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Abstract

This paper addresses the Cauchy problem for the quasi-variational sweeping process in
the ordered Hilbert space H

—u'(t) € Nogtuy(u(t)) for ae. t€ (0,T), u(0) = uo,

where the set C(t,u(t)) C H is non-convex and Ng(s,u(+)) denotes its normal cone. We
provide an existence result based on the classical implicit time-discretization procedure
and on a fixed point argument in ordered spaces.
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1 Introduction

Let H be a separable Hilbert space and T > 0 be a reference time. Moreover, let C : [0,T] —
2H be a set-valued mapping with non-empty, ¢—convex and closed values for all times ¢ € [0, T].
A precise definition of the class of non-convex sets called p-convex sets will be given in Section
2. We consider the evolution of a point u(t) € H remaining in the set C(t) for all time ¢ € [0, T]
and being swept in a normal direction as it touches the boundary of the set. Hence we shall
find w:[0,T] - H such that

—u'(t) € Ny (u(t)) forae. te(0,T), u(0)= uo. (1.1)

In the above relation, the prime stands for differentiation with respect to time, while N¢ ) (u(t))
denotes the normal cone to the set C(t) at the point u(t) (see Section 2) and wue € C(0) is
an initial datum. This differential inclusion is called a sweeping process.

The sweeping process (1.1) arises in many applications ranging from non-smooth mechan-
ics to mathematical economics, optimization, free boundary models, etc. Problem (1.1) was
introduced and studied extensively in the seventies by MOREAU (e. g. in [24] and [25]) and by
many other authors thereafter. The set-valued map t — C(t) was first assumed to be Lipschitz



continuous or to have bounded variation and the sets C(t) were convex. The subject has devel-
oped in different directions. For instance, the continuity requirements on the set-valued map
have been weakened in case the sets have non-empty interior ([6], [20] are two examples) and
the non-convex situation, pioneered by VALADIER [32] has been much developed ever since.

In the present article we address instead a quasi-variational version of (1.1), that is the case
of a set-valued driving function which depends on the solution u as well. In particular, we
assume to be given C : [0,T] x H — 2 with non-empty and ¢p—convex values and a point
up € C(0,ug). We look for a solution to the quasi-variational problem

—u/(t) € Ne ) (u(t)) forae. te (0,T), u(0) = uo. (1.2)

This type of problems appears in quasi-statical evolution problems with friction, micro-mecha-
nical damage theory and shape memory models.

Let us now comment on the previous contributions on quasi-variational sweeping processes.
For convex sets, KUNZE & MONTEIRO MARQUES [17] proved the existence of solutions when
the moving set C' depends in a Lipschitz continuous way on the time ¢ and the state u. The
Lipschitz continuity constant of C' with respect to the dependence on u is asked to be strictly
less than 1. In order to solve (1.2) in a Hilbert space H, some compactness assumption on C
is required in [17], [18]. A second existence result for the above-referred Lipschitz continuous
case has been provided by BROKATE, KREICI, & SCHNABEL [3] by replacing the compactness
assumptions with a non-empty interior condition along with extra continuity properties. In this
case, uniqueness of a solution is also achieved.

A third class of existence results has been recently obtained by replacing compactness and
Lipschitz continuity by means of ordering-type assumptions and exploiting fixed point devices
in ordered spaces. With this approach the existence of suitably weak solutions to the quasi-
variational sweeping processes (1.2) in the convex case has been obtained by STEFANELLI [30, 29]
and RosSsI & STEFANELLI [28].

For non-convex quasi-variational sweeping processes (1.2), an existence result was given by
CHEMETOV & MONTEIRO MARQUES in [7], assuming that C(t,u), t € [0,T] are -convex sets
and H is both finite or infinite-dimensional spaces. In particular, in the infinite-dimensional
situation, a compactness assumption has to be made.

In the present paper, we focus on the situation of a quasi-variational sweeping process in
the setting of an ordered Hilbert space H. In particular, we do not assume compactness but
instead require some monotonicity along with some continuity for the moving convex sets. By
suitably exploiting the techniques developed in [7], [17] and [29], we provide a new existence
result for the ¢-convex quasi-variational sweeping process (1.2).

