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We present a three-dimensional phenomenological model for the magneto-mechanical
behavior of magnetic shape memory materials such as NigMnGa. Moving from micro-
magnetic considerations, we advance some thermodynamically consistent constitutive
relations describing the magnetically-induced cubic-to-tetragonal martensitic tranforma-
tion in a single crystal. We present an existence analysis for both the constitutive relation
problem and the three-dimensional quasi-static evolution problem. Finally, we discuss
the reduction of this model to some simpler one by means of a rigorous I'-convergence
analysis.
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1. Introduction

The description of the thermomechanical behavior of Shape Memory Alloys (SMAs)
has recently attracted a great deal of attention. In particular, this interest is trig-
gered by a variety of innovative applications to biomedical, aeronautical, structural,

and earthquake technologies 134 just to mention a few hot topics. The motivation
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for this impressive success relies on the amazing material behavior of SMAs: severely
deformed specimens regain the original shape after a thermal cycle (shape memory
effect) and, at some higher temperature regimes, large strains are completely re-
covered by unloading (superelastic effect), see 18. These phenomena arise as the
macroscopic effect of a solid-solid phase change in the crystallographic structure of
the material from a highly symmetric variant called austenite (mostly cubic, pre-
dominant at high temperatures and low stresses) and less regular variants called
martensites (energetically preferred at low temperatures).

The efficient and accurate modeling of the thermomechanical behavior of SMAs
is a crucial task and a whole menagerie of models has been advanced by addressing
different alloys (NiTi, CuAINi, NisMnGa, among many others) at different scales
(atomistic, microscopic with micro-structures, mesoscopic with volume fractions,
macroscopic) and emphasizing different principles (minimization of stored energy
vs. maximization of dissipation, phenomenology vs. rational crystallography and
Thermodynamics) and different structures (single crystals vs. polycrystalline ag-
gregates, possibly including intragranular interaction) 4°. Consequently, the Engi-
neering literature on SMA modeling is vast. By limiting ourselves to macroscopic
phenomenological models we can refer, without claim of completeness, to 10, 16,
17, 19, 20, 29, 30, 42, 41, 43, 44, 47, 48.

In the last decade a new class of materials called magnetic (or ferromagnetic)
shape memory alloys (MSMAs) has been intensively investigated. These are SMAs
presenting an impressive magnetostrictive effect: under suitable temperature and
loading regimes, comparably large strains (up to 5%) can be achieved by applying
moderate external magnetic fields. This happens as the effect of the ferromagnetic
nature of martensites in MSMAs. In particular, the martensitic phase of the material
presents the classical ferromagnetic texture of magnetic domains. This mesostruc-
ture can of course be reoriented and changed as an effect of the application of an
external magnetic field by magnetic domain wall motion and magnetization vector
rotation. Moreover, an extra phenomenon appears as magnetic-field driven marten-
sitic variant reorientation can be observed. We shall assume that each martensitic
variant is magnetically uniazial, namely, that it presents just one so-called easy
axis. This is specifically the case of tetragonal martensites as in the Heusler al-
loy NioMnGa (see Figure 1). By applying a magnetic field one favours one variant
against the others, depending on the respective easy axis orientation.

The focus of this paper is to advance a three-dimensional phenomenological
model for MSMAs and provide the corresponding mathematical analysis. Working
within the theory of irreversible thermodynamics, we propose a description of the
constitutive response of MSMAs as an effect of changes in the internal magnetic

Fig. 1. Schematic crystal structure of the austenite and the tetragonal martensite variants with
their associated easy axes in NigMnGa.
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field H, the total stress o, and the absolute temperature T'. Moreover, the linearized
(small) strain € is additively decomposed into € = g, + z where €, is the elastic
part of the strain whereas z is the inelastic (or transformation) part. This last
tensor z is an internal variable of the model and shall be regarded as the descriptor
of the martensitic structure of the material. A second internal variable is the local
(signed) proportion « of magnetic domains oriented in the direction of the easy axis.
Additional modeling discussions together with numerical experiments are reported
in 1, 2.

Our main modeling choice is that of directly connecting magnetic and mechanical
variables by prescribing the magnetization M of the material to be given in terms
of z and « as

M = aAz.

Here, A is a suitable affine operator whose exact form is completely characterized
moving from micromagnetic considerations (see Subsection 2.4). In particular, we
assume that the magnetic anisotropy of the material is sufficiently strong so that
the magnetization stays rigidly attached to the easy axes of the martensitic variants
and no magnetization rotation occurs. This assumption is in large agreement with
experiments on NipMnGa 440, The specific form of A will turn out to be compatible
with material symmetries and yields the natural constraint |M| < mg,; where the
latter stands for the saturation magnetization.

Before moving on we shall comment that the Engineering literature on MSMAs
is already quite vast and the reader shall at least be referred, with no claim of
completeness, to 12, 22, 31, 40, 49, see also the review in 24. As for phenomeno-
logical models of internal-variable-type, we mention the results by HIRSINGER &
LEXCELLENT 2! and KIEFER & LAGOUDAS 26. These two models, albeit basically
informed by our same principles, differ from ours as they are essentially restricted to
two dimensions (or two martensitic variants). Both these models assume the scalar
local proportion of one martensitic variant with respect to the other as an internal
variable. Moreover, the shape of the Gibbs energy of these models is different from
ours and comparably more complex. In particular, anisotropy is directly built in by
means of the choice of specific anisotropic energy contributions. On the contrary,
our model is three-dimensional in nature and develops an anisotropic behavior as
an effect of the (affine) structure of A. One has to mention that, the model by
KIEFER & LAGOUDAS 26 allows for rotations of local magnetizations with respect
to the corresponding (signed) easy axes. As the macroscopic effect of magnetiza-
tion rotations is observed to be small compared with martensitic reorientation *°
we have neglected this phenomenon here. However, we plan to address the possible
extension of our model to magnetization rotation in a forthcoming paper.

The paper is organized as follows. Section 2 is devoted to the thermodynamically
consistent derivation of the model and the presentation of corresponding constitu-
tive and evolution laws. Section 3 is then concerned with the existence analysis for
the model. In particular, we prove existence of energetic solutions for the model
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32 both the constitutive relation and the three-dimensional quasi-static evolution
level. Eventually, Section 4 proves that the present model reduces to the original
and well-validated Souza-Auricchio model for non-magnetic SMAs as the effect of
some specific parameter asymptotics.

2. The model
2.1. Tensors

We will use bold uppercase letters for vectors A = (A;) € R3, bold lowercase
letters for 2-tensors @ = (a;;) € R¥*3, and bold letters A = (A;;;) € R¥*3*3 and
A = (Ajjre) € R¥¥3%3%X3 for both 3- and 4-tensors. Given, H € R3, a, b € R3*3,
and A € R3*3%3 we classically define H-A € R3*3, a:b € R, and A:a € R? as
(summation convention)

(HA)U = Hk:Ak:ija a:b= aijbij, (Aa)z = Aijkajk.

