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Magnetic control of magnetic
shape-memory single crystals

Ulisse Stefanelli

Abstract— We present a phenomenological model
for the magneto-mechanical evolution of shape-
memory alloy single crystals. The existence of solu-
tions for given magnetic field is commented and op-
timal control results are established.

I. INTRODUCTION

Shape-memory alloys (SMAs) are active materi-
als: comparably large strains can be induced by
either thermal or mechanical stimuli [21]. Some
of these alloys (NigMnGa, NiMnInCo, NiFeGaCo,
FePt, FePd, among others) are referred to as mag-
netic shape-memory alloys (MSMAs) as they feature
a specific ferromagnetic character which entails a re-
markable magnetostrictive behavior. For instance, a
NioMnGa single crystal can develop up to a 10%
strain (at a 1-3 MPa activation stress under the ef-
fect of a 1 T magnetic field) whereas a TerFeNOL-D
polycrystal, one of the most performing giant mag-
netostrictive materials, shows a maximal 0.2% strain
(at 60 MPa stress and 0.2 T field).

The magnetically induced strains in MSMAs are
the macroscopic effect of the orientation of the fer-
romagnetic martensitic variants of the material. In
particular, the martensitic phase in MSMAs presents
the classical ferromagnetic texture of magnetic do-
mains. This mesostructure changes under the in-
fluence of an external field by magnetic-domain
wall motion, magnetization vector rotation, and
magnetic-field driven martensitic-variant reorienta-
tion. The first two effects above are present in all
ferromagnetic materials whereas martensitic-variant
reorientation is specific of MSMAs. The Engineer-
ing literature on MSMAs is already quite vast. The
Reader shall be referred, with no claim of complete-
ness, to [15], [24], [25], [31], [40], [46], see also the
review in [26].

We shall be describing the microscopic marten-
sitic phase-fraction distribution of a MSMA single
crystal by the vector p € RY taking values in the
simplex S := {p; > 0, p1+...4+p, < 1}. In par-
ticular, p = 0 stands for a purely austenitic spec-
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imen whereas p € {p1+...+p, = 1} means pure
martensite and p/(p1+...+p,) represents the local
martensitic variants distribution. We have specifi-
cally in mind the cases v = 3 and v = 6 which corre-
spond to cubic-to-tetragonal (3 variants) cubic-to-
orthorombic (6 variants) austenite-martensite sys-
tems. Within this frame, we might assume each
martensitic variant to show a specific so-called easy
azis of magnetization. In particular, we assume that
the linear relation p — Ap for given A € R?¥*" gives
the (directed) easy axis of the phase distribution p
(and |Ap| = 1 for pure phases). Additionally, the
orientation of the variants with respect to the easy
axis will be determined by the scalar « € [—1,1].
Our theory will rely on the ansatz that the magne-
tization M on the material is given by

M = mg;aAp (1)

where mg,t > 0 is the saturation magnetization. In
particular, we assume that the magnetic anisotropy
of the material is sufficiently strong so that the mag-
netization stays rigidly attached to the easy axes of
the martensitic variants and no magnetization rota-
tion occurs. This assumptions are in agreement with
experiments on NiosMnGa [40], [46]. Still, the Reader
is referred to [11] for the analysis of a more general
version of this model including magnetization rota-
tions and to [45] for a related optimal control result.

In order to describe the complex thermo-magneto-
mechanical behavior of a MSMA single crystal
we shall rely on the modelization in [1], [2], [10]
which corresponds to an extension of the celebrated
Souza-AURICCHIO model for SMAs [4], [5], [6], [43].
The latter is formulated within the frame of gener-
alized plasticity and is characterized by a remark-
able simplicity (few easily identifiable material pa-
rameters suffice in order to the describe a full 3D
situation) and a wariational structure (which en-
tails robustness with respect to approximations and
discretizations). Extensions of the Souza-Auricchio
model as well as analytical results have been ob-
tained in [3], [7], [8], [9], [16], [17], [18], [19], [22], [29],
[30], [35], [36], [37], [34]. In particular, the present
constitutive model for MSMAs single crystals has
been proved to admit weak solutions when coupled
with quasi-static mechanics [10], [11].

