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Abstract

This note deals with the initial value problem for the abstract nonlinear nonlocal
equation (Au) + (Bu) 3 f, where A is a possibly degenerate maximal monotone
operator from the Hilbert space V to its dual space V*, while B is a nonlocal
maximal monotone operator from L*(0,T,V) to L?(0,T;V*). Assuming suitable
boundedness and coerciveness conditions and letting A be a subgradient, existence
of a solution is established by making use of an approximation procedure. Appli-
cations to various classes of degenerate nonlinear integrodifferential equations are
discussed.
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1 Introduction

Let V be an Hilbert space and denote by V* its dual. Moreover, let T be some reference
time. We are given two possibly multivalued maximal monotone operators A4 :V — V*
and B:L?(0,T;V) — L?(0,T;V*) and we consider the Cauchy problem

(Au)' + (Bu) 3 f,  Au(0) 3 ¢° (1.1)

where the prime stands for the derivative with respect to time and f € L2(0,T;V*),
00 € V* are given data. We shall investigate the above problem under the assumption
that both A4 and B are linearly bounded. Moreover, A is asked to be a compact
subdifferential from V to V*. As regards the latter assumption, let us stress that,
referring to possible applications to PDE problems, we are requiring that the order of
the operator A is strictly lower than that of B. Moreover, some coerciveness has to
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be assumed at least on one of the two operators. Indeed, as far as we are interested in
possibly degenerate operators A and B, we shall consider the (non interesting) situation
in which one of them is identically zero. Thus, (1.1) would reduce to a stationary problem
of the form Cu > g with C = A (B) a.e. in (0,T) (in L?(0,T;V), respectively). Note
that, if C is a subdifferential on a finite dimensional space, then it is surjective if and
only if it is coercive. In this concern, some coerciveness assumption on the operators
seems mandatory.

The problem (1.1) has a relevant interest within applications to some classes of non-
linear integrodifferential equations and systems. Namely, by reducing ourselves to the
local in time case (i.e. letting B be the realization in L?(0,7;V) of a suitable maximal
monotone operator B : V' — V*), problem (1.1) occurs in a large number of physi-
cal models including elastic viscoplasticity, thermodynamics, and dissipation phenomena
[5, 10, 21, 23, 33]. Indeed, in our approach, B may be nonlocal in time and this feature
ensures the possibility of taking into account memory effects in the above referred models
[22, 25, 28, 29).

We mention some related work on (1.1). First of all, let us remark that the literature
on the subject of local in time doubly nonlinear evolution equations is rather wide.
Indeed, the local in time version of (1.1) has been studied under a large number of
different assumptions (see, for instance, [5, 8, 9, 19, 32, 33]). Among these contributions,
we refer the reader to the fundamental paper [21] since the present analysis moves exactly
in that framework extending those results to the nonlocal in time case.

As regards nonlocal in time equations, we remark that a large amount of work has
been done in the case when 4 or B is linear. A comprehensive list of existence result
may be found in the papers [5, 12, 20] and [1, 7, 16, 17, 18, 14, 15, 36], respectively.

Concerning the study of (1.1) when both A and B are nonlinear, a first result has
been obtained in [6], where, nevertheless, some assumptions on the structure of B and
on the regularity of f are needed. More recently, we aim to quote the paper [26], which
deals with some special classes of doubly nonlinear equations involving nonlocal in time
terms. Finally, in [2] the authors achieve an existence result for some doubly nonlinear
nonlocal equation by assuming that A is nondegenerate on some intermediate space and
B is a subdifferential.

The main novelty of this paper is that of dealing with a completely arbitrary, nonlocal,
linearly bounded, maximal monotone, causal operator B. By not requiring the latter to
be a subdifferential, we obtain a significantly larger class of applications, especially to
integrodifferential equations and systems.

In order to prove our existence result we exploit an approximation procedure of in-
dependent interest. First of all, we address the regularized problem (see also [6, 8, 21])

(ER+A)w) + Bu)> f, (R + A)u(0) 3 eRu® +° (1.2)

where R : V — V* stands for the Riesz isomorphism and «® € V. A variable time
step discretization of the above problem in the case of a Lipschitz continuous operator
B is carefully detailed. Then, existence of a solution to our continuous problem (1.1) is
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achieved by means of an abstract approximation approach.

This is the plan of the paper. Section 2 contains the statement of our main results and
a preliminary existence proof for (1.2) is obtained in Section 3. Then, our main approx-
imation argument is developed in Section 4, while Section 5 brings to some application
to nonlinear integrodifferential equations.

2 Main results

Before stating our main results, let us introduce some notation and recall some basic
facts about maximal monotone operators which will be intensively used throughout the
paper. The reader is referred to [5, 11, 12] for details and proofs.

Let V be an Hilbert space endowed with the scalar product (-,-) and let A be
a subset of the product space V x V. Indeed, A may be regarded as a multivalued
mapping A : V — 2V and the expression v € Au means that [u,v] € A. We say that
A is monotone if, for every [ug,v1],[u2,v2] € A, one has that (u; — uz,v1 — v2) > 0.
Moreover, we call A maximal monotone if it is maximal in the sense of inclusion of
graphs within the class of monotone operators. Maximal monotone operators may be
characterized by the existence of some (hence, all) A > 0 such that R(I + \A) =V
where R indicates the range of the operator and I is the identity in V. For any
maximal monotone operator A and any A > 0 we are in the position of defining the
resolvent Jy := (I + AA)~! which turns out to be a one-to-one contraction mapping on
V. Moreover, we define the Yosida approzimation Ax of A by letting Ay := A1 (I—J)).
The latter approximation is an everywhere defined Lipschitz continuous mapping with
Lipschitz constant equal to A~!. We shall also use some basic arguments for convergence
of functions and operators. Referring to [4] for full discussion, we just define the two
convergence notions that will be used in the sequel. Namely, let A, A, be maximal
monotone operators and let ¢, ¢, : V — (—o0,+00] be proper, convex, and lower
semicontinuous functions. We say that A,, converges to A in the sense of G-convergence
in V if for all [u,v] € A there exists a sequence [up,v,] € A, such that [u,,v,]
converges to [u,v] strongly in V' x V. On the other hand, we say that ¢, converges to
@ in the sense of Mosco on V if