Moreover, let us denote by Ri;n% the subspace of symmetric 2-tensors endowed with

the natural scalar product a:b := tr(ab) where tr(a) := a;; and the corresponding

norm |a|? := a:a. The space R33 is orthogonally decomposed into R332 = R3X3 @

R 15, where R 15 is the subspace spanned by the identity 2-tensor 15 and R‘Zﬁf is
the subspace of deviatoric (i.e. traceless) symmetric tensors. In particular, for all

a € R¥3 by letting deva := a — (tra)1y/3, we have that a = deva + (tra)ly/3.

sym?

2.2. Constitutive equations

Assume to be given a material specimen occupying the reference configuration
Q C R3. Within the small-strain regime, we additively decompose the linearized de-
formation €(U) = (E(U))i]’ = (UiJ + Ujﬂ')/Q S Ri;r‘:’l (Where U = (Ul, Us, Ug) €R?
is the displacement from the reference configuration) into the elastic part ee € Ri;ri

and the inelastic (or transformation) part z € R%? as

€ =€q + 2. (2.1)

As martensitic transformations are classically observed to be volume preserving,
the inelastic strain z is assumed here to be (symmetric and) deviatoric.

The super-elastic effect in SMAs is the result of a structural phase transition
between different configurations of the material lattice, namely the parent phase
(austenite and twinned martensite) and its shared counterpart termed product phase
(detwinned or single-variant martensite). In this regard, the internal variable z is
assumed to be descriptive of the mechanical (tensorial) effect of the detwinning
observed in the material.

We focus here on the description of an alloy presenting a cubic-to-tetragonal
martensitic behavior (this is particularly the case of NioMnGa). Hence, we take into
account three martensitic variants only. We assume that the magnetic anisotropy of
the material is so strong that magnetizations are rigidly attached to the easy axes
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in the martensitic phase. This assumption is largely acceptable in the case of high-
anisotropy materials like NisMnGa where variant nucleation and rearrangement are
energetically favoured energy-reduction mechanisms with respect to magnetization
rotation 4949 We shall introduce the (local) magnetization vector M € R? as
the result of the linearly combined effect of the magnetization of each of the three
martensitic variants. As each variant is assumed to present only one easy axis (recall
that martensites are tetragonal), we are indeed assuming that

M = a(§1A; + A + §3A3). (2.2)

Here, A; is the (directed) easy axis of the i-th variant. Hence, each pure variant
is assumed to be magnetically oriented either as A; or —A,;. The scalar &; € [0,1]
is the local proportion of variant ¢ whereas the scalar internal variable a € [—1,1]
represents the (signed) proportion of each variant which is magnetically oriented in
direction A;. In particular, a can be interpreted as a local indicator of magnetic
domains orientation. In particular, by letting z; € R3*3 be the inelastic strain

dev
related to the i-th martensitic variant, we shall impose that

Ai = AQ =+ AIZZ‘

where
1
AO = gmsat(17 1a l)Ta
A is some fixed 3-tensor, and mg,; > 0 denotes the saturation magnetization of
martensites (constant for all variants). Taking into account (2.2), we introduce the

affine operator A : R3*3 — R? such that
M = aAz = a(Ag+ A:z). (2.3)

In particular, for z = 0 (equal proportion of the three martensitic variants) we
assume that the magnetization of the material is provided by the mean easy axis
vector Ag, namely the easy axis related to the so-called equivariant state z = 0 *°.
A concrete choice for A (and hence for A) is discussed in Subsection 2.4 below. This
choice in particular preserves the usual constraint |[M| < mgat.

The constitutive relations for the model are derived from the specification of the
Gibbs free energy density of the material (which we assume to be of a constant and
normalized density) as a function of the stress o, the internal magnetic field H, the
absolute temperature 7', and the internal variables z and « as

1 h
Glo,H, T, z,«a) = 750':((3*110' —o:z+ p(T)|z| + §|z\2 +1(2)
1
+ %aQ + I—11)(@) — poH-aAz. (2.4)
The first line in (2.4) is exactly the Gibbs energy of the Souza-Auricchio model for
non-magnetic SMAs originally advanced by Souza, MAMIYA, & ZOUAIN %6 and

then combined with finite elements by AURICCHIO & PETRINI 456 and considered
in 3,7, 8,9, 27, 28, 33, 34, 35. In particular C is the isotropic elasticity 4-tensor,
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T — B(T) > 0 is a given function of the temperature, h > 0 is an isotropic
hardening modulus, and I is the indicator function of the simplex Z := {R%ﬁg 5
z=82z1 48248323 ¢ £>0 H+E&+E = 1}(name1y I(z) =0if z € Z and
I(z) = oo otherwise), where z;, i = 1,2, 3, correspond to the transformation strain

of the pure martensitic variants. Namely,

-2
€L

V6

€L

V6

0 0 10 0 _ (100
2 = 1 0], 2= 0—20,z3:\—;010,
0 1 00 1 6\o 0-2

o O

where €, > 0 is the maximal strain modulus obtainable by alignment of martensitic
variants.
In the following, we shall use the short hand

Fsa(T, z) := B(T)|z| + g|z|2 +1(z),

in order to indicate the specific choice of the original Souza-Auricchio model for the
mechanical hardening part of the Gibbs energy.

The second line in the expression of the Gibbs energy (2.4) describes the mag-
netic behavior of the material. By (2.3), the term —poH-aAz is nothing but the
classical Zeeman energy term —poH-M . Note that H stands here for the internal
magnetic field. Namely, H is the magnetic field which is actually experienced by
the material when subjected to some (externally) applied field. In particular, H
corresponds to the sum of the applied external field and the corresponding induced
demagnetization field. The indicator function I|_; iy is constraining the scalar « to
take values in [—1,1] and 1/ is a user-defined (dimensionalized in MPa) hardening
parameter.

As temperature effects are not of interest here, we fix right from the beginning
some suitable (comparably low) temperature T such that field-induced reorien-
tation of martensitic variants may take place. Correspondingly, 8* stands for the
constant value B(T%).