The giant magnetostrictive behavior of MSMA
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gives the unprecedented possibility of activating
SMA devices (sensors, actuator, etc.) at a distance
by tuning an external magnetic field. The aim of
this paper is that of providing a first optimal con-
trol result in this direction. Namely, after having
recalled the basic features of the MSMA model from
[1], [2], [10] in Section II, we address an optimal con-
trol problem where the admissible control is a time-
dependent imposed magnetic field and controllable
quantities are the displacement u from the reference
configuration and the phase vector p. We shall first
recall some existence theory for the state problem in
Section III and finally provide our optimal control-
lability statement and proof in Section IV.

II. CONSTITUTIVE MATERIAL MODEL

We shall recall here the basic features of the mod-
elization from [1], [2], [10]. In the following bold
latin letters stand for vectors in R?, (d = 2,3) bold
greek symbols are for R4*¢ tensors, and we use the
standard notation for scalar and contraction prod-

ucts. The space of symmetric tensors is ]chrﬁ and
dxd
Rdev

Let u be the displacement of the body the refer-
ence configuration. Moving within the small-strain
regime, the linearized strain e(u) = (Vu + Vu')/2
is additively decomposed as

denotes its subspace of deviatoric elements.

e(u) =C o +eo(p). (2)

Here C (symmetric, positive definite) is the isotropic
elasticity 4-tensor (assumed to be constant for all
variants), o € R‘g;ﬁl is the stress, and the linear map
p—eo(p) € Rc(li:“f represents the stress-free configu-
ration corresponding to the phase distribution p. In

particular,
eo(p) := €opi (3)

(summation convention) where € is the stress-free
reference configuration of the i-th martensitic phase.
In case v = 3 a standard choice for d = 3 is given by

el = %(I - 3(ei®ei)) (4)

where e’ is the unit vector of the i-th axis and
er, > 0 represents the maximal strain modulus ob-
tainable via martensitic variant reorientation. Note
that, from relation (3), for every p € S we have that
leo(p)| < er-

Given the magnetic field H and the absolute tem-
perature T', we shall prescribe the Gibbs free energy

density of the material as
1
G(o,H,T,p,a) := —50':@_10' —o:g9(p)
h
+ B(T)|eo(p)| + §|€0(P)|2 + Is(p)

+ %0&2 + I1—1,1)(@) — poH-aomias Ap. (5)
The first line in (5) correspond to classical linearized
elasto-plasticity whereas the second line is the spe-
cific hardening choice of the Souza-Auricchio model.
In particular, T — B(T) > 0 represents the critical
yield stress for the austenite-martensite transition
at temperature 7', h > 0 is an isotropic hardening
modulus, and g is the indicator function of the sim-
plex S, namely Is(p) =0 if p € S and Is(p) = o0
otherwise. From now on, we turn our attention to
the isothermal situation by fixing the temperature
to some value T* and letting 8* = S(T*). We shall
use the notation Fsa(p) for the whole second line
in (5).

The third and final line in (5) describes the
magnetic behavior of the material. The term
—poH -aamgt Ap is the classical Zeeman energy
term, namely —puoH-M (see (1)) and po is the
magnetic permeability of vacuum. Note that H
stands here for the internal magnetic field. Namely,
H results from the sum of the applied external
field and the corresponding induced demagnetization
field. The indicator function I|_; 1y is constraining
a to the interval [—1,1] and 1/§ is a user-defined
(dimensionalized in MPa) hardening parameter.