2 Notations and preliminaries

Sets. We shall denote by H a separable Hilbert space endowed with the scalar product (-,-)
and by |-| the corresponding norm. For all non-empty sets A, B C H and z € H we let
d(z,A) := inf,ca |z — a| be the usual distance and e(A, B) := sup,c4 d(a,B) denote the
Hausdorff or excess semi-distance between the sets A, B. Given a final reference time 7' > 0, a
non-empty set-valued function C': [0,7] — 2 and [s,t] C [0,T], we shall define the retraction
ret(C;s,t) of C on [s,t] as

N
ret(C; s,t) := sup {Z e(C(tiz1),C(t;)) for p={s=to<t1 <---<ty_1 <ty = t}} ,

P li=1

on all partitions.



We finally let C([0,T]; H), W%>=(0,T; H), L*(0,T; H) and BV (0,T; H) denote the space
of continuous, Lipschitz continuous, integrable and bounded variation functions of [0,7] with
values in H, respectively.

Normals. Let C' C H be a non-empty and closed set and let z € H. We denote by m¢(z) C
H the metric projection of z into C, defined as

mo(z):={z € C : o —z| = inf |y — [}

The latter could of course be empty (see below). It is however non-empty in case C' is weakly
closed and it is a singleton if C' is convex. Given x € C, an element v € H is said to be a
prozimal normal to C at z if it is of the form y —z with = € ¢ (y). The set of all proximal
normals to C' at z is denoted by No(z) and is a convex cone which may not be closed. It is
easy to show that if v is a proximal normal to C' at z then there exists ¢ > 0 such that

(vy—z)<oly—z> VyeCl.
This is actually a characterization since, owing to [8, Prop. 1.5],

Ne(z) = U{UGH : (v,y—x) <oly—z|? Yy € C}.
>0

p—convexity. We shall follow CoLoMBO & GONCHAROV [9] for notation and terminology.
The non-empty and closed set C' C H is said to be p—convez if there exists a continuous
function ¢ : C — [0,4+00) such that, for all z, y € C and v € N¢(z), one has that

(v,y — ) < () |v] |y — =|*.

The name p—convexity is borrowed from MARINO & T0SQUES [19] and the reader is referred to
the pioneering paper by DEGIOVANNI, MARINO, & T0sQUES [10] and the contributions [5, 8, 26]
as well (see also [9] for some additional material and a review of results on p—convexity of sets).
The very same notion is also commonly referred to as proz-regularity see, e.g., ROCKAFELLAR
& WETS [27]. From the geometric point of view, p—convexity entails the external ball property.
Namely, an external tangent ball, with radius strictly less then 1/(2¢(z)) can be rolled around
C by touching the set just in z. Examples of p—convex sets are of course convex sets and C*!
smooth sets. More generally, whenever for all = € C' there exists a ball B centered in z with
either CNB convex or C1»! smooth, then the set C is ¢ —convex. We will term the p—convex
set C' to be yg-convex iff the function ¢ can be chosen to be the constant ¢g > 0. In the latter
case, let us observe that the metric projection 7¢ is non-empty, single-valued and Lipschitz
continuous with constant 2 whenever restricted to the set {u € H : d(z,C) < 1/(4¢0)}-
We shall stress that 7o could be empty outside some suitable neighborhood of C' (see [9, Ex.
7.3]).

Orders and fixed point tool. This material follows the discussion by BA1occHI & CAPELO
[1]. Let (E, <) denote a non-empty ordered set and F C E. Werecall that f € F' is a mazimal
(minimal) element of F' if, for all f' € F, f < f' (f' < f, respectively) implies f = f’. Then,
f is the mazimum (minimum) of F if f' < f (f < f', respectively) for all f' € F. Moreover,
e € E is an upper bound (lower bound) of F if f < e (e < f, respectively) for all f € F
and e € E is the supremum or least upper bound (infimum or greatest lower bound) if e is the
minimum (maximum) of the set of upper bounds (lower bounds, respectively) of F. Moreover,
we say that F' is a chain if it is totally ordered and that F' is an interval if there exist e.,e* € E



such that FF = {e € E : e, < e < e*}. In the latter case we use the notation F = [es,e*].
The set (E,<) is said to be completely s-inductive (completely i-inductive) if every chain of
E has a supremum (infimum, respectively). Finally (E,<) is said to be completely inductive
if it is both completely s-inductive and completely i-inductive. We are now in the position of
introducing our fixed point device.