As the inelastic strain z belongs to R3*3 . we can equivalently rewrite the Gibbs

dev
energy as

250z2—|—l[,1,1] ()—poH-aA*z (2.5)

1
G(o,H,z,a) = —§UZC_1ZU—UIZ+FSA(Z)+
where A* is defined by

1 1
A*z = Ay +A*:z with A:jk = i(Aijk + Aikj) — gAiNéjkr (2.6)

Namely A* is the symmetrized deviatoric part of A (with respect to the last two
indices only).
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Given the Gibbs energy, we classically derive the following constitutive equations

oG

_ 96 1,
€=—o C o+ =z, (2.7)
1 0G N
oG N *
ge—aza—ﬁ d|z| — hz — 0I(2) + poaH-A*, (2.9)
oG 1 X
Y € *% = 750 — (’9][_171](00 —+ ‘LL()HA zZ. (210)

In the latter, g and ~ stand for the so-called thermodynamic forces associated with
the internal variables z and «, respectively. Moreover, the symbol 0 denotes the
subdifferential in the sense of Convex Analysis. In particular,

bea\z|<:>b:(a—z)§|a|—|z\Va€Ri;§’l<:>b:%ifz;éOand |b] <1 else,

bedl(z)<=2z€Z and b: (a—2)<0 Vac Z,
bedl_1(a) <= ac[-1,1] and bla—a) <0 Vac[-1,1].

Note incidentally that H-A* € R¥*3 g € R3X3. Moreover, as 0I(z) C R?}?

sym* dev>

we have that g — o € R%3 and (2.7) and (2.9) can be possibly decoupled into the

dev
corresponding volumetric and deviatoric parts.

2.3. FEwolution laws

We shall now address the dissipative character of the model. Our basic assumption is
that the inelastic strain z dissipates energy (exactly as in the original non-magnetic
Souza-Auricchio model) whereas the variable « is non-dissipative. This is of course
disputable as the dissipation in « is, for instance, the basic dissipative mechanism
in ferromagnetic materials. Still, experiments show that, at small strains, the dissi-
pation in « seems negligible with respect to that in z 1125,

Moving from these considerations, the internal variable o can be obtained as a
function of H and z for the thermodynamic force ~ fulfills

v =0.
In particular, we have that
o =1I_11j(6poH-A*2) := max { — 1,min {1,5pu0H- A"z} } (2.11)

where IIj_; ;) denotes the usual projection operator onto [—1,1]. In the following,
we shall systematically use relation (2.11) in order to eliminate the variable o from
the equations.

We now introduce the evolution law for z in the usual complementary form by
letting the yield function F: R3X3 — R be defined as

Sym

F(g) :=|devg| - R
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R > 0 being the activation radius. Hence, we require z to satisfy the flow rule and
the complementary conditions

z:ég—g(g), (>0, F<0, (F=0. (2.12)

Eventually, the dissipation function associated with z is given by

. . Rlz| if 2 e R¥3
D(z) =su 2 . F <0l = dev
(2) =sup{g (9) < 0} {OO olse
and, by taking position (2.11) into account, we can rewrite the constitutive equation

2.9) and the flow rule (2.12) in R3X3 as
(2.9) (2.12) i

dev

RO|z| + 30|z + hz + 0I(2) 3 o + poll|_1 1) (6po H-A*z) H-A*. (2.13)

2.4. The operator A

This subsection presents a possible choice for the tensor A, hence for operator A.
As z € R%*3 we shall indeed be concerned with the tensor A* = (Aj;x) only. We

dev?
propose to let

2 12 myg 1 /2m
Ax = 2 oMt s 2 sat A =0, 2.14
WV e, T3V e, TR 214

Vi, j,k =1,2,3, i # j # k. The remainder of this Subsection is devoted to the
motivation of the latter choice in view of micromagnetic considerations and to the

description of its remarkable consequences.

2.4.1. The diagonal terms Aj;;.

The components A7;; are uniquely determined via a micromagnetic ansatz. In par-
ticular, we ask the operator A to map the inelastic strain z; related to the pure
i-th martensitic variant into the corresponding (directed) easy axis A;. Namely, we

impose 2°

Azi:Ai i:1,2,3,
that is

Az = Mot (1,0,0) T, Azg = mgat(0,1,0) 7,  Azz = me(0,0,1)T.  (2.15)

*

By solving the latter system, the components Aj; and Aj;;

terized as in (2.14). Indeed, we have the following.

are completely charac-

Lemma 2.1. The operator A fulfills (2.15) if and only if

« 2 2msat Msat .
Al = — 5 Ay, = \[ Vi, j=1,2,3, i#j.

35L
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Proof. Relations (2.15) are equivalent to the linear system

2 myg
2A111—A20—Aiss = —A211+2A000—Agzz = —Az11—Az00+2A333 = -2 3 eLat
— _ _ 2 Mgat
24511 —Agoo—Aggs = —Asz11+2A4300—Azzz = —A111—A122+2A133 = 37
L
2 Mgat
2A311—Az00—Aszs = —A111+24100—A13z = —Ag11— Ao +2A933 = 37;
L

By possibly exchanging indices, we shall assume that a = A;; and b = A;j; for
every i,j = 1,2,3, i # j. From the above system, we have
2 Migat

b= -
a—+ 37,

)

and, by taking the deviatoric part, one obtains

1 2 Mgat 2 |2 mgat
A* = a— =(3 24/ — — 4/ =
=0 3Bat /370 = =3\ 3T
1 2msat 1 2msat . 3
A5 —b—~(3a+2,/2 N ,
by 3(a+ 35L) 3V3 7, i # ]

Note incidentally that the diagonal terms A;;; of the original tensor A are de-
termined by (2.15) up to an additive constant only.

2.4.2. The off-diagonal terms A;kjk

As for the off-diagonal terms of A* we shall require A7, = 0. Apart from simplicity,
this position entails the possibility of reproducing at the macroscopic level the
micromagnetic superposition law (2.2).

3x3

Let us preliminarily observe that all z € R can be decomposed as

dev
z=§121 + &2z + 323 + M1gy + 1292 + 1395, (2.16)
where
010 001 000
g =|(100]), go,=(000], g3=(001],
000 100 010

for some suitable choice of the coefficients &;, n;. We have the following.

Lemma 2.2. We have that A:g; = 0, i = 1,2,3, if and only if A;*j = 0 for all
i7j7k:172737 j#k'

Proof. Letting A:g, =0, i = 1,2, 3, is equivalent to impose the conditions
Aj12 + A121 = A1z + A1z1 = Ajas + A1z2 =0

Az12 + Ago1 = Agiz + Azzi = Aoz + Azzo =0 (2.17)
Agzi2 + A3z = As13 + Azzp = Aszaz + Aszze =0
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which are in turn equivalent to A7, =0for all ¢,5,k =1,2,3, j # k. D

Hence, as z € Z, we have
M = oAz = Oz(Ao + §1A*:z1 + ggA*ZZQ + £3A*:23)
= (1A + & Ar + E3A3)

which is exactly (2.2).

2.4.3. The constraint |M| < mgq

The choice (2.14) entails in the validity of the classical constraint |[M| < mgus.