From the choice (5) of the Gibbs energy we derive
the constitutive relations (1)-(2) as well as

&€ € —0pG = 0:0peo(p) — B Opleo(p)| — Opls(p)

— heo(p):0peo(p) + Hoomgsay HA, (6)
v € =0.G = —a/d — Oal (-1 1)()
+ MOmsatH'Ap (7)

where £ € R and 7 € R are the thermodynamic
forces associated with the internal variables p and
a, respectively (non-smooth but convex functions
are subdifferentiated in the sense of Convex Anal-
ysis [12]). Note that we readily have that

(Opeo(p))ijr = (€0):s

Opleo(p)))s = P

= Teo(o)] for eo(p) #0.

The evolution of the material is prescribed via a
normality flow rule. We assume the behavior of p to
be dissipative. In particular, we prescribe the von
Mises-type yield function F : RY — R

F&):=[¢l-R



where R > 0 is the activation radius, and require
P to satisfy the flow rule and the complementary
conditions

p=COF(¢), (>0, F<0, (F=0.
The latter can be reformulated by means of the dis-
sipation function D(p) := R|p| as

& € OD(p). 8)

On the other hand, we assume that a does not dis-
sipate, namely v = 0. This is of course disputable as
the dissipation in « is the basic dissipative mecha-
nism in ferromagnetic materials. Our assumption is
however justified at the experimental level where it
has been observed that the dissipation in « is neg-
ligible with respect to that in p [14], [27]. As «
does not dissipate, it can be minimized out from the
Gibbs energy (5) as

a = 77(6N0msatH'Ap)

where 7w stands for the projection on the interval
[—1,1]. In particular, by letting, for all r € R,

1 .
Frag(r) == % min {(c?pb(ﬂnsatrf7 2|(5,u0msatr|—1},
we can write the material constitutive relation
(6)+(8) (now without «) as

OD(Pp)+0Fsa(P)—O0pFmag(H-Ap)30:0pe0(p). (9)

Let us now collect some remarks on the constitu-
tive model (9). At first, note that, as |Ap| = 1 for
pure phases, we readily have from (1) that the nat-
ural constraint | M| < |mg.t AD| = Msat| AP| < Migat
is fulfilled for all p € S.

Secondly, one has to stress that in the purely
martensitic phase p € {p1+...+p, = 1}, standard
choices for gp and A (see (3)-(4) for v = 3) entail
that the model presents the so-called pairwise mag-
netic compatibility of energy wells [15]. In particular,
in [1] we check that for all 1 < 4,5 < v there exist
vectors a'/, n/ € R? such that
j_

€y — €} i(a” on' +n"®a"),

Ap, — Ap; = n'.

Condition (10) ensures that there exists a nontrivial
continuous deformation such that e(u) takes value in
{€d, eé}. In particular, a”, n% are the two possible
normals to the discontinuity surface of the strain.
On the other hand, condition (11) asserts that the
interfaces with normal n* serve as pole-free surfaces
of discontinuity of the magnetization.

From the purely mechanical viewpoint one has
however to observe that the proposed model does not
include the description of compatibility constraints
between martensitic variants and austenite. In other
words, the assumption p € S is indeed a simplifica-
tion as in the region {p1+...4+p, < 1} some phase
proportions p are not accessible to real materials
(this remark does not apply to the purely marten-
sitic situation p1+...+p, = 1).

Finally, our model reproduces, although to some
schematic extent, the blocking stress effect. Namely,
no hard-axis magnetically-induced martensitic re-
orientation appears above a prescribed (and small)
stress threshold [10].

Let us mention that different phenomenological
models of internal-variable-type for MSMAs have
been advanced by HIRSINGER & LEXCELLENT [23]
and KIEFER & LAGOUDAS [28]. Albeit basically
informed by the same principles, these two mod-
els differ from the present one as they are essen-
tially restricted to two dimensions (or two marten-
sitic variants), assume the scalar local proportion of
one martensitic variant with respect to the other as
the relevant internal variable (whereas here we have
a full vectorial description via p), and rely on a con-
siderably more complex choice of the Gibbs energy.
In particular, the the referred models anisotropy is
directly built in by means of the choice of specific
anisotropic energy contributions.

