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Abstract

A nonlinear evolution system is investigated. It can describe a wide class
of phase transition phenomena, including irreversible phase changes. The
nonlinearities are of various kind and two maximal monotone graphs appear
in the phase relaxation equation. An existence result is established for the
related Cauchy-Neumann problem by using regularization, truncation, and
monotonicity techniques.
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1 Introduction and derivation of the model

In the last two decades, some models describing phase transition phenomena have
been proposed and gave rise to a class of interesting mathematical problems for sys-
tems of partial differential equations. We are referring, in particular, to phase relax-
ation and the more recent phase field models (cf., e.g., [10, 13, 18, 19]), which turn
out to be generalizations and/or regularizations of the classical Stefan problem
and advanced Stefan-like models. Many mathematical results have been already
proved for a variety of related initial-boundary value problems. Let us especially
quote the two monographs [9] and [20] and, just to mention some specific work,
the papers [11, 12, 14] where suitable phase transition dynamics are discussed also
in absence of diffusive effects for the order parameter.

Here, we want to address the analytical study of a new phase relaxation
system which is derived from a recent model by Frémond (see [5, 6]). This model,
that is going to be described below, is based on the consideration that microscopic
movements give rise to macroscopic effects. Moreover, the model is able to deal
with irreversible phase changes. It is worthy noting that irreversibility is not a
mere theoretical feature: even materials of the daily life, such as eggs or glue, do
not re-melt after solidification. In performing the derivation of the full model, we
have the chance to show the general expression of the laws governing the thermal
evolution of the material and to give an overview about some related papers.

Let us consider a two-phase substance contained in a domain  C R® and
let T be a given final time. We want to describe the heat diffusion inside the
body. For this purpose, we choose the volume fraction of one of the phases as state
quantity and denote it by X = X(z,t), for z €  and ¢ €]0,T[. Thus, the order
parameter X satisfies the relation 0 < X < 1, and, assuming that no voids appear
in the mixture, the volume fraction of the other phase is simply given by 1 — X.
Of course, the absolute temperature 8 = 6(x,t) is the other state variable for the
thermodynamical system, and it has to be non-negative.

Although the material can be macroscopically regarded as a rigid body, the
phase transition is a consequence of microscopic movements as well. Then, we
decide to take into account the power of these movements in the energy balance
equation

6te+divq =Bo&X+H -V@tX, (11)

where e denotes the internal energy and q = —kV# is the heat flux vector (i.e.,
the Fourier law is assumed for a constant thermal conductivity k). Indeed, B and
H are respectively a scalar quantity and a vector resulting from the microscopic
interior forces and obeying the following relation

—divH + B = 4, (1.2)

which is consequence of the virtual power principle and where the right hand side
A collects the amount of external forces.
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We are now introducing the expressions of the free energy ¥ and of a pseudo-
potential of dissipation ® in order to state the constitutive laws. Towards this aim,
we specify Ik, the indicator function of a convex set K C R, as follows

0 if rekK,
L (r) ‘{ too if 1 ¢ K. (13)

In the case when K # &, it is well known that Ik is a L.s.c. (lower semicontinuous)
proper convex function and that its subdifferential 0k, defined by

pedIk(r) <= Ik(q)>Ik(r)+pl@—7) forallgeR (1.4)

is a maximal monotone operator in R, i.e. a maximal monotone graph in R x R
(see, e.g., [7]). Therefore, we can choose the free energy ¥ as

L
0.
where L > 0 stands for the latent heat at the critical transition temperature
6. > 0, ¢; > 0 represents the specific heat, the parameter v > 0 is the factor of

the interfacial energy term, and I|g ;) plays the role of the constraint for the phase
proportion X. Analogously, we set

T(X, VX, 0) = —¢,010g60 — (6 — 6.)X + Ig 11 (X) + g|vx|2 . (15)

5
B(,X, VIX) = g(atx)2 + o, ool (BX) + 5 VOXP? (1.6)

for the pseudo-potential of dissipation, where p > 0 and d > 0 are two coefficients
related to the evolution of the interface. Note that the above position accounts
for the irreversibility of the phase change because of the presence of the term
Ijo,+00[(0¢X). On the other hand, more general situations including reversible phase
transitions can be obtained by replacing in (1.6) the term Ijg 1 [(0¢X) by ¢(0:X)
for a general convex l.s.c. function ¢ : R — [0, +00].

Now, in order to satisfy the basic laws of Thermodynamics, it turns out that
admissible and straigthforward choices for the quantities B and H are provided
by the following constitutive laws

ov 0® ov 0®

B=%x*amx BT a0 T aman

while the internal energy e is related to the free energy ¥ and to the entropy
s = —0T /00 by the rather classical relationship
ov
=U+s0=U—-0—. 1.8
e +s 50 (1.8)
Since the two potentials ¥ and ® contain non-differentiable terms, we use subgra-
dients and point out that

(1.7)

] —00,0] if X=0,
[0,400[ if X=1,
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[ ]-00,0] if 8x=0,
Ol 400l (OX) = { 0 if 9X > 0. (1.10)

Let us set § = 9Ijp,;] and denote by a = 0¢ a general maximal monotone graph
which, in particular, can coincide with 9Ijg 1 of-

Then, the balance and constitutive laws, coupled with definitions (1.5) and
(1.6), yield the following full system

cs0i0 + 0£06tx — kAO = pu(04X)? + E0,X + 5|V O X|?, (1.11)
L
uoX + & — SAGX —vAX +n = 0—(6—06) + A, (1.12)
where
neBX) and & € a(fX) (1.13)

almost everywhere in the space-time domain.