Lemma 2.1. Let (E,<) be an ordered set and I : [u.,u*] C E be completely inductive.
Suppose that S : I — I is non-decreasing. Then, the set {u € I : u = S(u)} is non-empty
and has a minimum and a maximum.

The latter result was announced by KOLODNER [16] and turns out to be the main tool in the
analysis of MIGNOT & PUEL [21, 22] and TARTAR [31]. Its proof is to be found, for instance,
in [1, Thm. 9.26, p. 223].

Orders in Hilbert spaces. Assume we are given a non-empty closed, and convex cone
P C H with PN—P = {0} and define u <wv iff v —u € P. The latter is an order relation [27,
Prop. 3.38, p. 95] and we shall interpret P as the cone of positive elements. By defining the
polar cone

P :={ueH : (u,v) <0 Yve P},

we possibly obtain, for all u € H, a (unique) decomposition [23]
u=1us +us where us € P, us € P* and (u1,u2) =0.

Indeed the latter elements u; and ws are exactly the corresponding projections. Owing to

these considerations we will use the notation u; = u* = 7p(u) and uz = —u~ = 7p+(u).
These notations are particularly well motivated in the special case of P* = —P (which entails
indeed the closure and strictness of P) where indeed v~ = wp(—u). Moreover, we will use the

following notation

uVvi=v+@u—v)", uAvi=u—(u—-v)".
In the particular case P* = —P one of course has that u Vv =u+ (v — )T and uAv =
v — (v —u)* while this is not true in general. Let us stress that the symbols A and V are
chosen just for the sake of notational simplicity. Indeed, we are not claiming that one is able to
find, for all u,v € H, the element inf{u,v} or sup{u,v} although, whenever they exist, they
coincide with u A v and wu V v, respectively. Let us collect here for the reader’s convenience
some examples of cones P such that P* = —P.

Example 2.2. Our first example for P* = —P is the n-dimensional non-negative orthant
P:={z=(z1,...,2p) €ER* : ;>0 for i=1,...,n}.

Example 2.3. Let  be a measure space, u be a positive measure on 2 and denote by
L2(Q,p) the Hilbert space of all square u—integrable functions on Q endowed with the stan-
dard inner product. Hence we define P := {u € L?(Q,u) : u>0 p—ae. in Q} and relation
< turns out to be

u<wv iff wu(z) <v(z) for p—a.e. z in Q.

Example 2.4. Let H be the space of symmetric n x n real matrices endowed with the
standard contraction product (A4, B) := tr(AB) for all A,B € H, where tr stands for the
trace. We define P as the set of positive semidefinite matrices. Again it is a standard matter
to check that —P = P* [15, Cor. 7.5.4, p. 459]. Of course, relation < entails that

A< B iff B— A is positive semidefinite.



Example 2.5. We now consider the case of the so-called second order cone. Given the space
H let us consider the convex cone in R x H defined by P := {(t,u) € Rx H : t > |u|}.
One easily checks that —P = P* in R x H. This example in particular shows that there exist
cones with —P = P* in R" that are not isometric to the non-negative orthant of Example
2.2. Moreover, the relation < reduces in this case to

(t,u) > (s,v) iff t—s>|u—v|.

Example 2.6. Let u, denote a countable orthonormal basis for the separable Hilbert space
H. We denote by P the range of the mapping u — Y (¢, un) T u,. Namely, P is the set
of linear combinations of w, with non-negative coefficients (conic combination). Hence, it is
straightforward to check that —P = P* (cf. Example 2.2).

Before moving on, let us report here a slight generalization of [1, Thm. 19.12, p. 399].

Lemma 2.7. Let P C H be closed and such that —P C P*. Then any non-empty interval
[ux,u*] C H is completely inductive.

Proof. Let us denote by u, with a € A a totally ordered subset in [u.,u*] and check for
complete s-inductiveness (the proof for complete i-inductiveness being completely analogous).
We assume without loss of generality and without introducing new notation that the set of
indices (A, <) is given in such a way that

a<f inA = uy<ug in H.