Before closing this section let us motivate our in-
terest for single-crystals modeling by remarking that
MSMAs polycrystals, despite their relatively easier
production process, have not been exploited yet in
real devices. One can offer two possible motiva-
tions for this fact. First, a significant drop in the
magnetostrictive behavior for polycrystals vs. single
crystals is observed, see [13] for a discussion. This
drop is probably the outcome of the relatively poor
martensitic-variant structure of all MSMAs to date
(tetragonal, orthorombic) and compatibility condi-
tions for magnetizations at grain boundaries. Sec-
ondly, one shall observe that MSMA polycrystals
of NioMnGa developed so far turned out to be ex-
tremely brittle [44].

III. EXISTENCE FOR THE STATE PROBLEM

We shall now assume to be given the internal mag-
netic field (z,t) — H(z,t) € R? and solve the mate-
rial constitutive relation (9) together with the quasi-
static equilibrium system

V-o+f=0 in Q. (12)
Here Q C R? is a Lipschitz-bounded, connected open
set and f : Q — R?is a prescribed body force. Given
I'pir UTy = 09Q with I'p;, having positive surface
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measure, the system (12) is complemented by the

boundary conditions
u=0 on I'py, on=g on Ty (13)

where n stands for the outward normal to 02, and

g : Ty — R? is a given surface traction. The Dirich-

let datum for w can be assumed non-homogeneous

as well.

We shall define the state space UXP > (u,p) as

U:={uec H(GRY) :u =0 on I'p;}

and P = L*(;R"). The total load t — £(t) € U’
(dual) is given by

)= [ fus | o

We prescribe the energy functional € : [0, T]| XU XP x
LY RY) — (—o00,00] as
1
(t.up H) = [ Cle(w)-2(p)? + v Vax(p)
Q

[ (Fr )= Fons (H-A9)) — (8(0) ).

Note that the energy contains an interfacial term
where v > 0 is a scale parameter. In particular, the
occurrence of such term penalizes phase interfaces.
However, it still does not prevent p from possibly ex-
hibiting jumps. This a particularly desirable feature
in connection with shape-memory alloys where few-
atoms-thick phase structures arise at the mesoscopic
level. From the mathematical viewpoint, the inter-
facial energy term bears also a crucial compactifying
effect.

Finally, the dissipation functional D : PxP —

[0,00) is given by
/ [p1—Pal.

We are now in the position of presenting a weak
formulation of the quasi-static evolution of system
(9), (12)-(13) within the frame of energetic solutions
a la Mielke [33], [39]. In particular, we define the set
of stable states at time ¢ € [0,7] and field H : Q —
R? as

D(py,ps) :

S(t,H) := {(u,p) eUXP : E(t,u,p, H) < o0,
E(t,u,p, H) < E(t,u,p, H) + D(p, p)
V(u,p) € UxP}.
Hence, given the magnetic field H : Q x [0,7] —

R? and the initial state (u% p®) € UxP, an
energetic solution is a trajectory t € [0,T] +—

(u(t), 2(t)) € UxP such that (u(0),2(0)) = (u°, 2°),
t— 0:E(t,u(t),p(t), H(t)) is integrable, and, for all
t € [0,T], we have the two conditions:

Stability:

(u(t), p(t)) € S(t, H(t)) (14)

Energy balance:

5(t, u(t)a p(t)v H(t)) + DiSSD(pv [07 t])

=£(0,u’, p°, H(0))

+/ 0E(s,u(s),p(s), H(s))ds (15)

0

where the total dissipation of the process on the time
interval [s,t] C [0, 7] be given by

N
Dissp(p, [s,t]) := supz D(p(t

i=1

i—l)ap(ti))a

the sup being taken among all partitions {s = tg <
1 < "-<tN=t}.

We shall make the following assumptions on body
force and traction:

(f.9) € WHH(0,T; L*(Q; RY) x L* (T3 R)) - (16)

Our result on the state problem reads as follows.