Now, one can readily see that the system (1.11-1.13) is highly nonlinear
and looks difficult to handle. As far as we know, no existence result has beeen
shown yet for any initial-boundary value problem relying on (1.11-1.13). However,
let us mention some work concerning certain simplified versions of the system.
Before going on, we just remark that the term A is a datum and then it is not
so important for the analytical study, so that we can restrict ourselves to the
particular but meaningful case A = 0.

First, we notice that, in the pure reversible case (i.e., a = 0), a Cauchy-
Neumann problem related to (1.11-1.13) is studied in [6] where anyway the term
8|V ;X|? is missing in (1.11). A local in time existence result is obtained through a
regularization procedure combined with a fixed point argument, by exploiting the
dissipation effects of the term —JAd;X of (1.12). Moreover, it seems that global
existence can be proved in the one-dimensional setting and this will be the subject
of the paper [17]. Second, a further investigation deals with the choice a = 01y 4 o[
in the paper [16], where system (1.11-1.13) is studied in the physically relevant case
d = 0, though the whole right hand side of (1.11) is omitted. Using regularization
and monotonicity arguments, the existence of a solution is obtained in the general
multidimensional framework.

The aim of this paper is to face a class of PDE problems obtained by keeping
a general « in (1.13) (then the irreversibility may be taken into account) and
trying to handle the nonlinearities in (1.11). Unfortunately, we have to neglect the
term £0;X (vanishing indeed in the reference model with a = 01y 4 [). Moreover,
as in [5, 16] we consider the case § = v = 0 like in the phase relaxation models
examined in [3, 13, 19]. Indeed, in the subsequent analysis we need to use sharply
the monotonicity properties of a and the particular structure of the graph S,
that we are forced to assume equal to Oljg,q] (this is the most significant choice
from the point of view of thermodynamics, anyway). Finally, we complement the
so-modified system (1.11-1.13) with no-flux boundary conditions and prescribed
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initial conditions. Getting rid of most of the physical parameters which do not
affect our analysis, we actually address the following Cauchy-Neumann problem

010 +09,X — Af = (0;X)* in Q, (1.14)
X+ a(0X)+p(X)26 -6, inQ, (1.15)
0(-,0) =6, X(-,0)=Xo inQ, (1.16)
Ol =0 onX, (1.17)

where Q = 0x]0,T[, £ =T'x]0,T[, T := 09, and 9, denotes the outward normal
derivative to T.

One novel feature of the system (1.14-1.17) is the nonlinear part involving
O X in (1.14), that causes difficulties in the existence proof and, in our opinion,
prevents from getting uniqueness. In fact, we stress that a more usual expression
of the energy balance equation in standard phase transition problems (see, e.g.,
[10]) is the following linear relation

80 +8,X — A8 =0. (1.18)

Observe that in [5] an initial-boundary value problem was investigated for the
system related to (1.18) and to the inclusion

u@tX + a(BtX) —vAX + ﬂ(X) 560—-46., (119)

which is a reduction of (1.12-1.13), covering also the limiting case p = 0. We
also quote the papers [3] and [4] which couple equation (1.18) with an inclusion
like (1.15). The authors obtained some existence and uniqueness results, via reg-
ularization and monotonicity techniques. It must be noted that general maximal
monotone graphs a and B can be handled in [5, 3], but the main application
remains a = 01|y o[ and B = Ol 1.

The plan of the paper is as follows. In the next section we introduce some
notation and state our main (existence) result, whose proof is started by consid-
ering the Yosida regularization §. (¢ > 0) of the maximal monotone graph 8 and
by introducing a suitable procedure of truncation. Thus, we obtain a family of
approximating problem (P; .) and, in Section 3, we show the existence of a local
in time solution to (P ). Such a solution is global, thanks to the a priori esti-
mates (independent of the regularization parameter ¢) derived in Section 4. These
uniform estimates are derived through the sharp use of the maximum principle
and a comparison argument; moreover, they allow to establish that the solution of
truncated problem also solves the e-regularized problem. In Section 5, we carry out
the passage to the limit as € tends to 0. With the help of well-known compactness
tools and a non-standard monotonicity technique, we can even prove the strong
convergence for the sequence of the time derivatives of the X’s, which allows us to
completely characterize the limit elements n and £ as required by (1.13).
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2 Main result

First of all, let us recall that € is a bounded domain in RY (N > 1) with smooth
boundary I' = 0 and put Q; = 2x]0,[, for ¢ €]0,7]. We also set H := L?(Q2),
V := H'(Q), in order that, identifying H with H' as usual, we get V. C H C V',
whence (V, H, V") forms a Hilbert triplet. We also denote by (-, ) the scalar product
of H, by | - | the norm of H and by || - || that of V. Looking back at equations
(1.14-1.17), we assume the following hypotheses

0<f.<0" assigned constants, (2.1)
0o, Xo € L*®(2), with0<8g<0*, 0<Xo<1 ae.in , (2.2)
a CR xR maximal monotone graph such that 0 € a(0), (2.3)
B CRxR maximal monotone graph given by 8 = 9l 1}. (2.4)

It is well-known that under these conditions there exists a convex, l.s.c. and
proper function ¢ : R — [0, +00] such that a = 0¢, with 0 = min ¢ = ¢(0). Also,
for the sake of simplicity, we set ¢ := Ijg 1] in order that 3 = 9.