By using —P C P*, we easily check that the sequence (uq,u* — us) is non-decreasing as «
increases and it is bounded from above. Hence it converges. On the other hand, for all o, 3 € A
such that a < 8 we deduce that

|te _“B|2 = (ug — Uq, Ug — Uqa) < (Ug — Uq, u™ — Uy).

Namely, u, is a Cauchy sequence in H as a increases. Finally, owing to the closure of P, we
conclude that sup,eq ta € [ux, u*] as well. O

We now follow for instance [1, 11] and introduce on the set of non-empty subsets of H the
relation < as

CleQ iff (uleCl, us € Cy = ul/\'LlQGCl, ’UqV’LLQECQ).

Here notation is motivated by the fact that relation < turns out to be an order on the non-
empty closed intervals of H. However, < is not an order in general, even when restricted to
non-empty, convex and closed sets.

Given the ordered Hilbert space (H,P) we will also consider the corresponding pointwise
order for functions with values in H without changing symbols. Namely, for all u,v :[0,T] —
H, we shall let

w<wv iff v(t)—u(t) e P Vtel0,T].

3 The variational problem
Let us start our discussion on (1.1) by stating our assumptions on the data C' and wug.

(A1) H is a separable Hilbert space.



(A2) C :[0,T] — 2" has non-empty, @o—convex and closed values. Moreover, there exists
A > 0 such that, for all [s,t] C [0,T] one has that

e(C(s), C(t)) < At —5). (3.1)
(A3) Ug € C(O)

Condition (3.1) plays the role of a Lipschitz continuity requirement. In particular, the
function r(t) := ret(C,0,t) turns out to be Lipschitz continuous. This assumption can be
somehow relaxed (see below). However, we prefer to stick to the present Lipschitz continuous
situation for the sake of simplicity. Finally, assumption (A3) makes of course sense since C(0)
is non-empty by (A2).

The main result of this section states the existence of strong solutions to (1.1) in the above
setting. Namely, we have the following.

Theorem 3.1. Under assumptions (A1)-(A3) there exists u € W4>(0,T; H) fulfilling (1.1).
Moreover u(t) € C(t) for all t € [0,T], |u'(t)] < A for almost every t € (0,T), and, for all
solutions uy, us € WH>(0,T; H) to (1.1), one has that

luy (t) — uz(t)] < |ui(0) — ua(0)|e*¥0r Vit € [0,T]. (3.2)
In particular, the solution to (1.1) is unique.

We prove the latter theorem in the remainder of this section by means of a classical time
discretization procedure. Before moving one, one shall mention the papers by BOUNKHEL
& THIBAULT [2] and EDMOND & THIBAULT [13] were some strictly related existence result
has been proved. In particular, the above-mentioned papers deal with the even more general
situation of a perturbed sweeping process

—u'(t) € Now(u(t)) + F(t,u(t)) forae. te(0,T), u(0)=uo

where F :[0,T] x H — H may be multivalued and fulfills suitable boundedness and compact-
ness requirements. On the other hand, the continuity assumtpion on C' is slightly different.
Indeed, they ask for C' to be absolutely continuous with respect to the Hausdorff distance
whereas here we impose a one-sided Lipschitz estimate on the excess only (see (3.1)).

The catching-up algorithm. This scheme can be traced back at least to MOREAU [24, 25].
For all n € N let us prescribe a uniform partition of [0,7] by means of the nodes #{, =T /2",
for i =0,...,2"% Of course the forthcoming proof does not rely on the fact that the partition
is dyadic nor uniform with diameter h, := T'/2" and one is entitled to transpose with no
particular intricacy the whole argument to non-uniform partitions as well. This could be of
some interest from the numerical point of view. We however reduce ourselves to the current
choice for the sake of notational simplicity. Finally, let I} denote the subinterval (¢i-!, #] for
i=1,...,2"

Let now u% = ug € C(0). We shall be constructing an approximating solution by succes-
sively projecting on the moving closed set C. To this aim, we readily assume to be given n
sufficiently large in such a way that

2Ahy, = XT27" T < 1/(4¢pp).

