(6.3).

Finally, we have to show that the limit functions (¢, ¢, w, &) fulfill system (6.12—
6.16) and actually this can be performed similarly as in the proof of Theorem 3.1, with
the complication that (6.8) by [32, Cor. 4, Sec. 8] just implies

ey — ¢ strongly in C°([0, T); V'); (6.28)
so, we do not have pointwise convergence for c,. However, (6.7) yields
Oy =@ strongly in L?*(0,T; H) and pointwise. (6.29)

Thus, the continuity and boundedness of Fy, Lebesgue’s dominated convergence the-
orem, and the second of (6.8) entail

eaFa(on) = cFa(p) weakly in LP(Q) for any p € [1,2) (6.30)
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and this permits us to pass to the limit in (6.1). Moreover, the passage to the limit in
(6.2-6.3) does not present difficulties, since of course Ay(c,) tends to 0, e.g., strongly
in L>°(Q) and the Cauchy conditions (6.16) are recovered as in Section 4.

Thus, to conclude the proof, we just have to identify &, i.e., to show (6.15).
Note that we cannot proceed as before, since we do not have the strong convergence
of ¢y in L?(Q). Hence, we have to test again (6.3) by cy and integrate over (0,7),
deriving

/0 (E(t), ex(t)) dt = / (ex(t), wa(t)) dt — A / Vea()? dt

—AKﬁ[}ay@gdxﬂ—1ATK¥am¢deﬁ. (6.31)

Then, we take the lim sup of the relation above as A N\, 0 and notice that, thanks to
(6.28) and (6.10), it is

T

lim @WMMMﬁ:AQwW@Mt

Consequently, using the strong convergence in (6.29) and performing a comparison in
the already deduced relation (6.14), we derive

imsup [ (0 ex)a < [ cwinar— [ [ eate)irar

AN
= /0 (&(t), c(t)) dt, (6.32)

so that (6.15) is once more a consequence of [2, Prop. 1.1, p. 42]. |
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