Indeed, one has that, for any z € R?éxeg , the vector A*:z is orthogonal to Ag so that

1/2 1 2m2 . \1/2
(0] = fof (|40l + [4%:27) T < (Gl + Ry ) = ma.
L

Note moreover that equality holds for z = z;, ¢ = 1,2,3, and o = 1. Further-

more, for all z € R%3 we have that Az # 0 so that the zero global magnetization

state M = 0 will be achieved by letting o = 0.

2.4.4. Material symmetries

We shall discuss here the invariance of the Zeeman energy term under suitable
material symmetry transformations (note that the mechanical part of the Gibbs
energy is objective). Let

P,cOB):={recR¥3 . pr’ =prTr=1,}

be the finite point group related to the undeformed crystal lattice of the ¢-th marten-
sitic variant. This is clearly the dihedral group of order 8. More precisely, by letting
r(V,0) denote the rotation of angle # and axis V' we have, for instance,

Pl = {1d7 T’((I,0,0),’/T/Q), T((].,0,0),*TF/Q), 7’((1,0,0),71’),
r((0,1,0),7), r((0,0,1),7), r((0,1,1),7), r((O,l,—l),n)}.

An immediate observation is that rz;r' = z; for all » € P;. Hence, we have
that

Alrzir') = Az; VYreP;.

Namely, the i-th variant easy axis is invariant by P; material symmetry transfor-
mations. By carefully considering the possible sign change in « as an effect of the
transformation, the corresponding Zeeman energy can be checked to be invariant
as well, namely

H-aAz; = rH-aA(rzZ-rT) for all » € P;.
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On the other hand, by transforming the i-th variant z; via r € P; we have that

T Z; if rep;
rZ,r = .
z; or ziif re P

where ¢ # j # k. By working out the possibilities one discovers that indeed the
Zeeman energy related to a pure martensitic variant is invariant for all » € P :=
P, U P, U P as well. Namely

H-aAz; = rH-aA(rz;r") forallr € P

where P is finite point group related to the undeformed cubic crystal lattice.

2.4.5. Blocking stress

Experimental evidence suggests that the ferromagnetic behavior of the material
is highly stress-dependent 2339, The reference experiment for this fact consists in
applying to z = 0 a sufficiently strong compressive stress in direction (1,0, O)T, for
instance, and check that, above some fixed blocking stress level, by letting H =
(0, Hy, H3) no variant reorientation occurs.

This effect is predicted by our model. Indeed, as soon as the compressive stress
is such that martensite is fully oriented into variant 1, namely z = z1, the corre-
sponding domain proportion is

Msat

a=Tl_y 1)(6poH A" z1) = II|_y 1 (5,uoH' (1,0,0)T) =0.

Hence, the magneto-mechanical coupling term poaH-A* vanishes and no
magnetically-induced variant reorientation occurs.

However, note that, independently of the stress level, in case |z| < £, the model
predicts reorientation by H = (0, Ho, H3). Finally, even in the saturated case z =
z1, one can induce reorientation by letting H; # 0. Under the paradigm of high
magnetic anisotropy, these predictions agree with experiments. Indeed, it appears
that applied magnetic fields move only variant interfaces that are already present
whereas, starting from a pure variant state, nucleation of new martensitic variants
is energetically less favorable than magnetization vectors rotation.

3. Existence of energetic solutions

This section addresses the issue of the existence of suitably weak solutions to the
model. In order to shorten notations, let us normalize dug = 1 and introduce the
function Fy : R — R such that 0, Fy(H-A*z) = II[_; 1)(H-A*z) H-A*. Namely,

. r2 1
Pu(r) = mm{;, |r| — 5} for all r € R.

In particular, we have that Fy; = ITj_q 1.
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In Subsection 3.1, we deal with the constitutive relation problem: given zy and
t— o(t), to find ¢t — z(t) such that (see (2.13))
0D(2) + 0Fsa(z) — 0. Fm(H-Az) 50 2z(0) = zo.

Subsection 3.2 is then devoted to the existence of suitably weak solution for the
quasi-static evolution problem obtained by coupling the constitutive relation and

(aDO(:z)) " (giggig 2) > <_€(()U)> (3.1)

with the equilibrium equation

flow rule

dive + F =01in Q, (3.2)

for some given body force F' and some prescribed boundary conditions. Note that
we do not comply (3.1)-(3.2) with Maxwell’s system. In particular, the magnetic
field H is intended to be given in all of the following.

We shall focus on a suitable weak solution notion, namely, the energetic formu-
lation, which has been introduced by MIELKE & THEIL 3® and is naturally arising in
connection with time discretization. In this direction, let us preliminarily introduce
here some notation. We identify time partitions of [0,7] with vectors of positive
time steps 7. More precisely, given 7 = (1,...,7n, ), the partition is

Pr={0=0<tl<... <t =T}
where
t9:=0, tL =t 4 i=1,..., N,
Given any vector (w?;...,w™"), we define w, on [0,7] as
we(t) :=w' fort e[t ), i=0,...,Ny —1,
and for every function w defined on [0, T], we set
Wr(t) = w(tl) forte (71 th], i=1,...,N,.

At last, we define the mean operator M, : L*(0,T,E) — L'(0,T, E) (E Banach
space) as

t

M (o)(t) := —/ p(s)ds, for tim' <t <ti, Vee LY0,T;E).
¢

3.1. Analysis of the constitutive relation

This subsection is concerned with the constitutive relation problem. Namely, given
t — o(t), t — H(t), and the initial datum z(, we are interested in finding ¢ +—
z(t) € Z solving

0 € 9D(%2) + 0Fsa(z) — o — 0, Fu(H-A*z), 2(0) = zo. (3.3)
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This differential problem may be rephrased in energetic form 3® by asking for
the initial condition z(0) = z¢ and the following relations, to be checked for every
tin [0,T],

Fsa(z(t)) — Fm(H (t)-A*z(t)) — o(t):2(t)
< Fsa(2) — Fu(H(#) A*2) —o(t):2+ D(2(t) — 2), V2 Z (S)

Fsa(z(t)) — Fu(H(t)-A*2(t)) — o(t):2(t) + Dissp(z, [0, ¢])
= Fsa(zo0) — Fm(H(0)-A"z0) — (0):20

+/O (— & (s):2(s) — Fl(H-A"z)H (s)-A z(s)) ds (E)
where
N,
Dissp (2, [0, T]) := sup { S D(2(th) — 2(tEN)) {0 =12 <tk <. <t = T}}

is the total dissipation of the system on [0,7] (recall that D(a) := R|a| for all
a € R¥:2), the supremum being taken over all the partitions of [0,7]. We define

the set of stable states at time ¢ € [0,T] as

S(t):={z € Z:Fsp(z) — FPu(H(t)-A*z) — o(t):2
< Fsa(2) — Fu(H(t)-A*2) —o(t):2+ D(z — 2) Vz € Z}.