Owing to (3.1), in the latter case, given some suitable u®~' € C(ti7!), there exists a unique
projection . .
uh =moui)(uh ) Vi=1,...,2"



This of course stems from the fact that
d(ui ', C(th)) < e(C(th ), C(8,)) < Ahn < 1/(4¢0)-

We shall denote by wu, : [0,7] — H the piecewise linear interpolant of the above defined
discrete solution. Namely, we let

t—ti!

- (ul, —ui ) Vtell, i=1,...,2"
n

up(0) = u%, un(t) = ui‘l +

Moreover, we let 7,(t) = ti, s,(t) = ti! for t € I', i = 1,...,2". Hence we have that
Un(Tn(t)) € C(ms(t)) for all ¢ € [0,T] and

—uyp,(t) € No(r, (1)) (un(Ta(t))) for ae. t € (0,T). (3.3)
Moreover, we readily prove that
|up, —ug | = d(us, O(F,) < e(Ct 1), C(t,)) < Aha, (3.4)

so that u, € WH*°(0,T; H) and |u/,(t)] < X for almost every t € (0,T).

Convergence. We shall now prove that u, is a Cauchy sequence in C([0,T]; H). Indeed,
from (3.3) and for almost every t € (0,7") we have

d(un(t), Ct)) < [un(t) — un(sn ()] + e(Clsn(t)), C(t)) < 2Ahn, (3.5)
(un(8), un(7a(8)) = v) < olup, (B)] lun(Ta(t)) — 0> Vv € C(ra(t)). (3.6)

Moreover, notice that for all m > n,

d(um(t), C(a(t)))
< fum(t) = tm (T (t))| + €(C(Tm (1)), C(7n (1)) < Ahim + Ahn < 2Xhn < 1/(40),

so that the projection vy, (t) = 7c(r, (1)) (um(t)) is well defined and for all ¢ € [0, 7]
[tm (£) — v (E)| < 2Xhy,.
Therefore, inequality (3.6) gives
(ul, (), un (1) — um(t)) < 200\ |tn (t) — um (B)|? + 18poA3h2 + 3A%h,, for ae t € (0,T). (3.7)

Similarly, v, (t) = m¢(r,, (1)) (un(t)) exists and for all ¢ € [0,T]

[un(t) = va ()] = d(un(t), C(Tm () < un(t) — un(sn ()] + d(un(sn(?), C(1m (1))
< A+ e(C(8(1)), C(m (1)) < 2\

In particular, by exploiting (3.6) at level m, one obtains that
(ul, (), U (t) — un(t)) < 200\ |tr (1) — U (t)]? + 1800 X3h2 + 3X2h,, for a.e t € (0,T). (3.8)

Hence, taking the integral on (0,t) for ¢ € (0,7 of the sum of (3.7) and (3.8), we deduce by
Gronwall’s lemma that

[un(t) — um(t)|* < (18poA3h2 + 3A%h,,) (€390M — 1)/2¢oX Vt € [0,T). (3.9)



Finally, there exists a (not relabeled) subsequence w,, such that
un = u strongly in C([0,T]; H) and weakly star in W (0,T; H),

and by (3.4) we readily check that the limit » fulfills |u'(¢)] < A for almost every t € (0,T).
We shall prove that actually u solves (1.1). Let us start by observing that u(0) = u° and, for
all ¢ €[0,T],

du(t), C(#) < liminf (|u(t) — un(sn(H)] + e(Clsa(8)), C(1)))

n—-+4o0o

< timinf (Ju(t) = un(sn(®)] + At = 5a()) = 0.

Namely u(t) € C(t) for all ¢t € [0,T].
Notice that the proof shows that there exists a continuous selection of C' (namely u = u(t)),
such that «(0) = u°. Clearly, we can conclude that for any to € [0,7] and any v° € C(to) there

is a continuous selection v = v(t) on some interval [to, to + 0] with v(tg) = v°.