Theorem 1 (Existence for the state problem)
Assuming (16), H € WYY0,T; L' (;RY)), and
(u® p®) € S(0,H(0)), there exists an energetic
solution (u,p) of the state problem.

We shall not provide here a full proof of the lat-
ter result as the argument basically follows from the
by-now classical existence analysis for energetic so-
lutions [33]. In particular, an energetic solution may
be obtained via passage to the limit within an im-
plicit discretization procedure. Namely, by letting
{0=tg<ti<...<tny=T} be a given time-partition
and defining (uo, py) = (u’, p°), we shall be inter-
ested in solving the following incremental problems

(uiapi> S Argmin (5(t17 u,p, H(tl)) + D<p7,—l?p))

for all  =1,..., N, where the minimum is taken in
UXP. The (interpolant in time of the) time-discrete
solution {(u;, p;)}¥, can then be proved to converge
to a continuous energetic solution. Note however
that the general method of [20] needs here a slight
adaptation as the power of external actions

Frs — /mg 1)-Ap)H () A — (b, u)

(17)
need not be uniformly continuous. This modification
is already mentioned on an abstract level on [41] and
has been detailed for this model in [10].



We shall however give some detail on an a priori
estimate on energetic solutions in terms of the mag-
netic field H. Henceforth, C' stands for a positive
constant depending on data and may vary from line
to line. From the energy balance (15) we have that,
for all ¢t € [0, T,

3 J Cleutt)

+ / Fsa(p(t)) + Dissp(p, 0, 1])
— &(t, u(t), p(t), H(t)) + Dissp(p, 0,1])
/ Funag (H(£)- Ap(t)) + (£(t), u(t)

L £(0,u’, p°, H(0))

[ s ana - [

+ / Fouag (H(£)-Ap(t)) + (£(8), u(?)).
Q

As Fiag is Lipschitz continuous and p(t) € S, the
above right-hand side can be bounded, for all n > 0,
by

—eo(p(1)))* + v Var(p(t))

(15

(18)

C
(o + < (1 I H s oo )

t
ez + / ||£||u’|u|u>~

Hence, by choosing n small enough and applying
Korn’s inequality and Gronwall’s lemma in (18), we
deduce that

sup ([lu(t)llz + [lp(t) | + Var(p(t)))

t€[0,T]
+ Dissp(p, [0,T1])

< C(1+ | H|lwrr 0,101 (7)) (19)

Before closing this section let us observe that, by
letting the parameter § — 0, one can rigorously
prove that the present magnetic model reduces to the
original non-magnetic Souza-Auricchio model [10].
This asymptotic limit argument can be ascertained
via the I'-convergence theory for rate-independent
processes devised in [38].

IV. OPTIMAL CONTROL

Theorem 1 ensures the energetic solvability of the
quasi-static evolution problem for a given space- and
time-dependent field H. We shall denote by Sol(H)
the set of all such energetic solutions. Now, let us
assume to be able to control H in order to optimize
a given cost functional. Note again that H is the
internal magnetic field whereas some more natural

control variable would be the external magnetic field
instead. These two perspectives are indeed equiva-
lent if we assume, given (u,p), to be able to recon-
struct in closed form the demagnetization field at
every time. This is clearly too optimistic for the
demagnetization tensor can be explicitly computed
just in a few specific geometric situation and one
would be forced to consider the coupling with the
Maxwell system instead. We shall address this per-
spective in [45]. On the contrary, here we stick to
this simplification by having in mind the case of rel-
atively small displacements.

Given a set of admissible magnetic fields (controls)
H C WEH0,T; LY (;RY)), the optimal control prob-
lem consists in the minimization of a given cost func-
tional

J L0, T;UXP) x H — (—o00, 00

which is depending on both the energetic solution
and the control. Our problem is to find an optimal
control H, € H and a corresponding optimal ener-
getic solution (u.,p,) € Sol(H ) such that

(u.,p,) € Arg Min{j(u,p7 H) such that
(u,p) € Sol(H), H € 1}
In order to possibly find optimal controls we shall

consider the following standard requirements.