Being given a suitable initial condition z(0) = zg, a solution of the system (S)-
(E) is called an energetic solution of the constitutive relation (3.3). The problem
of finding energetic solutions to (3.3) has already been considered for the Souza-
Auricchio model without magnetic effect in 3 along with continuous dependence
and approximation issues. Here we extend the latter theory to magnetic SMAs. In
particular, an existence result reads as follows.

Theorem 3.1 (Existence for the constitutive equation). Assume to be given
o WHH(0,T;R33), H € WH'Y(0,T;R?), and zo € S(0). Then, there exists an

energetic solution z to system (S)-(E).

The latter existence result is proved by means of the by-now classical existence
proof for rate-independent systems 32 (also known as 6 steps proof). Note however
that the specific form of the magnetic part of the energy does not allow for a di-
rect application of the general results. Indeed, available results generally apply to
the situation where, for all fixed states, the power of the system is either uniformly
bounded in time or integrable and linear with respect to the states. Here instead the
power t — Oy (FSA(Z) — Pv(H(t)-A*z) — cr(t)-z) is absolutely continuous yet non-
linear. This forces us to cope with some small modification of the original argument
from 32. We hence report in the following a full proof for the sake of completeness.



L}July 15, 2010 10:34 WSPC/INSTRUCTION FILE
s'100714 versione ma3as

14 A.-L. Bessoud and U. Stefanelli

Let Pr:={0=1t% <tl < ... <tN* =T} be a partition of [0,7] with diameter
7| := max;—1__n, (t& —ti=1) and let W : [0,T] x R¥ 3 — RU {0} be defined by

dev
W(t, z) = Fsa(z) — Fm(H(t)-A*z) — o(t):2.

Then, we are concerned with the following incremental problem:

{set 20 =z and, for all k =1,..., N,, find 2* such that (IP)

zF € argmin {W(th,2) + D(zF"1 — 2)| 2 € Z}.
It is easily seen that problem (IP) possesses a solution. Indeed, Fga is a convex and
coercive function. Moreover the maps z — o:2z and z — Fy(H-A*z) are continu-
ous so that the function z +— Fsa(z) — Fu(H (t5)-A*z) — o(tk):z + D(2F 1 — 2)
is coercive and lower semi-continuous for all k =1,..., N..

We start from the following lemma, whose proof can be taken from [Thm 3.2,
32].

Lemma 3.1 (Stability and estimates at the discrete level). Let z¥ be a
solution of (IP). Then, for allk=1,...,N,,

i) zF e S(th);
i1) the following estimate holds:

Wtk 2F) + D(zF~1 — 2F) < w1 2+

: /tt (o) 2t = Fu(HE(s) A2 ) H(s) A2 ) ds.

As a straightforward consequence of Lemma 3.1, we state the following.

Corollary 3.1. Let z, be the piecewise constant interpolants of (zk)k:17,,,)NT.
Then,

a) YVt € Pr, z-(t) € S(t);
b) Vs,t € Pr, with s < t, we have

W (t, z+(t)) + Dissp(z+,[s,t]) < W(s, z-(s))

- /St (d’(?‘) tze(r) + FJI\/I(H(T)'-A*ZT(T))H(T)-A*z.r(r)) dr.

Proof. [Proof of Theorem 3.1] Let Pr :={0=1t) <t <...< t.IrV;m =T},
m € N, be a sequence of partitions of [0,T] with diameters |7,,| — 0 when m — occ.
For all m € N, the incremental problem

Fix 2 = zo. Forall k =1,..., N, , find 2¥ such that
PA= argmin{W(t_’ﬁm,z) + DT —2) | z¢€ Z}
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possesses a solution and we denote by z,,, the corresponding right-continuous piece-
wise constant interpolant.
From the coercivity of W and assertion b) of Corollary 3.1, we obtain

Dissp(z+,,,[0,T]) < C ¥YmeN

where, from now on, C' denotes any positive constant depending just on data and
possibly varying from line to line. In particular, C' is independent on 7,,. Thus,
zr,, (is uniformly bounded and) has uniform bounded time-variation. From Helly’s
selection principle we deduce that there exist z : [0,7] — Z, A : [0,7] — [0,C]
and a not relabeled subsequence such that

2 (1) = 2() VE € [0,T);
Dissp(2zr,,,[0,t]) — Ax(t) YVt € [0,T).

Let us prove that z(t) is a stable trajectory, namely z(t) € S(¢) for all ¢ € [0, 7.

To this end we begin by proving that the set Sjo 7] := Uejo,r15(t) is closed. Let

((tg7 z¢))een be a sequence in S|y 7 converging to some (¢, 2). Then we have, for all
e R3X3 and t € [0,T],

Fsa(2) — Fu(H(1)-A"2) —o(1) : 2
< hmlnf (FSA Fy(H () A% zg) )
< hmlnf (FSA H(ty)- A"2) —o(ty) : 2+ D(z¢ — 2))

= Fisa(2) — Fu(H ()~A*%)—a(f):2+D(%— 2).

(
Thus, (¢, 2) € Sp,7). Now let ¢ € [0, T] be fixed and consider 7, (t) := max{tF k=
1,...,N., : th < t}. Then 2z, (7r,.(t)) = 2z,,.() € S(7r, (t)) so that
(Tr (1), 27, (T7,,(t))) € Sjo,r). Moreover, we readily check that 7 (t) — t and
zr, (t) — z(t). Thus the stability of the limit trajectory follows from the closure of
Sio,r)- This proves that z fulfills (S).
We shall now check that z satisfies (E). Let ¢ € [0, 7] be fixed. From Corollary
3.1 .b) we know that

W (re,. (1), 22, (£)) + Dissp(zr.,., 0,72, (1))
T (1) )
< W(0, 20) /0 (65) : 2,0 (5) + Fu(BI(5)- A2, (5) EL(5)- A"z, (5)) ds.

Passing to the limit we get

W (t, z(t)) + Dissp(z, [0,t]) < W(t, ())+A (t)

<l inf W (ry,, (1), 21, (1)) + Ao
= lim inf [W(T,m (t), s, (£)) + Dissp(zr, . [0, Tr.. (t)])}

§W(0,z0)—/0 (d(s):z(s)+F1(4(H(s)~A*z(s))H(s)oA*z(s)) ds. (3.4)
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The converse inequality follows from stability. Let Pr = {0 = s?.n < 5}_71 <

. < s-],-V; " =t} be a partition of [0, ¢]. To shorten notations, in what follows, we will
denote by zJ, (resp. o), and H?,) the quantities z(s] ) (resp. o'(sl ) and H (s )).
Since z(s) € S(s) for all s € [0,1], given any j =1,..., N, _, we have

Fsa(zi™ Y — Fy(HI L A 2i 1) —gd =t 207t
< Fsa(z)) = Fu(HT VA 2)) — o)™ o2l + D(2) 7 = 2)
so that
Fsa(z) ") — Pu(H) VA2 — ol o2
— (0, — i) 1 2d — (Bu(HI-A*2)) — Bu(HI A 21))
< Fsa(20) — Fy(H? - A*2)) — o0 20 4+ D(2071 — 29).