Next, for almost every fixed 9 € (0,7) which is a Lebesgue point of u' and for all v° €
C(to), we consider a suitable v € C([to,to + 6]; H) such that v(ty) = v° and v(s) € C(s)
for all s € [to,to + d]. Then, by choosing v = v, (s) = 7o(r,(s))(v(s)) in (3.6) and taking the
integral on [to,to + d], one readily gets that

to+0 to+0 9
/t (uh,(8), un (T (8)) —v(s)) ds < / wo|ul, (8)] (|tn(Tn(8)) —v(8)| + Ahp)® ds + SN2 hy,.

to

Finally, by passing to the limit with n and taking into account the above proved convergence
we readily conclude that

1 to+d 1 to+9d

5 (u'(s),u(s) —v(s))ds < =

5, olu'(s)][u(s) — v(s)|* ds.

Taking § — 0, we obtain

(u'(to), u(to) — v°) < wolu' (to)]||u(te) — v°|?,

and (1.1) easily follows. Finally, since the solution u € W (0,T; H) is unique (see below),
one has that the above-stated convergences hold for the whole sequence wu,.

Error control. The above detailed existence proof provides as a by-product an effective
approximation technique. In particular, we have an a priori error control of the discretization
error of (suboptimal) order 1/2. Indeed, by passing to the limit in m in (3.9) one readily gets
that

[u(t) — un(t)]? < (18pgA3h2 + 3A2h,)(e39°M — 1) /200X ¥t € [0,T].

Continuous dependence on initial data. Let uq, us € W1°°(0,T; H) fulfill the inclusion
in (1.1) along with the initial conditions u1(0) = up,1 and u2(0) = ug 2 for some wug 1, up2 €
C(0), respectively. Hence, we readily have that

(uf (), ui(t) —u; () < poluf(t)||ui(t) —uj(t)|* forae te€ (0,T),i=1,2, j=3—i.
By adding the corresponding relations and taking the integral we readily check that

lug (t) — ua ()] < |uo,1 — uo2le*?°M Vit € [0,T7].



Continuous sweeping processes with bounded variation. As mentioned above, the
convergence of the catching-up algorithm can be proved under some slightly weaker assumptions
on C. In particular, the existence and continuous dependence on data of a function u €
BV (0,T;H) N C([0,T]; H) solving (1.1) in a suitably weak sense can be obtained whenever
r:t+— ret(C;0,t) is continuous and of bounded variation. The reader is referred to the recent
contributions by EDMOND & THIBAULT [14] and EDMOND [12] in this direction. Moreover, we
shall mention the paper BROKATE, KREJCI, & STEFANELLI [4] for a BV counterpart of the
analysis on the quasi-variational in ordered spaces for functions C' with convex values.

4 Ordering solutions

Assume now we are given a separable and ordered Hilbert space (H,P), solve (1.1) for two
sets of data (C1,uo,1) and (C2,ug) fulfilling (A2)-(A3), and obtain ug, us € WH>°(0,T; H),
respectively.

We shall be interested in establishing some conditions on the data so that the solutions
u; and wy will be ordered for all times. The very same problem is addressed for (convex)
variational inequalities by DuvAUT & LioNs [11, Ch. 1.6, p. 58] and we will adapt the same
idea to the current non-convex situation. In particular, we easily prove the following.

Lemma 4.1. Assume (H,P) is a separable and ordered Hilbert space, let (C1,uo,1) and
(Ca,up,2) fulfilling (A2)-(A3) be given, and denote by ui, ux € WH°°(0,T; H) the correspond-
ing solutions to (1.1). Moreover let ugs < ug2 and Ci(t) =X Ca(t) for almost every t € (0,T).
Then w1 < us.

Proof. We start from the following
(s (1), ui(t) — vi(t)) < poluli(t)||ui(t) —vi(t)]* for a.e t € (0,T), Yo(t) € Ci(t), i =1,2.

Since w;(t) € C;(t) for all t € [0,T],i = 1,2, and Cy(t) < Ca(t) for almost every t € (0,T),
one readily has that

(u1 Aug)(t) € Ci(t) and (uzx Vuq)(t) € Ca(t) for ae. te (0,T).

By choosing v1(t) = (u1 A us)(t) and va(t) = (ua V uy1)(t) above, adding the two resulting
relations, and taking the integral on (0,t) for ¢t € [0,T] we get that

t
|(ur (8) —uz(®)F* < |(uo,1 — uo2) | + 4900)\/0 |(u1(s) — ua(s))t|?ds Vit € [0,T],

and, since (ug1 — ug2)" = 0, the result follows from Gronwall’s lemma. O

5 The quasi-variational problem

We shall now turn to problem (1.2). To this aim, we start by reformulating (A1)-(A3) as follows

(B1) (H,P) is a separable and ordered Hilbert space with P closed and —P C P*.