Yu, = u weakly in V, ¢(u) < liminf ¢, (u,) and

n—-+o0

Vu €V Hu,} such that u, — v strongly in V and ¢(u) = lir_'I_l on(up).
n—-+0o0

In the forthcoming analysis will be extremely relevant the notion of subdifferential.
Let ¢ : V — (—o00,+00] be a proper, convex, and lower semicontinuous function, then
we term subdifferential of ¢ the set

9p = {[u,0] €V x V: (v,w —u) < p(w) — p(u), Yw € D()},

where D(yp) stands for the effective domain of ¢. It is a standard matter to prove that
Oy turns out to be a maximal monotone operator in the sense above (see, e.g., [12, Ex.
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2.3.4., p. 25]). For the sake of clarity, we introduce here the notion of conjugate function
of ¢ by prescribing ¢* : V — (—o00,+00] as

@ (w) 1= sup {(u,0) = p(0) }. (2.1)

We have that, with the above assumptions on ¢, the conjugate * is again a proper,
convex, and lower semicontinuous function and that v € d¢(u) if and only if u € dp*(v)
(see, e.g., [12]).

All the definitions and results recalled above have a natural extension to the frame-
work of two Hilbert spaces in duality, namely V and V* (see [5] for this particular
setting). Indeed, note that these two settings are equivalent by means of the Riesz
isomorphism R : V. — V* gsince A : V — V* is maximal monotone if and only if
R 1oA:V — V is maximal monotone. The notion of subdifferential may also be
given in the framework of two Banach spaces in duality W and W*, namely 9y will be
defined by

0p = {[u,v] € W x W* : (v, w — u) < p(w) — p(u), Yw € D(p)}

where (-,-) stands for the duality pairing between W* and W and ¢ is now defined
on D(p) CW.

Before stating our results and owing to the above definition we stress that, letting
V and W be locally convex spaces, ¢ : W — (—o0,4+00] be convex, L : V — W
be linear and continuous and ¢ be continuous at some point of R(L) we have that the
following chain rule holds (see, e.g., [33, Prop. 7.8, p. 82])

d(poL)=L*0dypolL, (2.2)
where L* : W* — V* denotes the dual operator of L.
We are now able to state the main results of our paper.

Theorem 2.1. Let W be a reflexive Banach space and V be an Hilbert space densely
and compactly embedded in W through the injection i : V. — W. Moreover, let the
following hold

(H1) ¢ : W — (—00,400] is a proper, convez, and lower semicontinuous function on
W, continuous at some point of V, poi : V — W* is linearly bounded, and
A:=i*o00poi.

(H2) B : L?(0,T;V) = L?(0,T;V*) is mazimal monotone, causal, and linearly bounded.

Then, for every f € L?(0,T;V*) and [u®,v°] € A, there exist a triplet w € H'(0,T;V),
ve HY0,T;V*), and w € L?(0,T;V*) such that

(Ru(t) +v(t)) +w(t) = f(t)  for a.e. t € (0,T), (2.3)
[u(t),v(t)] € A  forae te(0,T), (2.4)
[u,w] € B, (2.5)
Ru(0) + v(0) = Ru® + 2°. (2.6)
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Theorem 2.2. Let the assumption (H1) of Theorem 2.1 and the following hold

(H3) B : L*(0,T;V) — L%(0,T;V*) is mazimal monotone, causal, linearly bounded,
and coercive, i.e.

T
lim Jo (w@®,u®)dt _ | 2.7)

||u||L2(0,T;V)_>+O° ||u||L2(0,T;V)
[u,w]€B

Then, for every f € L?(0,T;V*) and v° € R(A) there ezists a triplet v € L%(0,T;V),
ve HY0,T;V*), and w € L?(0,T;V*) such that

V() +w(t) = f(t)  for a.e. te(0,T), (2.8)
[u(t),v(t)] € A  for ae. t€(0,T), (2.9)
[u,w] € B, (2.10)
v(0) = o°. (2.11)

Let us stress that the assumption (H1) and formula (2.2) imply that A = 0(p o)
and D(A) = V. Since we have that ¢(0) < 400 we may assume with no loss of
generality that ¢(0) < 0 so that ¢* is everywhere nonnegative (cf. (2.1)). Moreover, A
turns out to be compact from V to V* and the boundedness assumption on B yields
D(B) = L?(0,T;V). For the sake of completeness we recall that B is causal if, for any
[uj,w;] € B, i=1,2, and any t € (0,7,

ur =up on (0,t) = wi=ws on (0,%). (2.12)

Moreover, we stress that B is linearly bounded whenever there exists a positive constant
Cp such that

lwllL20,7;v) < Co(1 + [lullz20,vy)  Vu,w] € B.
Furthermore, we remark that the choice of the exponent 2 in the above spaces is mo-
tivated by the sake of simplicity. Indeed, the same result holds in a pair of spaces in
duality LP(0,T;V) — L¥ (0,T,V*) where p,p' € (1,00), 1/p+1/p' = 1.

It is well known that strong nonuniqueness may occur for both problems (2.3)-(2.6)
and (2.8)-(2.11). Indeed, we are aware of counterexamples showing nonuniqueness not
only for v and w, which are actually selected, but also for w. In this concern, we refer
the reader to [21, Sec. 5] where nonuniqueness for u have been proved even for V =R
and A, B monotone subdifferentials. Of course, whenever A is linear continuous and
symmetric and the sum A+ B to be strictly monotone, we easily extend to our nonlocal
in time case the former uniqueness result [21, Thm. 4].

3 A Preliminary Existence Result

This section is devoted to the proof of an existence result for the system (2.3)-(2.6) under
further assumptions on the operator B. In particular, the following lemma will be the
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starting point of an approximation procedure leading to the proof of both Theorems 2.1
and 2.2.