Compatibility of initial values and controls:

(u’,p®) € S(0, H(0)) VH € H. (20)
Compactness of controls:
H is compact in W1(0, T; L*(Q; RY)). (21)

Lower semicontinuity of the cost functional:
(Hn — H strongly in W1(0, T; LY (€ RY)),

(un,p,) € S0l(H ), (un,p,) = (u,p)

weakly-star in L>°(0, T;L{XP))

= J(u,p, H) <liminf J(un,p,, H,). (22)
n—oo

The compatibility condition in (20) was already
presented in [41] and is just intended to ensure that
the initial values are stable regardless of the choice
of the control. In case all H € H share the same ini-
tial value (which is somehow natural in applications
where H (0) = 0 is usually taken) the compatibility
condition (20) reduces to the purely mechanical sta-
bility of the initial state. The compactness of H from
(21) is here chosen just for the sake of simplicity. In
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particular it can be relaxed by asking extra coerciv-
ity on the functional J. The lower semicontinuity
requirement in (22) is standard.

Let us now provide a first illustration of a possi-
ble quadratic cost functional covered by this theory.
Indeed, we could consider

T T
J@miﬂ=/'mﬂmﬁ+/|pmw
0 0
T ()~ + |p(T)—py]?

where (uq,pq) € L*(0,T;L*(;RY%xRY)) are
given displacement and phase-distribution profiles
whereas (ug,p;) € L?(;RYxRY) are given target
states. Note that the latter functional is not lower
semicontinuous with respect to the weak-star topol-
ogy in L*>(0,T;UxP). Still, it fulfills (22) as a re-
sult of the requirement (u,,p,,) € Sol(H,) which
indeed provides additional compactness. In partic-
ular, as a consequence of the strong convergence
H;, — H in WH1(0,T; L' (;R%)) one has that (a
suitable subsequence of) the corresponding solutions
(uk, py,) € Sol(H},) weakly star converge pointwise
in UXP.

Our optimal controllability statement reads as fol-
lows.

Theorem 2 (Existence of optimal controls)
Under assumptions (16) and (20)-(22) there exists
an optimal control.

We provide here a direct proof of this theorem.
Still, one shall mention that the result could be de-
rived as a consequence of the abstract theory by
RINDLER [41] as well.

Proof:  Let (ug,py, Hy) be a minimizing se-
quence for the functional J. Namely (uy,p;) €
Sol(H ) and

J (ug, py, Hy) = nf{J (u,p, H) | (u,p)€Sol(H)}.

Owing to the compactness (20) we extract a
(not relabeled) subsequence such that Hjp —
H, strongly in W11(0,T; L' (Q;R?)). Now, tak-
ing into account the estimate (19), one has that
(ug, p;,) are uniformly bounded in & x P and that
supy, Dissp(py, [0,7]) < oo. Hence, by Helly’s se-
lection theorem [32] we can extract again (still not
relabeling) in such a way that

pi(t) = p,.(t) weakly in BV (Q;R")

and strongly in L'(Q;RY),
strongly in  LY(Q2x(0,T))
Vg € [1,00),

weakly in H'(Q;R?).

pkg)p*

ug(t) = us(t)

In particular, the pointwise convergence of wuy is
obtained by stability (14) via the quadratic char-
acter of u — E(t,u,p, H). In fact, there exists

a linear operator L(t) : L*(Q;RY) — H(Q;R?)
(independently of k) such that wi(t) = L(t)p,(t).
In particular, (ug,p;) — (u«,p,) weakly-star in
L>(0,T;UxP) so that, by the lower semicontinu-
ity assumption (22), we have that

j(u*7p*aH*) < hkminfj(ukapkak)'
—00

In order to conclude the proof we now aim at
showing that (wu.,p,) € Sol(H,). Let us start from
checking stability (14). For all given ¢t € [0,7] and
(u,p) € UXP we have

E(t, un(t), pu(t), Hi(t))

< Timinf (€(f, wi (1), py (1), Hi(1))

< liminf (€(t,@,p, Hy (1)) + D(py(1), D))
= &(t,u,p, H.(t)) + D(p.(t),D)

where we have used the lower semicontinuity of £
and the continuity of D in (L'(£2;R¥))2. Hence

(ux(t), p. (1)) € S(t, H.(1)).