By summing over j =1,..., N, , we obtain
N, Nr,
W(0,z0) = > (o) — ol ™)1 2d = Y (Fu(H)-A*z)) — Fu(H) - A*2)))
j=1 j=1
< W(t, z(t)) + Dissp(z,[0,t]). (3.5)

Moreover, we can write that

N,

E (o), —ol™") : 2], —/ M, (6)(s): Z+,(s)ds.
j=1

Clearly Z,, — z and M, (&) — & almost everywhere on [0,¢]. Thus, from the
Dominated Convergence Theorem we get

N, t
aJl :zﬁlﬁ/as
0

j:1

M

On the other hand, from the Lipschitz continuity of Fy; we have

"'n

> (Pu(HI-A2)) — Fu(HY A=)
Jj=1

7
3

(F(H (&) A2 (H], — HL7')-A*20)

.
Il
-

Fy (H(6n()) A Zr, (8)) Mr, (H)(5)-A"Zr, (5) ds,

Il
o\ﬁ

where
H o &, — H almost everywhere on [0, ¢] and is uniformly bounded;
M., (H) — H almost everywhere on [0, ];
Fi(H(&(5)) A*Zr,(s)) — Fy(H(s)-A*z(s)) for almost every s € [0,¢] and is

uniformly bounded.
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Thus, again the Dominated Convergence Theorem entails

N, t
(Fv(HL - A*2]) — R (HL VA 2)) — / F{ (H-A*2z)H(s)-A*z(s) ds

j=1 0

and the converse inequality with respect to (3.4) follows by passing to the limit in

(3.5). O

Corollary 3.2 (Convergence of time-discretizations). Under the assumptions
of Theorem 3.1, the following convergences hold:

i)Vt e [0,T]: z, (1) — 2(¢),

i) Yt € [0,T) : Dissp(zr,,,[0,t]) — Dissp(z,10,1]),

iit) YVt € [0, T) : W(t, z- (1)) = W(t, 2(t)),

W) 6 2y, +F(H Az YH- A2, — & 2+ Fi,(H-A*2)H-A*z in L'(0,T).

Proof. Let us prove that Ao (t) = Dissp(z, [0,]) which then entails i7). This is a
consequence of

W (0, z0) — /0 (6(s) : z(s) + FI(/I(H(S)A*z(s))H(S)A*z(s)) ds

S W(t, 2(t)) + Dissp(z, [0,1])

< W(t, (1) + Aso(t)
(?g) W (0, z9) — / (d’(s) s z(s) + Fl(/[(H(s)~A*z(s))H(s)-A*z(s)) ds.
0
On the other hand, we have

Fsa(2(t) — Fu(H(1)-A2(1)) — o (1) : 2(t)
= Tim_|Fsa(2(t) — Fu(H (7, (£)-A"2(1))

m—00

0 (72, (1)) : 2(1) + D(2(t) = 2r.,,(1))]

= timsup [Fon (21, (1) = Fu(H(rr,,(0) A" 21, () = (7, () : 21,8

m—0o0

> Fsa(z(t)) — Fu(H(t)-A%2(t) — o(t) : 2(2)

which proves assertion #ii).
Assertion iv) is easily obtained by applying the Dominated Convergence Theo-
rem to the sequence of functions ¢ : z,, + F{,(H- A*z,, )H-A*z, . O

3.2. Quasi-static evolution problem

Let © C R3 be a non-empty, bounded, and open set with smooth boundary 99.
Assume that the body is clamped (U = 0) on the part I'y C 99 with meas(I'g) >
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0, it is subject to some surface traction G on the remainder of its boundary
Ty, = 02\ Ty, and F is some body given force. We set

U={VecH (LR’ :V=0o0onT}

Z:={z € BV(QR**)NL*(QR>*?): z€ Z ae. inQ}.

In particular, we have Korn’s inequality '°

Ul < ckornlle(U)| L2 (0,r575)
for some ¢k > 0 depending only on € and I'y.
By letting F € Wh(0,T; L?(,R?)) and G € WH1(0,T; L* (T, R?)), we define
the total load £ € W11(0, T;U’) (the prime denotes the dual) by
(£(t),U) == / FUdr+ | GUAD YU eU, te[0,T]
Q Ftr

where (-,) denotes the duality pairing between U’ and U. Let
H ¢ Wh1(0,T; L' (Q,R3)). We are concerned with the energy functional W :
[0,T] x U x Z — R defined by

WU, 2) = % /Q (e(U) — 2):Cx(e(U) — 2) da + /Q Fya(2)dz
_ /Q Fu(H(1)-A*2) da + Var(z) — (€(t), U),

where Var(z) = [, |Dz| stands for the total variation of z.
The dissipation functional D : L' (Q,R3*3) x L1(Q,R3*3) — [0, 00) is defined
by

D(a,b) := /QD(a —b)dz = /QR|a — bl dx. (3.6)

It is worth pointing out that the dissipation functional D defined in (3.6) is contin-
uous with respect to the strong topology of L!(Q,R3%3) x L1(Q, R3%3).

Being given F', G, and H, an energetic solution of the quasi-static problem is a
function t € [0,T] — (U(t), 2(t)) € U x Z such that (U(0),z(0)) = (Ug, zo) and,
for every t € [0,T],

Wt U(t), z(t)) < WU, 2) +D(z(t),2) VU, 2) el x Z (")

W(t,U(t), z(t)) + Dissp(z, [0,t])

= W(0, Uo,zo)—/ot <<£(s),U(s)>+/QFM(H.A*Z)H(S).A*z(s)dx) ds (E)

where (U, z¢) is a suitable initial datum and Dissp(z, [0,¢]) is the analogous of
the previous section for the functional D.
We define the set of stable states at time ¢ € [0,T] as

St):={U,z)eUxZ:Y(U,2) €U x Z, Wt,U,z) <W(t,U,2)+D(z,2)}
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The following theorem is the main result of this section.

Theorem 3.2 (Existence for the quasi-static evolution). For all (Ug,zg) €
8(0), there exists an energetic solution for the quasi-static evolution problem.

Proof. As in the previous section, the proof is based on a time-discretization.