From now on we leave the V — V* setting of problems and reduce ourselves to
completely equivalent problems in the space V by applying to all operators and data
in (2.3)-(2.6) (and (2.8)-(2.11)) the inverse of the Riesz map R~'. In this respect, we
replace A: =R to A, B:= R 10oB,etc. to the corresponding terms and denote by the
symbol || - || the norm in V.

Namely, fixed [u®,v°] € A and f € L2(0,T;V), relations (2.3)-(2.6) may be rewritten
as follows

uw'(t) +0'(t) +w(t) = f(t) fora.e. te (0,T), (3.1)
[u(t),v(t)] € A for ae. t€(0,T), (3.2)
[u,w] € B, (3.3)
u(0) +v(0) = u® + 22, (3.4)

where u',v’, and w are now functions of L2(0,7;V) and (3.1)-(3.2), (3.4) are considered
in V. In this framework (see (H1)), A turns out to be linearly bounded into R~ (W*),
which is compactly embedded into V. The remainder of this section is devoted to the
proof of the following result

Lemma 3.1. Under the assumptions of Theorem 2.1, let A:=R 1o A, B:=R 0B,
etc. Moreover, let B be Lipschitz continuous. Then, there exist v € H*(0,T;V) and
ve HY0,T;V) fulfilling (3.1)-(3.4).

Note that in the above statement w doesn’t come into play. Indeed, B is single-
valued and w is simply determined by (3.3).

As regards the proof of Lemma 3.1, we aim to investigate a variable time step dis-
cretization of the problem (3.1)-(3.4). To this end, let P be a partition of the time
interval [0,T], namely

P:{0=t0<t1<<tN71<tN:T}7

with variable step 7; := t; — t;_1. No constraints are imposed on the time steps and
T := maxi<;<n 7; denotes the diameter of the partition. Let us just remark that a
constant time step partition would perfectly serve for the sake of proving the forthcoming
existence result. Nevertheless, our approximation is naturally given in the framework of
variable time step partitions without any particular intricacy. Moreover, this possibility
presents a relevant numerical interest since the time steps could be adaptively tailored
with respect to other numerical considerations such as error estimators.

In the forthcoming analysis we will extensively use the following notation: let {u;},
i = 0,1,...,N be a vector, we denote by u, and u, two functions of the time in-
terval [0,7] which interpolate the values of the vector piecewise linearly and backward
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constantly on the partition P, respectively. That is,

ur(0) == ug, ur(t) :=a;(t)u; + (1 — a5(t))uir,
ur(0) :=ug, Ur(t) :=wuy, for t € (ti-1,t], i=1,...,N

where «;(t) := (t — t;_1) /7, for ¢t € (t;-1,%;], 4 = 1,...,N. The notation above refers
to 7 and not to P as one would expect. Let us note that this apparently misleading
choice causes no confusion and is motivated by the sake of clarity. Indeed, we will later
pass to the limit as the diameter 7 of the partition goes to 0.

Let us fix a suitable approximation {f;}%, € V¥ of the function f such that the

strong convergence f, — f in L2(0,T;V) holds as 7 goes to 0. Indeed, a possible

choice is .
1 i

fi== (s)dseV, for i=1,...,N.

Ti Jt;_4

Then, we look for two vectors {u;}, {v;} € V, i =0,1,..., N fulfilling the following
conditions

wi—uiq  vi—wvig 1 4

— Bu ds = fi for i=1,...,N, (3.5

T + T; + T ti_l( ’U/T)(S) S fla or 1 7 [l I ( )
[ui,vi] €A, for i=1,...,N, (3.6)
ug 4+ vo = u® +°. (3.7)

This scheme is fully implicit and involves the function (Bu,) € L?(0,T;V) which is not
a priori constant on the partition.

We shall prove that, whenever the diameter 7 of the partition P is small enough,
the system above admits a unique solution. Let us begin by fixing a tentative solution
u € L%(0,T;V) (possibly not constant on the partition P) and solving the equation

i~ Wi —vig 1Y :
Gim i BT L (Bu)(s)ds=f;, for i=1,...,N, (3.8)

T Ti Ti Jo,_,

together with (3.6)-(3.7). By letting
fir=Tifi tuia +via

the system above reads

(I+A)(ui)9f~}-—/i (Bu)(s)ds, for i=1,...,N,

ti—1

where we recall that I stands for the identity in V. Indeed, the right hand side above
is known at level ¢ and the operator I+ A : V — V is maximal monotone and coercive,
hence surjective (see, e.g., [12, Cor. 2.4, p. 31]). This consideration ensures that, for
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every given u € L?(0,T;V), we find a function S(z) € L?(0,T;V) which is constant on
the partition and solves (3.8) in the sense that one has

S@)y; =T +A)"" <};—/i (Bﬂ)(s)ds) for i=1,...,N, (3.9)

ti—1

with the obvious notation S(w); := S(u)(t) for t € (ti—1,t;], i=1,...,N.

Our next aim is to show that S has a fixed point in L?(0,7';V) by proceeding by
induction. In particular, we consider to know @, up to time ¢; ; for some ¢ =1,...,N
and prove the existence and uniqueness of a solution u, of problem (3.5)-(3.7) on [0, #;].
Let us set the space

Si:={u € L*0,t;;V) such that u =71, on [0,t;_1]}.