(B2) C:[0,T] x H — 2 has ¢y—convex values and it is Lipschitz continuous with respect
to the excess semi-distance, i.e.,

e(C(s,u),C(t,v)) < v(t—s)+plu—v| Yu,veH, Vt>s, (5.1)

for some p,v > 0.
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(B3) wug € C(0,up).

Let us stress that, differently from (A3), the possibility of finding ug fulfilling (B3) does
not follow directly from the corresponding assumption (B2). Indeed, we are asking in (B3) that
the viability problem u € C(0,u) has at least a solution.

Following the general theory, in order to solve the quasi-variational problem (1.2) we shall

be concerned with its variational section [1]. Namely, given 4 € W1°°(0,T; H) we shall first
solve for u € WH(0,T; H) the following

—u/(t) € Nog,aw) (u(t)) forae. te(0,T), u(0)=uo. (5.2)

We have already developed in Section 3 an existence-uniqueness theory for the latter prob-
lem. Indeed, owing to Theorem 3.1, we are entitled to define a solution operator S that
associates to @ € W1°°(0,T; H) the corresponding unique solution to (5.2). We recall that the
mapping S is generally referred to as the variational selection of the quasi-variational problem
(1.2).

The key feature of the present analysis is the choice of exploiting some monotone structure
in (1.2). The latter is encoded in the following assumption

(B4) For all 4y, 42 € WH*°(0,T; H) with @; < iz we have that C(¢,u:(t)) < C(¢,a2(t)) for
almost every t € (0,T).

We shall explicitly observe that we are not directly requiring in that the viability problem
u(t) € C(t,u(t)) for almost every ¢ € [0,T] has at least a solution (which is indeed implicit in
(1.2)). This will eventually follow from our overall assumptions (see below).

For all X\ > 0 let us now define the set
By :={ueWh">(0,T;H) : |[u'| <X ae. in (0,T)}.

We shall assume the following
(B5) There exists A > 0 such that S(E)) C E).

Assumption (B5) clearly entails some restriction on the choice of C' and goes in the direction
of possibly considering a fixed point procedure in Ey. Of course, whenever we have (B2), the
function t — C(t,a(t)) turns out to fulfill (3.1) for all @ € W1°(0,T; H). Namely, since
S(Ey) Cc W1*°(0,T; H), assumption (B5) just requires that the size of the Lipschitz constant
of S(w) is controlled by that of .

Let us give here our basic examples of maps C fulfilling (B5). At first, we shall consider
the following Lipschitz continuity condition

e(C(t,u),C(s,v)) <max{u(t—s),|lu—v|} Yu,veH, 0<s<t<T, (5.3)

for some p > 0. The latter choice entails of course (B5) with A > p since one readily checks
that, given 0 < s <t < T, we have

e(C(t,u(t)),C(s,u(s))) < max{A(t —s),[a(t) — a(s)|} < At - s).

Hence, starting from @ € E), the very same Lipschitz bound on S(u) follows.

As soon as the Lipschitz dependence on u in C' (see (5.1)) is strictly contracting, we may
possibly consider a second class of functions C' such that (B5) holds. Indeed, letting v € [0,1)
in (5.1), we readily check that (B5) follows with the choice A > p/(1 —v).
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Before moving on, we briefly comment on the latter assumptions with respect to the former
contributions on quasi-variational sweeping processes. First of all, we mention that the abso-
lutely continuous existence results of [3, 17, 18] are placed exactly in the framework of (B2),
by restricting it indeed to convex values. In all the above mentioned papers, the Lipschitz
continuity constant of C' with respect to the dependence on w is asked to be strictly less than
1. In this regard, the current frame is slightly more general since we allow v > 1 in (5.3) (see
the Example below). Moreover, the Lipschitz continuity is referred to the excess semi-distance
and is one-sided in time (besides dealing with non-convex sets, of course).