We can now state the main result of this paper.

Theorem 2.1. There exist real valued functions (6,X,£,n) on Q with reqularity

0 € H'(0,T;V') N L*(0,T; V) N L™(Q), (2.5)
X e Loo(Q): Xt € LOO(Q): (26)
&n € L>(Q), (2.7)

and such that the following equations hold at least almost everywhere
00+ 00X — A8 = (6,5)()2 in @Q, (28)
OX+E+n=0—-6. inQ, (2.9)
Eeal@X) inQ, (2.10)
neprN) inQ, (2.11)
0(,0) = 00, X(,O) = Xo m Q, (212)
Ol =0 onX. (2.13)

Moreover, we have that

0<0<6" fora.e (z,t) €Q, (2.14)
—0.<n<0"—0. forae (x,t) €Q, (2.15)
|0:X| < 0% for a.e. (z,t) €Q. m (2.16)

Remark 2.2. First of all, we emphasize that (2.5) yields, by interpolation, 6 €
C°([0,T]; H), so that the initial conditions in (2.12) make sense. Next, any pair
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(8, X) solving (2.5-2.16) is such that the solution component @ is even more regular
than (2.5). For instance, for all § > 0 there holds

6 € WhP(5,T; LP(Q)) N LP(6,T; W*P(Q))  for all p € [1, o0], (2.17)

since (0;X)% — 09,X € L>(Q) in (2.8). Indeed, observe that the function v(t) :=
t6(t) solves the initial-boundary value problem

0w — Av =0 +t09,X +t(8;X)*> a.e. in Q, (2.18)
Oav=0 ae.onl, (2.19)
v(0)=0 a.e. in (2.20)

and then we can apply, for instance, [8, Thm. X.12, p. 220]. Moreover, let us point
out that if the initial datum 6y is smoother, say 6y € V, then we can recover
additional global regularity; in particular, the validity of (2.17) extends to § = 0
in the case p = 2.

The proof of Theorem 2.1 will be carried out all over the remainder of the
paper. As a first step, we introduce an approximate statement through a regular-
ization technique joint with a cutoff of the unknown 6 in (2.8-2.9). We first give
a related notation: for any number v € R, we shall indicate in the sequel as 7(7y)
the Stampacchia truncation of + at level 6*, i.e., 7(y) := max{—6*, min{v, *}}.
Notice that the function v — 7(7) is contractive:

[T(v2) =T(v)| L |ve = | forall yi,72 € R (2.21)

Hence, we point out that we are addressing a different problem, where 6 is replaced
by 7(0) in (2.8-2.9). However, note that if we are able to find solutions (6,X) of
the latter problem with the property (2.14), then these pairs (6,X) actually solve
(2.8-2.13) too. Moreover, if we set J(r) := (Id +a) 1(r), for r € R (with Id staying
for the identity function), it is well-known that J, as a monotone graph in R x R,
is a single-valued contraction; hence, relations (2.9-2.10) are equivalent to the

following
X =JO—-6.—n) ae. in@, (2.22)

which simplifies the form of the original problem and suggests that the more
delicate nonlinearity, requiring a careful approximation, is that of 5.

Consequently, for any £ €]0, 1], we can introduce the Yosida-regularization
Be of the graph § (we refer to the text [7] for its main properties), whose precise
mathematical expression is given by

ey if r <0,
Be(r)y=4 0 if0<r<1, (2.23)
el(r=1) ifr > 1.

In addition, indicate by 1. the primitive of 3. verifying 1).(0) = 0. Let us point
out that ¢ is intended to go to 0 in the limit.
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We are now ready to state our regularization of (2.8-2.13). We formulate it
as a local in time problem.

Problem (P). For any € €]0,1[, we look for a small time Ty < T, possibly
depending on €, such that the system

040 + T(0) Oy X — A = (8,X)? (2.24)
X = J(r(0) — 0. — B=(X)) (2.25)

(coupled with the Cauchy and boundary conditions (2.12-2.13)) has a (suitably
regular) solution (6, X), defined at least over the time interval [0, To]. m

3 Resolution of the approximate problem

In this section we handle problem (P7) through the classical Banach fixed point
theorem in the space x(Tp) := {u € C°([0,To]; H) : u(0) = 6o} equipped with the
usual norm, where Ty < T is a positive time to be chosen later. More precisely,
for a prescribed value 8 € x(T), we denote by § = M_(#) the component of the
unique pair (6, X) solving the system

040 + 7(0) O X — AG = (8;X)? in Q, (3.1)

X = J(r(6) — 0. — B-(X)) inQ,

together with the usual Cauchy and boundary conditions (2.12-2.13).

Let us point out a particular feature of equation (3.2): when X = LP(Q) for
some p € [1,00] (and this notation will be kept also in the sequel), if  and ¢ are
fixed, the operator

v J(7(0) — 6. — B:(v)) (33)
is Lipschitz continuous from X to X with Lipschitz constant 1/e.