We obviously have that S; is closed in L?(0,t;; V). Moreover, owing to the causality of
B and thus of S, one readily has that

S(Si) == (RioSo E;)(S;) C Siy

where R; : L%(0,T;V) — L%*(0,t;;V) and E; : L%(0,t;;V) — L2?(0,T;V) stand
for the usual restriction and trivial extension operators, respectively. We aim to prove
that, upon choosing the diameter 7 of partition P small enough, it turns out that
S; == R; 0 S o E; is a strict contraction on S; C L?(0,#;; V). To this end we choose
u1,u2 € S; and take the difference between (3.9) written for %; and the same equation
written for @,. Since (I + A)~! is a contraction on V, we easily check that

ti
1Si (@1)s — Si(@i2)i||* < Ti/ ||((B171) - (3172))(3)”2 ds,
ti—1
so that one in particular obtains
1S3 (@1) — Si(@a) 720,551y < T2N(Bur) — (Ba)[|72(0,1,,v)- (3.10)
Now we exploit the causality of B. In fact, we have that
RiOB:RiOBOEZ'OR,' =: Bz

Thus, it suffices to go back to (3.10) and recall the Lipschitz continuity of B in order to
obtain that

1Si(@1) = Si(@a) 1720,y < T2N(Bitin) = (Bit2)|12(0,0,,v)
< 7?||B((Ei o Ri)(@1)) — B((Ei o Ri)(@2))|720,7:v)

< (TAB)?(I(B; o Ri) (@ — @) ||72(0,7,v) = (TAB)?[ldn — @2lZ2(0 4,;vs
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where Ap stands for the Lipschitz constant of B. Finally, choosing 7 < (Ag)~!, the
contraction character of S; is established and a unique solution u, € S; is achieved.

By making use of the previous introduced notation we may rewrite the scheme (3.5)-
(3.7) as

u+ol+w, =f.  ae in (0,T), (3.11)

@.o] €A ae in (0,T), (3.12)
1 [t

T () = —/ (Bu,)(s)ds  for t€ (tis,til, i=1,....N, (3.13)
Ti Jtia

u-(0) + v, (0) = u® +0°. (3.14)

In order to prove the existence result of Lemma 3.1, we establish some a priori
estimates on the approximating solution introduced above. We test (3.11) by «! and
integrate on (0,t;) for t; € P. Due to the monotonicity of A one infers

t; i
w7112 20,645 v) S/O (IF ) + - (s)11) 1’ (3)]| ds

1 ti o
< §||ug—||%2(0,t,-;V) +/0 (IIf- ) + o ()]1?) ds.

Taking into account assumption (H2) and relation (3.13), we easily exploit the causality
of B and deduce that

1T 20,0 < 1B a0,y < 203 (1 + 18 32 0,001
i
203 (1+ 270 + 2T Y 750} 1320,
=1

where Cp is the linear boundedness constant of B. Upon choosing 7 small enough
(that is 7 < (8T'C%)~!), we are in the position of applying the discrete Gronwall lemma
(see, e.g., the version reported in [27, Prop. 2.2.1, p. 52]) and get

w2 (0,75, < C,

for a proper C depending on data but independent of 7.
Once we have established the bound above we easily deduce from assumptions (H1),
(H2), and a comparison in (3.11) that the following estimate holds as well

[wrll e 0,75v) + [@rll Lo o0, 15v) + 0]l E10,75v)
+IRz || Lo 0, 1;w+) + @7 || L2(0,13v) £ C, (3.15)

for a proper constant C' depending on data but independent of 7.
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Before passing to the limit, let us claim that

lvr = Trll Lo o,75v) < \/;||UIT||L2(0,T;V); (3.16)

as a direct check provides.
Taking into account the estimate (3.15), we may find three functions u, v, and w
such that, possibly passing to a subsequence (not relabeled),

ur — u weakly in H'(0,T;V), (3.17)
ur — wu  weakly star in L*(0,7;V), (3.18)
v, — v  weaklyin H'(0,T;V), (3.19)

Rv, — Rwv weakly star in L*°(0,T; W™), (3.20)
Wy — w weakly in L*(0,T;V), (3.21)

whenever 7 goes to zero. Due to the generalized Ascoli theorem [35, Cor. 4], the two
convergences (3.19) and (3.20) entail the further convergence

vy —v strongly in C°([0,T]; V). (3.22)
Referring to the estimate (3.16), it is now a standard matter to deduce that
Uy — 0 strongly in L*(0,T;V), (3.23)

so that the latter together with (3.18) yields

T T
/ (u,(t),v,(t)) dt — / (u(t),v(t)) dt, (3.24)
0 0

and the inclusion (3.2) follows by standard arguments on maximal monotone operators
(see the forthcoming Lemma, 3.2).

We now need to discuss briefly a technical argument concerning convergence of op-
erators. Indeed, let us denote by A, : L2(0,T;V) — L?(0,T;V) the mean operator
defined by

I
(Au)(t) == — / u(s) ds
Ti Jt;_q
for t€ (ti_1,t;], i=1,...,N, Yue L*(0,T;V).
We stress that A, is a linear contraction on L?(0,T; V). Moreover, we set

K, = {u :[0,T7] — V such that u is piecewise constant on P},

and consider the monotone operators A, o B : K, — L2(0,T;V). Letting C be a
maximal monotone operator with domain D(C), we denote by ext(C) any maximal
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extension within the class of monotone operators on the domain D(C). Of course,
if [u,v] € C, we have that [u,v] € ext(C) as well. Now, recalling the notion of G-
convergence for maximal monotone operators, we easily prove that

ext(A, o B) — B in the sense of G-convergence in L?*(0,T;V).
Indeed, for any [u,w] € B (that is u € L%*(0,T;V), w = (Bu)), we may define

u” := Ayu, w” := (A; o B)(u"). Thus, we obviously have that [u™,w”] € ext(A, o B)
and u” — u strongly in L2(0,T;V) as 7 — 0. As regards w, one has

lw = w™l|L2(0,7;v) < llw — Arwllr20,75v) + |A-(Bu — (B o Ar)u)||p2(0,75v)
<lw = Arwll20,7;v) + Agllu — Arullr20,1;v)
and the above right hand side vanishes as 7 — 0. Let us stress that the above G-
convergence still holds when the operator B is just continuous from L2(0,7;V) to
L2(0,T;V*) as may be easily checked.
We will use the latter proved convergence in order to pass to the limit in the term
w,. To this aim, we recall here a result which turns out to be crucial in the sequel

Lemma 3.2. Let H be an Hilbert space, C, C, : H — H be mazimal monotone
operators. Moreover, let x,y € H, [Ty, yn] € Cp, and the following hold

Tp — 2%, Y —y weaklyin H,
C, — C in the sense of G-convergence in H,

n—-+00
Then, [z,y] € C and (Tpn,yn)m — (2,¥)H.