Additionally, let us recall that some compactness for C' is assumed in [17, 18] while C is
asked to fulfill a non-empty interior condition along with extra continuity properties in [3]. On
the contrary, by virtue of our additional ordering assumption (B4), no compactness is needed
in the present setting and we are able to deal with the case of functions C' having values with
empty interior.

We say that v € E\ is a subsolution (supersolution) of (1.2) if v < S(v) (v > S(v),
respectively). Then, our existence result for (1.2) reads as follows.

Theorem 5.1. Assume (B1)-(B5) and that there exist a subsolution u. and a supersolution
u* in Eyx of (1.2) with u. < u*. Then, the set of solutions u € Ey to (1.2) such that
uy < u < u* is non-empty and has a minimum and o mazimum.

Proof. Owing to (B1)-(B3) and (B5), for all 4 € [u.,u*] N E) there exist a unique solution
u=5(a) € Ex of (5.2). Assumption (B4) and Lemma 4.1 entail at once that, for all @, @2 €
[us,u*] N Ey with 41 < @ one has that S(@1) < S(@2). Lemma 2.7 ensures that [u.,u*] C
L?(0,T; H) is completely inductive. Indeed, the very same argument of Lemma 2.7 ensures
that [u«,u*]NE)x C WH*(0,T; H) is completely inductive as well. Hence, the assertion follows
by applying Lemma 2.1. O

6 An example

Let us now motivate our analysis by providing an example where assumptions (B1)-(B5) as
well as the existence of suitable sub and supersolution can be fulfilled.

In order to keep the notation as simple as possible, we shall restrict ourselves to the finite
dimensional case H = R%. The reader could of course reinterpret the example in an infinite
dimensional setting with small modifications. We assume H to be ordered by means of the
orthant

P = {(.’L‘l,.fEQ) eH : x > 0, To > 0}
so that —P* = P and (B1) holds.

For all se R, u € H, and t > 0 we shall define

Clt,u) = K(u)—(,0), (6.1)
where
K(u) := {(vl,vz) €H :v; < f(u1) and ve < ¢(Ul)}, (6.2)
with f(s) := (s A2s) A (s/v/2+ 1) and ¢ : R — [0, 2] smooth, such that
(1) =1;

0<¢'<1 on R and ¢'=0 on (—o0,1];

9" is bounded on R.
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Clearly, the set C' fulfills (B2). The Lipschitz continuity of the excess semidistance (5.3) holds
with the choices p = v = 1 (the latter follows from the fact that we have chosen ¢ and f
in such a way that 'f’ < 1/4/2 almost everywhere). In particular the set C' has (g-convex
values, since C' admits an external tangent ball with a fixed radius (recall that ¢" > 0 is
allowed). Assumption (B4) can be verified by using the fact that f and ¢ are non-decreasing.

Let us consider the corresponding quasi-variational sweeping process (1.2) on the time in-
terval (0,1) with the initial value
Up = (15 1)7 (63)

which obviously satisfies (B3). The reader can easily check that the constants u. = (0,0) and
u* = (2,2) are suitable sub and supersolutions, respectively. Hence, we are in the position of
applying Theorem 5.1 and obtain the existence of a solution to (1.2) in [u.,u*].

We shall explicitly mention that the choices (6.1)-(6.2) along with (6.3) have merely an
academical interest. Indeed, one could easily check that the unique solution to the corresponding
quasi-variational sweeping process (1.2) is u(t) = (1 —¢,1) for ¢ € [0,1] and that the latter
is indeed the solution to the variational problem referred to the moving convex set K(t) =
[0,1] x [0,1] = (¢,0). In fact, we are not claiming to be interested in the problem itself but
rather in providing an easy example which is a priori not fitting with the former results by
CHEMETOV & MONTEIRO MARQUES [7], because of g > 1. On the other hand, let us stress
that the present oversimplified situation is still of a quasi-variational nature. Indeed, one could
check that the latter variational characterization holds true by virtue of the choice ¢ € (0,1)
only. In particular, no absolutely continuous solution to (1.2) exists for ¢ > 1 since the region
{(v1,v2) € H : wv; <0} is not accessible for the solution (this construction is inspired by the
counterexample to strong solvability by KUNZE & MONTEIRO MARQUES [18]).
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