The map z — [, Fm(H(t)-A*z)dz is continuous with respect to the strong
topology in L!(Q,R3*3). Hence, for all ¢ € [0, T], the functional W(t, -, ) is lower-
semicontinuous with respect to the weak topology of H(2,R3) x (BV (Q,R3*3) N
L2(Q,R¥3)). Consider P, := {0 =10 <l <. <tm =T} meN,a
sequence of partitions of [0,7] with diameters |7,,| — 0. Then, the incremental
problems associated with the partition P,  given by

Let (UY,2%) = (U, 2¢), and for all k =1,..., N, , find
(UL, zk) € argmin {W(th U, z) +D(2k 1, 2) | (U,z) €U x 2}

admit a solution.
Let k € {1,...,N;_} be fixed. For every ¢ = 1,..., k, one has

W(tZ Ui i )—i—D( i i—l)

Tm m

<W(tz 1 Uz 1 z 1) <£(tfrm) (tz 1) Uz 1>

Tm’

- [ B €A (HE,) - B D) Az do
Q

where &, € (&1 2 ). By summing over i = 1,...,k, we obtain
k
WL, Uny2) + D Dz, 210 )
i=1

k
<W(0,U0, z0) — Y (8(t ) — £t 1), U )
i—1

k
= [ BB ()AL (H ) - HUE D) A= da
i=1"9

One easily gets that

!Z (). UL H/”” (D5, U, () ds
< / 1Mo, (8) o0 Uz, g s

th
<c / U+, e ds
0

k
Korn

< C leUr,)|[2(rex3) ds.
0
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Moreover, since Fyp is Lipschitz continuous and |z,,| < e, almost everywhere, we
can write

- ‘/im Fy(H (&m(5))-A 27, ()Mo, (H)(5)- A" 27, (5) dz ds)
0 Q

tlc

th . ;oL
< [ UM (D s 1A i s < © [T [y ds < €
0 0
Thus, from Gronwall’s inequality, we get

sup. (1. ®llt + 1127, (Ol v(@ 2551 (@p2x3)) < C Vm €N
telo,

and then
Dissp(z+,,,[0,T7]) < C ¥Ym e N.
By Helly’s principle, we deduce that there exist z € BV(0,T; L'(Q,R3*3)), a

function A, : [0,7] — [0,00), and a subsequence (not relabelled) such that, for
every t € [0,T7,
z, (t) — z(t) strongly in L' (Q, R3*3)
and weakly in BV (2, R3*3) N L?(Q, R¥*3),
Dissp(z.,,,[0,t]) = Ao ().

Moreover, for all t € [0,T], U, (t) is the unique (weak) solution of
/ e(U):Ce(V)dax = (€(1+,,(t),V) +/ zr,,:Ce(V)de VV €l. (3.7)
Q Q

Hence, U, (t) depends linearly on £(7., (t)) and z,  (t) and we have that
U, (t) — U(t) weakly in H'(Q,R3) where U(t) solves

/s(U):(C:s(V)dx: <e(t),v>+/ 2Cie(V)de YV €U
Q Q

Finally, by the lower semicontinuity property of W, we have that
W(t, U (t), z(t)) < Uminf W(rr, (t),U~, (t), 2+, (t)) < .
m—0o0

Let us prove that the limit (U (), z(t)) is stable for every t in [0, T]. This comes
again from the closure of Sy 1) := Usepo,1)S(t) with respect to the weak topology
of H'(Q,R?) x (L*(Q,R¥*3) N BV (,R3*3)). Let (t;, Uy, z¢)sen be a sequence in
Sjo,7] converging to some (t, U, z), i.e.,

ty — t~7
U, — U weakly in H'(Q,R?),
2y — % weakly in L*(Q,R**3) N BV (Q, R¥*3).
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Then, we have that

W(t,U,z) < liémian(tg,Ug,Zg)
< liminf [W(tg, U,2)+D(z0,2)| = WE U, 2) + D(3, 2)

L—o00

Y(U,%) € U x Z. In particular, (U, 2) € S(2).
In order to establish the energy balance (E’) for (U, z), we argue as in the
previous section. Let ¢ € [0, T] be fixed. Then, we have

W(rr,, (), Ur,, (1), 27, (1)) + Dissp(2+,,, [0, 7r,, (t)])

T (1) .
< W(0,Uo, o) / (M, (£)(s),Us, (5)) ds

T () )
[ B (6 (9)-A 2, (DM (ED(5)- A2, (5) i s
0 Q
for some suitable ¢ — &, (t). By passing to the liminf for m — oo, we obtain
W(t, U (t), z(t)) + Dissp(z, [0, ])
S WL U(1), z(t))dw + A (t)
< liminf W(rr,, (£),Ur, (1), 2r,,(8)) + Dissp(zr,,, [0, 7r,, (1))

m—00

< W(0,Uo, z0) — / (8(s), U (s)) ds

_/O /Q F(H(s)-A*z(s))H(s)-A*z(s) dz ds.

Let us prove now the converse inequality. Let Py :={0=s) <si <...<
s2Tm =t} be a partition of [0, #] with diameter |7,| — 0. Using the same notations
as in the previous section, since (U7, 24) = (U(sl ),z(sL )) € S(si ) for all
j=1,...,N,, , we have that

W(sE LU 207 S W(sE L UYL 20) + D(207 20).

Tn Tn

Hence,
W(sy LU 207 S W(sh UYL 20) +D(=0 7 2))

*/ (Fu(Hy W A*2)) — Fu(Hy, A'2))) de — (671 — €,,U7).
Q
By summing over j =1,..., N, _, we get
NT'H,
W(0,Uq, z) — Z/ (Fu(HI A 20) — Pu(HIT A 29)) da
j=179
N‘rﬂ,

=S (- 67N U) < W(LU(1), 2(1) + Dissp(2,0,4]).  (3.8)

j=1
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Let us now compute that

NT’IL

Z/ FM H] .A*Zj) FM(HZ;l'A*sz)) dz

/ [ B (060 A2 ()M (F)(5)- A7, (3) d s,

for some suitable ¢ — &,(t). In particular, &, is such that H o &,(s) —
H(s) in LY(Q, R3) for every s € [0,¢] and is uniformly bounded. Moreover,
M, (H)(s) — H(s) strongly in L'(Q,R3) for almost every s € [0,T]. As
z € BV(0,T; L' (2, R3*3)), the convergence Z,, (s) — z(s) in L*(Q,R3*3) holds
for almost every s € [0,¢]. Thus, from the Dominated Convergence Theorem, we
obtain

/ /FM (én(5)-AZz,, (5)) My, (H)(s)-A"Zr,, (5) dz ds
—>/0 /QFI(/I(H(S)A*Z(S))H(S)A*z(s) dz ds.