The proof of the previous result is omitted and is essentially to be found in [4, Prop.
3.59, p. 361].
Testing now (3.11) by @, and integrating on (0,7") we easily achieve

| @) s < 5@ + 5l

T —_
" 0T) + 9 () + [ (F(6). (o) .

Hence, taking the limsup as 7 goes to 0 in both sides of the above relation, owing to
(3.17), (3.22), the lower semicontinuity of ¢*, and the convergence of f,_ to f, we get
that
T T
lim sup/ (W-(s),u-(s)) ds < / (w(s),u(s)) ds (3.25)
0 0

T—0

Finally, also (3.3) is achieved according to Lemma 3.2 and the proof of Lemma 3.1 is
complete.
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4 Approximation

In this section we aim to present an abstract approximation procedure which entails, in
particular, the proof of both Theorems 2.1 and 2.2. Indeed, the forthcoming approxima-
tion result essentially extends to the nonlocal in time case the former [3, Thm. 3.2].

Suppose we are given A, A, (n € N) maximal monotone operators on V and
B, B,, maximal monotone operators on L2(0,7;V). Moreover, let A, A, be subdif-
ferentials. Namely, let ¢, ¢, : V — (—o00,4+00] be proper, convex, and lower semi-
continuous functions and consider A = 0y, A,, = 0p,. Finally, we introduce the data
[, fn € L2(0,T;V) and v° € R(A), v2 € R(A,).

We are interested in the approximation of a solution

[u,v,w] € L*(0,T; V) x H'(0,T; V) x L*(0,T; V),
of the following Problem (P)

v'(t) +w(t) = f(t) for a.e. t € (0,T), (4.1)
[u(t),v(t)] € A for ae.te€ (0,T), [u,w]€ B,
v(0) = v°,

by means of solutions
[Un, v, ws] € L*(0,T; V) x H'(0,T;V) x L*(0,T;V),
of the Problem (P,,)

vy, (t) + wn(t) = fu(t) for ae. t € (0,T), (4.4)
[un(t),vn(t)] € An for ae.t € (0,T), [un,wn] € By, (4.5)
0a(0) = 00, (4.6)

under proper convergence hypotheses for operators, data, and solutions. Namely, we
shall prove the following theorem

Theorem 4.1. Referring to the above notation, we assume that

n — @ n the sense of Mosco in V, (4.7

B,, — B in the sense of G-convergence in L?*(0,T;V), (4.8)

fn— f strongly in L*(0,T;V). (4.9)

Moreover, assume that the sequence (U, vn,wy) of solutions to Problem (Py,) fulfills

up — u  weakly in L*(0,T;V), (4.10)
vy — v weakly in H'(0,T;V) and strongly in L*(0,T;V), (4.11)
wp — w  weakly in L*(0,T;V), (4.12)
lim sup/ o (vn(O)) < / o* (U(O)), (4.13)
n—+oo JQ Q
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for a suitable triplet of functions [u,v,w]. Then [u,v,w] solves Problem (P).

Remark 4.2. Let us stress that condition (4.13) is fulfilled in a quite large number of
interesting situations. Indeed, one can consider the case when ¢} is a pointwise in-
creasing approximation of ¢* (such as the Yosida approximation) and v® = v°. On

the other hand, we may easily prove that, if v0 — v% strongly in V and the set

{0¢7 (12); 02 (v°)} is bounded in V*, one has that (4.13) is satisfied. In particular,
the supremum is indeed a limit and the equality holds.

Proof of Theorem 4.1. It suffices to prove the inclusions (4.2). As regards the first
relation, we may use [4, Thm. 3.66, p. 373] to obtain that

A, — A in the sense of G-convergence in V.

Thus, the convergences (4.10)-(4.11) and an application of Lemma 3.2 (with H =V, C =
A, Cp, = A,) ensures that

[u(t),v(t)] € A for a.e. t e (0,T).

Now, by testing equation (4.4) by wu, and integrating on (0,7') we easily obtain that
T

T
/ (W tn) = — % (0n(T)) + 5 (v0m) + / (F in)-
0 0

Our next aim is that of passing to the limsup as n — +o0o0 in both sides of the
above equality. First of all, let us point out that the convergence (4.7) entails (indeed, is
equivalent to) the following [4, Thm 3.18, p. 295]

X — ©* in the sense of Mosco in V.

Hence, relations (4.9), (4.11), and (4.13) ensure that

imsup | " i) <~ (0(T) + " (v0) + / ()= / " (w,u).

n—-+oo

Once again, owing to (4.8) and Lemma 3.2 (applied with H = L?(0,T;V), C = B, C,, =
B,), one has
[u,w] € B

and the proof of Theorem 4.1 is complete. O

Remark 4.3. Let us remark that the assumption of Theorem 4.1 may be properly
weakened in various directions. Indeed, we have chosen (4.7)-(4.12) just for the sake of
simplicity as they easily fit into the framework of Theorems 2.1 and 2.2.

We are now in the position of proving both Theorems 2.1 and 2.2.
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Proof of Theorem 2.1. Replace B by its Yosida approximation at level 1/n and re-
call that B, converges to B in the sense of G-convergence in LZ%(0,7;V) as
n — +o0o0. Moreover, owing to (H2), it is a standard matter to prove that the op-
erator B, turns out to be monotone, Lipschitz continuous, and causal. Then, such a
regularized problem admits at least a solution thanks to Lemma 3.1. Taking into ac-
count (H1)-(H2) it is straightforward to reproduce the argument developed in the proof
of Lemma 3.1 and establish (an analogous of) the estimate (3.15) independently of n.
Thus, taking into account well-known compactness results and the Ascoli theorem (see,
e.g., [35, Cor. 4]), we find a triplet [u,v,w] such that, up to a (not relabeled) subse-
quence, the convergences (4.10)-(4.12) hold (actually much more is true). Finally, the
proof of Theorem 2.1 follows from an application of Theorem 4.1. o

Proof of Theorem 2.2. Replace B by B, as in the proof of Theorem 2.1 and ¢ by
i defined by

_ 1 2
on(u) := %Huﬂ + p(u) YuelV.