By passing to the liminf in the energy balance
(15) we obtain that

E(t, ux (1), p.(t), H.(t)) + Dissp(p., 0, ])

< timinf (&t ur(t), Py (1), Hi (1))

k—o0

k—o0

t t
*/ <£,uk>*/ /Frlnag(Hk'Apk)Hk'Apk>
0 o Ja

25(07u07p07H*(0))—A <£=’u’*>

+ Dissp (py,, [O,t])) = liminf <E(O,u0,p0, H(0))

t

so that the upper energy estimate holds. In the
latter we have exploited the pointwise almost ev-
erywhere convergence Fr’nag(Hk~Apk)I:Ik~Ap,C —
Flo(H . H,-Ap,)Ap, (recall that FJ. is Lips-
chitz continuous) and Dominated Convergence.

We shall now check the lower energy esti-
mate. To this end fix [s,t] C [0,7T], a partition
{s=5<s'<...<sM=t}, define (ul,pl, H ¢) =
(us(s7),p,(s7), Hy(s7),£(s7)), and let u,, P, etc.
be the corresponding piecewise-constant inter-
polants on the partition. Note in particular that
u, — u, weakly star in L>(0,T;U) and, for all
t € [0,7], p.(t) — p.(t) strongly in LI(Q;RY)

for all ¢ € [1,00). By exploiting (ul™',pl™") €



S(s’~, HI™') we have

E(s7,ul,pl, HY)
+D(pl ", pl)

> E(s7,ul,pl, HY)
= ()

_ / Funag(H-Apl) + Funag(HZ - Apf)
Q

j—1 j—1 j—1 j—1
- 5(57 7“1 7p1 7Hi )

- 5(8j_17 uiapia Hl_l)

so that, by taking the sum for 7 = 1,...,
obtains that

M, one

E(t,ue (1), P (1), Ho(t)) = E(s,us(s), P (s), Hu(5))

+ Dissp(p., [s, t]) Z/ < mag H Ap*)
—Zw —0 ).

j=1

— Frag(HI™ 1-Ap1)> (23)

In order to conclude for the lower energy estimate
one has to check that the above right-hand side con-
verges to the integral on [s, t] of the power of external
actions (17) as the diameter of the given partition
goes to 0. The treatment of the loading term is im-
mediate as

M

Sieotu = [ [ Eu),

Jj=1

As for the remainder term in the right-hand side
of (23) we argue as follows

M , 4 4 |
3~ [, (e B2 AP )~ Foue 1490

J

=3 ([ Frtetianton) ([ ) v
//(/ mag (Hl o Ap*)d9> H, Ap, (24)

where Hé = 0H +(1—-0)H?™'. Let us check that

( / Fioy (Hy Ap*)d9>

pointwise almost everywhere in space-time. Indeed,

mag,

for t € (s’~1, s7] one has that

( / e Ap*)d9> Flyg(H.-Ap,)

/ mdg H9 Ap*) mag(H Ap*)
+Fr/nag(H Ap*) mag(H Ap*)de

s
<c [ W+ [P <Pl =0

by the Lipschitz continuity of Fy ,, and the abso-
lute continuity of H,. In particular, the space-time
integrands in the last term of (24) converge point-
wise almost everywhere to F”. (H*-Ap*)I;I*-Ap*.

mag
Hence, by Dominated Convergence, the respective

integrals also converge. Eventually, the right-hand
side of (23) converges to

T
/ / mag H*Ap*)H*Ap* _/0 <£7 u*>

and the lower energy estimate and thus (15) follows.
Hence, we have checked that (wu.,p,) € Sol(H.)
This concludes the proof. |
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