Consequently, for any assigned § € x(T,), owing to the boundedness of
Xo and 7(f), we can use a Cauchy-Lipschitz-Picard type argument (see, e.g., [8,
Thm. VIL.3, p. 104]) for ODE’s in the space L>*() to deduce that (3.2) has a
unique solution X such that X € C*([0,To]; H) and X, 8;X € L*(Q7,) (note that
the regularity X € C1 ([0, Tp]; L>(f2)) is not guaranteed, since 7() is just contin-
uous in time with respect to the L?(2)-norm).

Substituting now the value obtained for X into (3.1), and using standard
results on parabolic equations, we easily derive that the solution § to (3.1), (2.12—
2.13) exists, is unique, and has the desired regularity C°([0,To]; H) (of course,
much more is true); thus, the operator M. is well-defined and maps x(Tp) into
itself for every choice of Tj.

In order to prove that M. is a strict contraction mapping, we now derive
some a priori estimates for the solution of (3.1-3.2), (2.12-2.13). As before, X will
stay for LP(f2), no restriction being assumed on the exponent p € [1, 00]. So, choose
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) and (62, X2) the

a couple of proposed values 0,02 € x(Tp) and name by (b1,
0: —01,0:2 02—01,

corresponding solutions to (3.1-3.2), (2.12-2.13). Set also
and X := X2 - Xl.

The following estimates work for any arbitrarily fixed To € [0,T], whereas
the correct choice of T} for the fixed point argument will be performed at the end.
Furthermore, the constant C' may vary from line to line, and will be assumed to
depend only on 6*, 6. and in particular not on ¢, 1.

X1
0>

First estimate. Write (3.2) first for 62 and then for 8;; take the difference and
integrate it over 0, t[, where ¢t < Ty. Considering the X-norm of both hands sides
of the resulting relation, owing also to (3.3), we deduce

t
IX(®)llx < /0 (I7(82)(s) = 7(1)(s)llx +e X (s)llx) ds, (3.4)

whence, on account of (2.21) and of Gronwall’s inequality, we infer
IXOllx < Blloomyxre’  for every t € [0,Th). (3.5)

Second estimate. Take again the difference of equations (3.2), and consider the
X-norm of the result. In view of the Lipschitz continuity of J, 8., and 7, from
(3.5) we easily get

[o:X@®)lx < [10@)]Ix + e IX(®)1x
<8O 1x +& HBllL: 010sx)e"*  for all £ € [0, T). (3.6)

Third estimate. Writing equation (3.1) first for fs,62, X2, then for 81,61,X1,
and taking the difference, we obtain

B0 — A8 = 8 X2(9, X2 — 7(02)) — X1 (8 X1 — 7(61))- (3.7)
Hence, multiplying by 6 and integrating over @y, with ¢t < Ty, we infer
1
0O +VOllLsq,) = Ni(t) + I(2), (3.8)
where
t
Il(t) = / / BtX(atXQ — 7(52))9 dx ds
0JQ
t
< [10eXz —T(92)||Loo(Q)/ |6(s)110:X(s)| ds (3.9)
0
and

L(t) == /0 /Q 0 (0X — (+(B2) — 7(81)))0 da ds

t
< ||6tX1||Loo(Q)/0 |6(s)1(10eX ()] + [B(s)]) ds. (3.10)
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Now we observe that the L°°-norms in the above computations are bounded. In-
deed, to verify this it suffices to repeat the procedure which led to the first two
estimates, with the only difference that now it is necessary to reason on a single
solution X; or Xs. In this way, choosing X = L*°(2), we precisely derive (compare
with (3.6)) that

10Xl o0 (Qry ) 106X2 L0 (@) < (6% +6c) (1 + ToE*leTO/E) ; (3.11)

since the truncation procedure immediately yields

70l (@ry) < 0% [IT7(02)llL=(@ry) < 6" (3.12)

Collecting now (3.8-3.12), it is easy to infer

t
o)) < C(+ Tos_leTO/E)/ 10(5)|(18:X(s)| + |8(s)|)ds  for all t € [0, Ty],
0
(3.13)
and, exploiting a well-known variant of Gronwall’s inequality,
t
6(t)] < C(1+ T06*16T0/5)/ (10:X(s)| + [8(s)]) ds

0

<Cl+ TOE_leTO/E)t(”atX“(jO([O’t];H) + ||§||CO([0,t];H)) for all ¢ € [0, Tp].
(3.14)

Resolution of Problem (P7). Choosing X = H in (3.6) and using it in (3.14),
we deduce that

16llcoqto,m): 1) < CTo(1 + Toe ™ e™/%)2([8]| co (0,701 21) - (3.15)

Thus, it is possible to fix Ty sufficiently small (depending on 6.,6*,¢), in order
that M is a strict contraction of x(Tp). This proves that Problem (PI) admits a
unique local solution (6, X). Also, from the above argument, it follows that
6 € C°([0,To); H) N L*(0,To; V), (3.16)
X € HY0,Ty; H), with X,9,X € L™®(Qr,) (3.17)

(of course, much more could be said on regularity).