Let us remark that we may easily prove that ¢, converges to ¢ in the sense of Mosco in
V. Then, for any n, the regularized problem is solved due to Lemma 3.1 and we denote
by [wn,Vn,wy] its solution. Now, test the regularized equation by w,. Owing to the
coercivity of B it is a standard matter to deduce that

|unllz2(0,75v) is bounded independently of n.

As a consequence of the latter estimate and the boundedness assumptions on A and B,
we easily infer that

||”n||H1(0,T;V)a ”RUHHL2(O,T;W*)7 ||wn||L2(O,T;V)
are bounded independently of n.

Thanks to the above stated bounds and owing to well-known compactness results, one
finds a triplet [u,v,w] such that, possibly taking subsequences (not relabeled), the con-
vergences (4.10)-(4.12) hold true. Moreover we obviously have that ¢} (v%) < p*(v?),
hence relation (4.13) is fulfilled. Once again we are in the position of applying Theorem
4.1 and conclude the proof. O

5 Applications

We shall now present some applications of our existence results to classes of nonlinear
degenerate evolution problems taking into account nonlocal dynamics. Let us stress that
these examples have been chosen just in order to suggest a variety of applications.

Let Q denote a bounded domain in R"(n > 1) with a sufficiently smooth boundary
I'. We shall let V' be any closed subspace of H!(Q) containing H}(Q) and denote by
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v :V — L?(T) the corresponding trace operator. For the details about this functional
setting we refer the reader to [31].

We introduce some construction of operators A and B fitting our requirements.
Moreover, as boundary evolution might be taken into account in our examples, we indi-
cate a decomposition of these operators according to the analysis of [33, Prop. 11.5.3, p.
65]. The latter decomposition is intended to resolve an abstract functional equation in
(1.1) as a formal part, which in the examples will stand for an integropartial differential
equation, and a boundary part accounting for the boundary condition in R(7), i.e. the
range of «. Let us stress that the latter conditions are in addition to those imposed
directly on the space V.

For the sake of clarity, we prefer to sketch briefly this argument. Let G = R(v) (thus,
G turns out to be a subspace of H'/2(T')), let W fulfill the assumption of Theorem 2.1,
and denote the set Vg := kery = H}(Q). It is a standard matter to prove that the dual
operator v* defined by 7*(g) := go+y for all g € G* is an isomorphism between G*
and the annihilator V5~ of Vo into V*, namely

VoL — {v € V* such that v|y, = 0}

where we use a standard notation for the restriction. Next, assume we are given an
operator D : V. — V*. We will define its formal part as the pointwise restriction
Do := Dly,. Then, for any [u,v] € D, we have that v — v|y, € Vz-. Hence, there
exists a unique g € G* such that v — v|y, = v*(g). Taking into account the previous
considerations, we denote by Dr : V :— G* the boundary operator defined as

Dr := {[u,g] € V x G* such that 7*(g) = v — v|y, for some v € D(u)}.

Finally, we may resolve D as
D =Dy +~*oDr, (5.1)

which is an abstract generalization of the well-known Green formula. Furthermore, the
extension of the above referred argument to the case of nonlocal in time operators is
straightforward. Referring to [21, 33] for the details, we just remark that, by assuming
some regularity for the ingredients of problem (1.1), it may be proved that the solution
to (1.1) solves indeed two problems. In particular, a formal problem taking into account
the above introduced formal operators is solved in V{, and a boundary problem in terms
of boundary operators is solved in G*.
As regards operator 4, we will follow the analysis of [21] letting W = H*(Q) with
s € (1/2,1). Tt is well known that the injection i : V' — W is compact and dense and that
the trace operator v : W — L?(T") is continuous. Assume we are given ag,ar C R x R
maximal monotone graphs in R with at most linear growth at infinity, i.e. fulfilling the
estimate
Il < CL+E) V&) € ao,ar, (5.2)

for some positive constant C. Then, let us denote by ap and ar two convex and
continuous primitives of ag and ar, respectively. We define a functional ¢ : W —
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(=00, +00] as

o(u) = /an (u(z)) dz +/F62p (yu(§))dé ueWw.

The latter functional turns out to be convex and continuous on W. Moreover, its subd-
ifferential Op is bounded into W* owing to (5.2). We will consider operators A of the
form

A:=1i"00poi. (5.3)

Referring to [21, Example 7.a] for the details, we just recall that the formal part and
boundary part of the above introduced operator are simply given by

Ao(u) = ag(u) a.e. in Q, Ar(u) = ar(yu) ae. inT.

As regards the operator B, we shall present two classes of operators fitting in our
framework. The first class is obtained as the subdifferential of a convex functional on V
and was already considered in [21, Sec. 6]. The second one includes some Volterra type
integral operators (see, e.g., [24, Chapter 9, p. 225])

Given u € L?(0,T;V), we let O;u := du/dz; € L*(Q x (0,T)) for i = 1,...,n.
Moreover, let fr, fo, 51, ..., 8, C R X R be maximal monotone graphs in R which are
at most linear at infinity in the sense of (5.2). Thus, we denote by Br,B0,081,---,0n
their respective convex and continuous primitives. Let us define the functional ¢ : V —
(=00, +00] as

P(u) == ;/QBZ (Oiu(z)) dz +/QB\0 (u(z)) dz + /F,B\p (yu()) d¢ VYueV.