4 Boundedness of solutions

In this section, we derive some boundedness estimates, uniform with respect to ¢,
for the solutions to Problem (PI); they are based on a careful use of the maximum
principle joint with a monotonicity argument. We point out that, if we were able
to solve directly the original problem (with the graph 3 instead of §;), the proofs
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of these results would become much simpler. However, it does not seem possible
to get the local solution without performing some approximation as we did in the
previous section.

Moreover, we remark that, since the a priori estimates we are going to con-
struct are uniform in time, they will guarantee that the local solution to (P7) will
in fact be a global one. For this reason, let us carry out the next computations
with T in place of Ty. For the sake of brevity, henceforth the solutions to (P7) will
be simply denoted by (6, X), with no emphasis on the dependence on ¢; finally, for
any function f, we shall indicate by f* (f~) the positive (negative, respectively)
part of f.

Positivity of 8. Multiply equation (2.24) by —6~ and integrate the result over
10,¢[, with ¢ < T'. Standard integrations by parts and the positivity of 8y lead to

1 t ¢ t
Lo-w + / V6~ (s)[2 ds = —/ / 020~ da ds + / / 6~ 7(6)9,X dz ds.
2 0 0 Ja 0Jo
(4.1)
Now, the first term on the right hand side is clearly negative. Regarding the second
one, we notice that |0~ 7(6)| < |0~ |2, whence

¢ ¢
| [er®@oxdsis< [ 10X lmwle- 0P s, (42)

0Jo 0
so that the simple boundedness of 9;X (note that no uniformity is required with
respect to €) and the Gronwall lemma allow us to conclude that 6~ = 0 a.e. in Q.

We now establish a global boundedness property for the solutions to (PZ), which
will allow us to remove the truncation operator from equations (2.24-2.25). With
this aim, we first state a monotonicity property for the solutions to an ODE which
is strictly related to (2.25).

Lemma 4.1. Let f1, fa € L'(0,T) such that fi1(t) > fa(t) for a.e. t €]0,T[. For
uo € R and i = 1,2, let u; € WH1(0,T) be the solution to the Cauchy problem

uy = J(fi — 0. — B-(u;)) a.e. in]0, T, (4.3)
Then, we have that uy (t) > ua(t) for every t € [0,T].

Proof. Subtract (4.3) with ¢ = 1 from the same relation written for ¢ = 2.
Multiplying the result by (uz — u;)™, and integrating over ]0,¢[, with ¢t < T, we
easily derive

SO = [ (702 =0 = B o) = (o = 0. = ) o)) () s

+ /0 (T(f2 = bc = Be(u1)) () = J(f1 = Oc = Be(ur))(5)) u™ (s) ds
=: I3(t) + L(t), (4.5)
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where we have set u := uy — u;. We now show that both I3(¢) and I4(t) are non-
positive. Concerning the first integral, we see that the function r — J(f2(s) —
0. — B:(r)) is non-increasing for a.e. s € [0,T'], whence it turns out that I3(t) <0
(indeed, it suffices to argue on the set of the s such that u*(s) > 0). As regards
I4(t), we simply observe that fi(s) > fa2(s) and u™(s) > 0 for a.e. s € [0,¢], thus
one concludes thanks to the monotonicity of J. g

We now discuss the behaviour of a subsolution and a supersolution to equation
(2.25).

Lemma 4.2. Define X and X as the solutions of the following Cauchy problems:

X =JO* —0.—B(X)) ae inQ
{ X(0) = Xo (46)

Then, for a.e. x € Q, we have:
X—1<e(@*—0.) and X>—eb. for everyte[0,T). (4.8)

Proof. It is rather straightforward, once one observes that, for a.e. z € (2,
the above systems (4.6-4.7) are Cauchy problems for autonomous ODE’s over the
time interval [0,T]. Consider, for instance, the problem (4.6): by freezing z € Q
and letting ¢ = 0 into the differential equation, in view of (2.2) we infer that
0:X(z,0) = J(0* —6,). Owing to (2.1), to the monotonicity of J, and to J(0) = 0,
two things may happen: either J(6* — 0.) = 0, so that X(z,t) = Xo(z) for all
t € [0,T] by the uniqueness property for the ODE (consequence of the elementary
theory), or J(6* —6.) > 0. Anyway, also in this second case, for the same reason as
before, for no t € [0,7] it could be J(6* — 6. — B-(X(z,t))) = 0 and, in particular,
we have that 6* — 6, — 8. (X(z,t)) > 0 for all ¢ € [0,T]. The first part of the thesis
follows now from (2.23), while the proof of the second inequality is very similar. m

Corollary 4.3. The solution (6,X) to Problem (PI) fulfils the following bounds

—e0. < X<1+e(0 —0.) forae (2,t) €Q, (4.9)
—0. <B(X) <O -0, fora.e (r,t) €Q. (4.10)

Proof. To prove (4.9), fix x € Q and apply Lemma 4.1, first with the
choices fi = 7(f) and fo = 0 (recall that we have already proved that 8 > 0, so
that 7(6) > 0 as well), then with the choices fi = 6* and fo = 7(8). Therefore,
(4.9) becomes an easy consequence of Lemma 4.2. On the other hand, (4.10) follows
immediately from (4.9) and (2.23). m

Boundedness of 6. Test equation (2.24) by (6 —6*)™. Integrating as usual over
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10,¢[, thanks to (2.2) we derive

1 ¢
31O =0 OF + V0 =) i m = [ [ 9X@X =)0~ 0" dods.
(4.11)
Observe that the multiple integral on the right hand side can be restricted to the
set QF; = {(z,t) € Q¢ : 0(x,t) > 6*} (in which 7(6) = 6*), and let us substitute
therein the value of 9;X by drawing it from equation (2.25). Thus, we obtain

/t/ BX(B:X — 7(8)) (6 — 0*)* du ds
0 JQ

- / L (0" =0, = B.CO) (B — o — B (X)) — 67)(0 — 0°)* da ds.
t (4.12)

On account of the right inequality in (4.10), we now see that the first factor of
the integrand on the right hand side is surely non-negative. Concerning the second
factor, by monotonicity and contractivity of J and by J(0) = 0 we deduce that

J(e* - 00 - ﬂe(x)) -0 S _00 - /BE(X) S 07 (413)

where the last inequality follows from the first of (4.10). This entails that the left
hand side of (4.11) is (less or) equal to 0, as desired. At this point, we can observe
that (2.14) is completely proved for the solution to (P7).

Corollary 4.4. If the pair (6,X) solves problem (PT), then there holds
|OX| < 0" for a.e. (z,t) € Q. (4.14)

Proof. It follows directly from equation (2.25) by simple computations
exploiting the properties of J, estimate (4.10), and the bound 0 < 6 < #* a.e. in

Q m

As a final consequence of the above procedure, we can notice that every solution
of system (2.24-2.25) is in fact a solution of the system obtained by suppressing
the truncation operator 7 from it.

Remark 4.5. Other boundary conditions could be taken for the absolute temper-
ature 6 in place of (1.17) without affecting the previous (and further, of course)
analysis. Indeed, letting (cf. (2.5) and (2.2))

g € HY(0,T;VYNL*0,T;V)NL®(Q), with 0<g<8* ae. in Q

and denoting by gr the trace of g on the lateral boundary, one can substitute
the homogeneous Neumann boundary condition (2.13) either with the Dirichlet
boundary condition

O=gr on X (4.21)



CoLLI — LUTEROTTI — SCHIMPERNA — STEFANELLI 14

or with the third-type boundary conditions
Onb+v(0—gr)=0 on %, (4.22)

where v is a suitable proportionality coefficient. While the meaning of (4.21) is
rather clear, the latter condition (4.22) states that the heat flux on the boundary
is proportional to the difference between the internal and external values of the
absolute temperature on the boundary. Now, it seems to us that both variants are
admissible and Theorem 2.1 still holds in both cases. Details are not so straight-
forward to check, but we leave them to the reader since the treatment of boundary
conditions is not the main aim of this paper. We just note that, provided a stan-
dard modification of the variational formulations, in both situations we can repeat
the crucial estimates yielding the positivity and the boundedness of €, by suitably
adapting those estimates to the new frameworks.

5 Passage to the limit

We begin by collecting all the convergences in £ that we can derive from the
procedure of the previous section: all of them hold at least for a subsequence
en — 0 as n — oco. However, let us avoid the use of a double index and argue
directly on €. In the sequel, we denote by (f:,X.) the solution to Problem (P7)
(and we introduce also the auxiliary functions & and 7.) for 0 < € < 1, reserving
the notations 6, X, &, to the limits as € — 0. Hence, dropping also the truncation
operator 7 from (2.24-2.25), we are now concerned with a solution (6, X.) of the
system

0,0. +6-0,X. — AG. = (9X.)> ae.in Q, (5.1)
6tXE = J(as - 0c - BE(XE)) a.e. in Q

complemented by conditions (2.12-2.13). First of all, owing to the uniform bound-
edness of §. and to Corollaries 4.3, 4.4, we easily obtain

Xe = X weakly star in L*°(Q), (5.3)

O X = OyX  weakly star in L>(Q), (5.4)

ne := B-(X.) = n  weakly star in L*=(Q), (5.5)
6. —» 0 weakly star in L*>(Q). (5.6)

In particular, note that 6,7,9;X fulfil (2.14-2.16). Observing now that equation
(5.2) can be rewritten in the equivalent form

fs = 05 - 00 - 6txs - /BE(XE) € a(atxs) a.e. in Qa (57)
by a comparison of terms we easily deduce that

&= €E:=0—-0.—0,X—n weakly star in L*=(Q). (5.8)
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We remark that, for the moment, we are not able to give an interpretation of the
elements &, 7 in relations (5.5-5.8) in terms of the operators a,3; we can only
say that £,n are some L*°(Q)—functions. Of course, our aim is to prove that the
quadruple (8, X, &,n) solves problem (2.8-2.13).

Now, rewriting equation (5.1) in the form

Bfﬂs — A&E = (BtXE)Q — 65 6tX5 a.e. in Q, (59)

we observe that the right hand sides are uniformly bounded in L* (@) with respect
to €. Moreover, for any €, 6. satisfies also the Cauchy condition 6.(0) = 6y, where
it is 6p € L>(R2). Then, it is not difficult to recover the boundedness of 6. and the
further convergence

6. =60 weakly in H'(0,T;V")N L*(0,T;V). (5.10)

Hence, applying the Aubin compactness theorem [15, Thm. 5.1, p. 58], we also
infer
6. — 6 strongly in L*(0,T; H). (5.11)

Moreover, on account of (5.3-5.4), we easily deduce that, for any p € [1, 00[, it is
Xe = X  weakly in WP(0,T; LP(1)) (5.12)

(we remark that relations (5.3-5.4) are not sufficient to have a convergence of X, in
Wh>(0,T; L>(Q)); indeed, this would require further differentiability properties).