The functional above turns out to be convex and continuous on V. We may consider a
first class of operators B of the form

Bl = 6¢, (5.4)

where, of course, we consider its realization in L?(0,T;V). Indeed, it may be easily
checked that, taking into account the sublinear growth at infinity of the graphs, B;
is linearly bounded from L?(0,T;V) to L2(0,T;V*). Moreover, it is not difficult to
find sufficient conditions on Ep, B\o, El, ceny En in order to ensure the coercivity property
stated in (2.7). Referring to [21] for the details and applying (2.2), we recall that the
above introduced operator B; fulfills

n

Bi(u) = Z 85 Bi(0;u) + Bo(u) +v* o Br(yu) ae. YueV,

i=1
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where 9 are the dual operators of 0;. Thus, whenever some additional regularity
is assumed on the ingredients, its formal part Bio and boundary part Bir are given
respectively by the equality of sets

Bio(u) = — Z i (Bi(0iu)) + Bo(u),

i=1
n
Bir(u) = Bi(Biu)v; + Br(yu),
i=1
where we have denoted by (v1,...,v,) the outward unit normal vector to I'. In partic-

ular, if [u,v] € By and v; € B;(Q;u) a.e. for i =0,1,...,n, vr € Br(yu) a.e. are the
functions fulfilling

(U,m)zZ/U,-@iw + /vp'yw Yw eV,
=079 r

we have that the above equalities of sets are a consequence of the classical Green theorem
whenever 0;v € L?(Q2) for i =0,1,...,n (see [21] for a full discussion of this topic).

The second class of operators B shall account for some nonlocal in time dynamics.
Namely, given A > 0 and %k : (0,T7) x (0,7) — R fulfilling suitable integrability
assumptions, we aim to consider the following Volterra operator K : L?>(0,T) — L*(0,T)
defined by

(Ku)(t) = u(t) + /Ot k(t,s)u(s)ds Yu € L*(0,T0, t € (0,T). (5.5)

Now, under proper assumptions on k (see, e.g., [24, Sec. 20.2]) the operator K fulfills
some positivity property. Namely, K the following inequality might be satisfied

/0 (Ku)(s) u(s) ds > wllul20.r)  Vu € L2(0,T), (5.6)

either for w = 0 (in this case we say that K is of positive type) of for w > 0 (strictly
positive type, respectively). Let us just remark that, in order to obtain an operator K
of strictly positive type it is mandatory for X\ in (5.5) to be positive.

Let us introduce now & : V. — V* as the realization of a linear, continuous, and
symmetric elliptic operator and consider two Volterra operators Ky, Ko defined as above.
Moreover, we ask £ to be coercive on V. Then, we may set an equivalent inner product
on V as (u,v)) := (Eu,v) for all u,v,€ V. Thus, &£ stands for the Riesz isomorphism
between V and V*. Finally, another possible choice for the operator B is

B2 :=Ki0&+7"0Ks07. (5.7)
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Clearly, the operator Ko above accounts for some nonlocal in time boundary condition.
Indeed, we obviously have that, for any u € V, the formal and boundary part of Bs
read as follows

Bao(u) = (K10 &lv)(u), Bar(u) =Kz(yu).
The proof of the following lemma is straightforward (see also [5, Thm. 1.3, p. 40]).

Lemma 5.1. According to the above notations, the operator Ba is mazimal monotone,
causal, and bounded whenever K1, Ko are continuous and of positive type. Moreover Ba
is coercive iff Ky is of strictly positive type.

We are now in a position of providing our examples

1. Degenerate nonlinear integrodifferential equations.
With the notation of the previous section we consider the problem

(Au)' + (Bu) 3 f,  Au(0) 3 0° (5.8)

where B = B; + By is coercive. Indeed, taking into account f € L?(0,T;V*) and
v9 € R(A), the problem (5.8) admits at least a solution according to Theorem 2.2.

In particular, the equation (5.8) stands for a suitable abstract formulation of the
coupled system of an equation and a dynamic boundary condition of the form

(Ao(u))t +Bio(u) + (K1 oR)(u) g in L*(0,T,H (), (5.9)
(Ar(yu)), + Bir(yu) + (K2 09)(w) 3 b in L0, T, (v(V))*), (5.10)

where we used the above introduced notations and assumptions. Moreover, B; is asked
to be coercive, g € L%(0,T,H '(Q)), and h € L%(0,T,(v(V))*). Once again, let us
stress that, in the case V = H}(Q), no boundary condition is to be considered since
H}(Q) = kery. On the other extremal case V = H'(Q), we may account for a variety
of different boundary conditions by properly choosing the graphs. In particular, nonlin-
ear and nonlocal dynamic Neumann and Robin conditions may be considered. Let us
just remark that, whenever we take into account operators of type By, we are indeed
making use of the fact that the operator B is not required to be a subdifferential in our
framework.

The problem above has a relevant interest within applications. Indeed, owing to the
choice of the graph «g, equation (5.9) may rise in a variety of different situations as the
implicit formulation of an initial boundary value problem connected for instance with the
Stefan problem, the porous media equation or the Hele-Shaw model. Letting H denote
the Heaviside graph, the choices ag(¢) = & +H(£), ag(é) = £[€|"! for some n € (0,1),
and ag(§) = H(£) correspond to the above mentioned models, respectively.

Furthermore, we are in the position of including in the above referred models both
multiple nonlinearities and nonlocal in time dynamics such as memory effects.
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Let us remark that, in particular, the equation (5.8) stands for a suitable variational
formulation of the equation

(ag(u))t —A(u+Kqu)> f (5.11)

where K; is of positive Volterra type and the graph «q is sublinear. Of course, the
latter boundedness assumption on ¢ can be relaxed by means of well-known Sobolev
embeddings theorems [31]. In particular, in the case Q € R?, the growth |y| < C(1 +
|2|™), V[z,y] € ag with n <36/5 (indeed n = p/p’ with p € [1,6), 1/p+1/p' =1) can
be handled by carefully extending our results. In the equation above a possible choice
for Ky would be Kju = h*u where the kernel h belongs to L'(0,T) and is of positive
type, i.e.