Our task is now to pass to the limit in the nonlinear terms of system (5.1-5.2).
(From (5.4) and (5.11) it follows that

0¢X. 0. = 9,X0 weakly in L*(0,T; H), (5.13)

while the other nonlinear term of (5.1) is tougher, since at present we have no
strong convergence for 9;X.. At this point, we can only deduce by boundedness
that, for some w € L*°(Q),

(0eX.)? - w  weakly star in L°°(Q). (5.14)

Anyway, this is enough to write the limit of equations (5.1-5.2) and we can
actually say that the functions 6, X, £, n, w satisfy the relations

OX+E+n=0—0,, (5.16)

a.e. in Q. Moreover, from (5.10) and (5.12), we deduce that the limit functions
0, X, satisfy the Cauchy conditions (2.12) and the boundary condition (2.13) (cf.
also Remark 2.2). Then, what still remains to do is only to interpret the nonlinear
terms w, &, 7, which indeed deserve a more careful treatment.
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Strong convergence for X.. To derive it, we use a Cauchy estimate for the se-
quence X, which is due to Blanchard, Damlamian and Ghidouche [3, Lemma 3.3].
We report their argument for the sake of clarity.

Name (65, X5) another solution to system (5.1-5.2) at the level § > 0. Writing
(5.2) first for £, then for d, taking the difference, and multiplying it by X, — Xs,
through an integration over ; and the addition and simultaneous subtraction of
one term on the right hand side, we obtain:

Lo -
// J(O: — 0 — Be(X=)) — J(6c — 0. — B5(X6))) (Xe — Xs) d d

/ / (6 — 0. — Bs(Xs)) — J(B5 — 6 — B(X5))) (Xe — Xg) der ds
t) + Is(t)- (5.17)

Now, on account of the contractivity of J, for the last integral it is easy to infer

t
f < / IX. — Xs][60- — O] ds. (5.18)
0

On the contrary, some work has to be done on I5(t). Denoting now by R, Rs
the resolvent operators of 5 at the steps € and §, note that they have the very
simple expression

R.(r) = Rs(r) = max{0,min{r,1}} for all r € R. (5.19)
Moreover, a standard relationship (see, e.g., [7, p. 28]) postulates that
Xe — Xs = Re(Xe) — Rs(Xs) +€B:(Xc) — 685(Xs). (5.20)

Substituting into I5(t), we easily deduce

// J0 — 6. —,35( s))—J(ag—ﬁc—ﬂg(Xg))
Be(Xe) — Bs(Xs)
X (Be(Xe) = B5(Xs)) (R (Xe) — Rs(X5)) dx ds

// J(0: — 0. — B.(X.)) — T (0 — 6. — Bs(Xe))
x (eB:(X2) — 65(Xs)) da ds = In(t) + Is(t), (5.21)

where the integrand of I7(¢) is meant to be 0 whenever 8:(X.) = B5(X;). Now,

owing to the monotonicity of J and § and to the relations £.(X.) € B(R.(X.)),

Bs(Xs) € B(Rs(Xs)) (cf. [7, p. 28]), we easily derive that I7(t) < 0. Finally, it is

straightforward to verify that Ig(t) < Ct(e + §), the C depending only on the
*(@Q)-bound for B:(X.), 0 < € < 1, besides the measure |Q|.
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Collecting all the information of (5.17-5.21), we see that it is possible to
apply the Gronwall inequality in the form of [7, Lemme A.5, p. 157], which yields

(Xe = X5)(t)] < (2C(e +8))" + 116 = Osll 20,5y forany ¢ <T,  (5.22)
so that, on account of (5.11), we derive
X. = X strongly in C°([0,T]; H). (5.23)

Finally, thanks to (5.5) and to the usual monotonicity argument of [2, Prop. 1.1,
p. 42], here applied in the space L%(Q), we can deduce relation (2.11), i.e. the
desired interpretation of the term 7 in (5.16).

At this point, we still have to identify the limits £ and w of the nonlinear terms
& and (9;X.)2. To this end, due to the monotone structure of the nonlinearities,
some semicontinuity argument is required. We follow a probably nonstandard way,
by first reporting a particular convergence result for maximal monotone operators
together with its proof. Indeed, this general result may be useful in other situ-
ations and, in our opinion, permits to simplify the subsequent semicontinuity —
comparison procedure.