/t(h xu)(s)u(s)ds >0 Vue L*(0,T), Vt € [0,T].
0

Taking into account our analysis, this equation (properly complemented with initial and
boundary conditions) turns out to have a weak solution in the sense of Theorem 2.2.
The reader is asked to compare this existence result with those proved in [1, 17] where
the authors face an analogous problem for equation (5.11) by reducing to the case of
an operator X of convolution type. Nevertheless, in the referred papers the positivity
assumption on the kernel h is avoided in spite of a stronger assumption on the regularity
of the kernel, namely h € WH1(0,T).

2. Degenerate pseudoparabolic integrodifferential equations.

Referring again to the above introduced notations we aim to exploit Theorem 2.1 in
order to obtain the existence of a solution to the problem

(A+E) W) + Bu) > f, (A+E)u(0) 3 ° + Eu° (5.12)

where B = Bj + B2. Now, no coercivity is assumed on B. In particular, Ky is asked to
be just of positive Volterra type, i.e. A may possibly vanish in (5.5).

The equation (5.12) may rise as an abstract formulation of various diffusion problems
so called pseudoparabolic [13, 30]. Applying the above detailed analysis we establish
an existence results for pseudoparabolic problems taking into account nonlocal in time
dynamics which include, possibly, memory effects [25].

Let us now give a concrete example of an equation which, along with suitable initial
and boundary conditions, may be formulated as (5.8). Indeed, we may consider

(ao(u) — Au), — A(Kyu) 3 f

Once again we possibly choose Ku = h*u where h is an integrable positive kernel. The
above equation represents a viscous version of the so-called hyperbolic Stefan problem.
In connection to this particular problem, the reader is referred to the papers [15, 34]
where some results on hyperbolic Stefan problems are achieved and its connection to
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nonlocal in time degenerate parabolic equations is detailed. According to our analysis, a
proper variational version of the above integrodifferential equation of Volterra type turns
out to have a weak solution due to Theorem 2.1.

3. Second order equations I.

We shall now discuss an application of our results to some classes of degenerate
second order integrodifferential equations. In particular, taking into account the above
introduced notations, we aim to address the equation

(A1 + &) (u) + (Bu))' + (As + E)(w) 3 f, (5.13)

where both the operators A; : V' — V*, i = 1,2, satisfy assumption (H1) and the
operator B : L*(0,T;V) — L?*(0,T;V*) fulfills (H2) (possibly being of the type B =
By + By as above). Moreover, we ask Az to be symmetric, f € L?(0,T;V*) and the
initial conditions
(A1 + &) (u)(0) 3 v° + &u°, (5.14)
(A1 + &) ()" + (Bu))(0) 3 2°, (5.15)
to be fulfilled for suitable [u®,1°] € A;,2° € V* + R(A»).
According to Theorem 2.1, the equation (5.13) along with conditions (5.14)-(5.15)
turns out to admit at least one solution u € H'(0,7;V) with (A;+&)(u) € HY(0,T;V*)

and ((A1 + E)(w)' + (Bu)) € H'(0,T;V*). Indeed, equation (5.13) is equivalent to the
first order system

O (A e

and the initial conditions (5.14)-(5.15) are rewritten as

(5 +Ax . A2) (1:) 0) > (Euoz?)L v0>.

We shall apply Theorem 2.1 in the space V =V x V with the choices

([Ul; vl], [Uz, U2])

(ur,u2)v + (v1,v2)v,

VxVv
L E+ Ay
ReA = ( 5+A2),
B .= ( B —(8+A2)>
T E+ A, ’

- ()
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with obvious notations. It may be easily seen that both hypothesis (H1) and (H2) are
fulfilled in the present situation. Indeed, if A; = 9(i o ;) for j = 1,2, we have that
A=0(Gioy): VXV — V* x V* where

o(u, 2) == @p1(u) + p2(2) Vu,z] e W x W

Hence, our second order problem admits at least a weak solution.
For a concrete example for the above discussed abstract second order equation we
may consider the following integrodifferential equation

((ao(u) = Au)y + K1u), + fo(u) — Au 3 f,

properly complemented with suitable boundary conditions. Here, both a¢ and By are
maximal monotone sublinear graphs in R x R, possibly being multivalued. The equation
above may arise in connection with some nonlinear and nonlocal viscoelasticity prob-
lems. In particular, the term —Awuy is expected to account for some contribution of the
microscopic scale to the macroscopic one in elasticity phenomena. The reader is referred
to [37] for a contribution in this direction.

4. Second order equations II.

We shall now present a further example of second order differential equation which
may be handled owing to our results. Indeed, we consider the following

(A+E) W) + (Bu') +Eu> f (5.17)
where B = By + By, f € L?(0,T;V*) along with the initial conditions

u(0) = o, (5.18)
(A+E)W)0) > y°+E2°, (5.19)

for suitable u?, 29 € V, y° € R(A). The latter equation (5.17) looks rather different from
those discussed in the previous examples since the operators are applied both on the
solution « and on its time derivative u'. Nevertheless, the problem (5.17)-(5.19) may
be easily transformed into the equivalent first order system

(e 5)0)-0) (520)

and the initial conditions (5.14)-(5.15) are rewritten as

(5 £+ A) (:) 0> (é’zgi)yo)'
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We aim now to apply the existence result of Theorem 2.1 with the choices V =V x V,

([ulavl]a[uzaw])vw = (u,u2)y + (v1,v2)v,

REA = (5 5+A>’
b = (5 _15?)’
= ()

with obvious notations. As before, it may be plainly checked that A and B satisfy both
(H1) and (H2) (in the V x V — V* x V* setting) whenever A and B satisfy both (H1)
and (H2) (in the V —V* setting, respectively). In particular, if 4 = d(io@):V — V*,
then A=09(iop): V XV — V* x V* with

o(u,2) =@(z) Vu,z]e W x W.

As far as we are interested in an example of an integropartial differential equation
which may be formulated as (5.17) we consider the following second order inclusion.

(a0 (ug) — Aut)t + Ki(ug) — Au > f.

Suitable boundary conditions are imposed and oy C RxR is a maximal monotone graph
fulfilling (5.2). Once again, the above equation may rise in the study of some viscoelastic
problems accounting for memory effects (see [37]).
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