Lemma 5.1. Let H be a Hilbert space, A a mazimal monotone operator of H.
Suppose also that [Tn,ys] € A for any n € N. Finally, assume that

Ty — T, Yn =y  weakly in H, for somez,y € H. (5.24)
Then, denoting by (-,-) the scalar product of H, we have

(y,z) < linnigf (Yn, Zn). (5.25)

Proof. We first point out that from the hypotheses of the lemma it does

not follow that [z,y] € A (this property is instead implied by the upper semicon-

tinuity inequality opposite to (5.25)). Choose an arbitrary element [¢,7] € A. By

monotonicity, one has (y, — 1,2, — &) > 0 for all n € N. Thus, passing to the
lim inf and using the weak convergences given by (5.24), it follows that

Next, we rewrite the above relation for a particular choice of &,7. Indeed, taking
A > 0 and denoting by Jy = (Id +AA)~! the resolvent and by Ay = A~1(Id —J))
the Yosida-regularization of the operator A, we can choose & = Jyz, n = Axx
(recalling again that Ayx € A(Jyz)) and deduce

lim inf (ynaxn) > (A)\.CL',SU) - (AA‘CE7 J)\m) + (y7 J)\Z') (527)

n—oo

= MN|Axz|3, + (y, Jaz) > (y, Jaz) for every A > 0.
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We now pass to the limit with respect to A — 0 in the above relation. Denoting
by D(A) the closure of the domain D(A) in the strong topology of H, which is a
convex set on account of [7, Thm. 2.2, p. 27], we have that (thanks to the same
theorem)

Jaz = Pprgyz  strongly in H, (5.28)

where we have denoted by Py the projection of  onto (A).

Now, as z, € D(A) for any n € N, by the first convergence in (5.24) we see
that = belongs to the weak closure of D(A), which coincides with D(A), because
D(A) is convex. This means that Ppay® = @, so that (5.27-5.28) enable us to
conclude. g

Characterization of £&. We multiply equation (5.2) by 9;X. and integrate over
the whole set Q). Referring to the remarks before (5.8) for the meaning of &, we
easily infer

T T
||3tX5||i2(Q) =/ /Hgatxsdxds—/ /Hcatxgdwds
0 Q 0 Q
T T 12
—/ /,BE(XE)OtXEda:ds—/ /ggatxg drds =3 Le).  (5.29)
0 Ja 0 Ja =

We now want to prove a strong convergence for 9;X; in particular, we are trying
to deduce
lim S(l)lp ||(9th||%2(@) < ”atX“iQ(Q): (5.30)
e—

which is enough since 9;X. — 9;X weakly in L?(Q) (cf. (5.4) and [2, Prop. 1.4,
p. 14]). With this purpose, take the limsup of (5.29): on account of (5.4) and
(5.11), it easy to see that

T

ggl’(l) Iy(e) :/0 /Qoatx(ia: ds, (5.31)
T

e—0 0 Q

Regarding I;1(¢), by explicit integration in time, with the help of (2.2) we have
that

e—0 =0

limsup Iy (€) = — liminf / Do (X(T)) dz < — / D(X(T)) dz (5.33)
Q Q
and the last inequality holds since the functional induced by 4. on L?(f2), namely

U, (v) == /szs(v) de for v € L*(Q), (5.34)
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converges to

0 if ve L) and 0 <v<1ae. inQ

+o00 otherwise (5.35)

U(v) := {
in the sense of Mosco [1, Prop. 3.56, p. 354] and, furthermore, by virtue of (5.12)

we have
Xe(T) = X(T) weakly in L?(9) (5.36)

(actually, X.(T) — X(T) strongly in H because of (5.23)). We finally discuss I;2(¢):
recalling Lemma 5.1 (with the choices H = L?(Q), A = a, T, = X¢, yn = ), one
easily sees that

T T
limsup I12(e) = — lim inf / / (O X drds < —/ / EqXdxds.  (5.37)
0o Jo 0o Ja

e—0 =0

Collecting now (5.31-5.37), we infer from (5.29)

T
limsup||8tX5||2L2(Q) S/ /HBtha:ds
e—0 0 JQ

—/OT/Qﬂcatha:ds—/Qw(X(T)) da:—/OT/Qfa,ngmds. (5.38)

If one now multiplies the limit equation (5.16) by 9:X and integrates over @, (2.11),
(5.4), and [7, Lemme 3.3, p. 73] can be exploited for the integration in time of the
term with n0;X. After the computations, a final comparison with the right hand
side of (5.38) enables to derive (5.30), which yields the desired convergence

OiX. — 04X strongly in L?(0,T; H) (5.39)

and implies that (cf. (5.14)) w = (8;X)?. Therefore, (2.8) follows from (5.15) and,
recalling (5.8), the (already used) monotonicity argument of [2, Prop. 1.1, p. 42]
gives (2.10). This concludes the proof of Theorem 2.1.

6 Final remarks on uniqueness

Thanks to the limit procedure of the previous section, we have been able to prove
the existence of a solution (8,X) to problem (2.8-2.13), with the further prop-
erties (2.14-2.16). Moreover, we have seen that such a solution can be found as
limit of a subsequence of solutions to the approximate Problems (PZ). Concerning
uniqueness, we have to note that it seems rather difficult to recover it, even if one
assumes the additional boundedness condition (2.14) (under this condition, the
approximating problems with S replacing 3 possess only one solution). On the
other hand, the uniqueness argument of [3] could exploit the monotonicity prop-
erties related to equation (2.9) and control the variation of 6 by the variation of X
in their equation

HO+X)—A=0 inQ (6.1)
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replacing our (2.8). Now, the reader understands that the highly nonlinear part of
(2.8) allows us to estimate the difference of two 6’s only in terms of the difference
of 0:X’s (and not of X’s!).
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