Moreover,

N-,

S U = /()(M.,.n(f)(s),ﬁn(s»ds

j=1

which tends to fo (£(s),U(s))ds as |T,| — 0. Then, the claimed energy inequality
follows by passing to the limit in (3.8). ]

As in the previous section, we summarize below the convergences of time-discrete
quantities which have been deduced along the existence proof.

Corollary 3.3 (Convergence of time-discretizations). Under the assumptions
of Theorem 3.2, the following convergences hold:

i)Vt €10,T): 25, (t) — 2(t) weakly in BV (Q,R3*3) N L2(Q,R3*3);

i)Vt € [0,T): Uy, (t) — U(t) weakly in H'(Q,R3);

iii) Vt € [0,T) : Dissp(2z+,,,[0,t]) — Dissp(z,[0,t]);

w) Vi € [0,T]: W(t,Ur, (1), 2r,,(t) = W(L,U(t), 2(1));

v) (8,U,, ) + o Fi(H Az VH-A*zr, do — (&,U) Y+ [o Fof(H-A*2) H- A"z da
in LY(0,T).

4. Convergence to the Souza-Auricchio model as § — 0

It is worth noting that in case no magnetic field is applied, then (H = 0 and)
a(0) = 0, and the current model reduces to the original Souza-Auricchio’s (without
magnetic effects).

In this section, we aim at proving that our model reduces to the original Souza-
Auricchio one by rigorously taking the parameter asymptotics § — 0. The latter
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corresponds to assume infinite hardening on the magnetic domain proportion «.
To the aim of studying the limit § — 0, we shall rely on the general theory for
I'-convergence of rate-independent processes which has been developed in 37. The
reader is referred to the above mentioned paper for details.

We start by denoting by Gs the Gibbs energy in order to make apparent the
dependence on §. In particular, let Gs : [0,7] x R2%3 x R3%? x R — R U {0}, as

1 1a? 1
Gs(t e, z,a) := 5((s —2):Ci(e — z) + Fsa(z) + 55 + SI[_M] ()
— o(t):e — poH(t)aAz.

Note that the stress t — o(t) € WH1([0,T],R3*3) and the magnetic field
t — H(t) € WH1([0,T],R3) are supposed to be given and fixed.
Let Go : [0,T] x R3%3 x R3*3 x R — R U {oco} be defined by

sym dev

1
Golt e, 2,0) = 5(6 —2):Ci(e — 2) + Fsa(z) —o(t)e fa=0
oo else.

The sets of stable states Ss(t) are now defined for 6 > 0 as
Ss(t) == {(az,a) ERIBXRIP xR : Gs(t,e,2,a) < 00

sym dev

and Gs(t,e, z,a) < Gs(t,&,%,G) + D(2,2) V(&,2,a) € RX3 x R3S x R}.

sym dev
Then, for any n +— §,, non increasing, we say that (t,,€s,, 25, , s, )nen is a stable

sequence if

(es,, 25,,5,) € S5, (tn) and sup Gs, (tn, €5, , 25, s, ) < 00.
neN

For simplicity, we assume that the initial conditions (e5(0),25(0),as(0))
(€Y, 29, 0) are independent of § and satisfy the stability conditions (€, 2%,0) € S5(0)
for all 6 > 0 (more elaborated situations can be considered as well).

Theorem 4.1 (Convergence for the constitutive relation). For any § > 0,
let t — (e5(t),2z5(t),as(t)) € RIS x R3%3 x R be an energetic solution associ-
ated with the pair (Gs, D). Then, up to a not relabeled subsequence, we have that
(es(t), zs(t), as(t)) — (e(t), z(t), (t)) for all t € [0,T], where (e, z,) is an en-

ergetic solution associated with (Go, D).

Proof. Owing to 37 , the proof consists in establishing the three following asser-
tions.

a) Go(t, e, z,a) < inf{liminf Gs, (tn,€s5,,2s,,0s5,) : (tn, €5, , 25, , A5, JneN 1S a

n—oo

stable sequence and (t,,€s, , 25, ,as,) — (t, z—:,z,oz)}

b) D(z — z) < inf { liminf D(z5, — 25,) : (tn, 2z5,) — (¢, 2), (tn,Zs,) — (t,%)}

n
n—00

¢) For any stable sequence (t,,€s, , 25, , 05, )neN :

(tn755n7zﬁn7a6n) - (t,E,Z7OZ> = (E7Z,Oé) € So(t)
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Proof of a). Let (t,,¢s,, 25, , @5, )nen be a stable sequence converging to some
(t,e, z,a). From the bound of energy, we have,

1
as, € [-1,1] and 5—a§n <C.

Hence a5, — 0 and a = 0. Then, we can write

liminf Gs_(t,,€s5,, 25, , Qs,)

n—oo

1
> liminf 5(66n — Z(gn):(c:(é‘(sn — Z(sn) + FSA(Z(Sn)

n—oo

—o(tn)es, — uoH(tn)-aénAzgn}
> %(z—: —2):C:(e — 2) + Fsa(z) — o(t):e = Go(t, €, 2, ).

Proof of b). Straightforward as D is continuous.

Proof of c). Let (tn,es,,2s5,,s5,)nen be a stable sequence converging to
(t,e,z,a). Then, @« = 0 and Gy(t,&,z,a) < co. We want to show that, for any

(&,2,0) e R3S x R3X3 x R, one has

Go(t,e,z,a) < Go(t,&,2,4) + D(z, 2).
If & 20 or 2 ¢ Z, the above left hand side is oo and nothing has to be proved. On

the other hand, by assuming & = 0 and 2 € Z, then Gy(t, €, 2, &) < oo and we have

Go(t, e, z, ) < liminf Gs_ (tn,€s, ,2s,,05,)

n—oo

< liminf [Gén (tn,&,%,&) + D(z5, — 2)} — Go(t,6,2,a) + D(z — 2).

n—oo

This proves that (e, z,a) € So(t). O

We conclude this section by stating the corresponding result for the quasi-static
evolution problem (in three space dimensions). Set

A= {Oz cL*(UR):a € [*1,1]}7

and consider the functional Gs : [0,7] x L?(2,R?) x L'(Q,R3*3) x L2(,R) —
R U {oo} defined by

%/Q(E(U) — 2)Ci(e(U) — z)dx+/QFSA(z)dx+ %/Q%dx
Ga(U . 2. 0) = —po/QH(t)-a.Az dz + Var(z) — (€(), U)
if (U,z,a) €U x Z x A,
oo else.

By suitably adapting the argument for the proof of Theorem 4.1 one obtains the
following convergence result.
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Theorem 4.2 (Convergence for the evolution problem). For any § > 0,
let t — (Us(t),z5(t),as(t)) be an energetic solution associated with the func-
tionals (Gs, D). Then, up to a not relabeled subsequence, (Us(t),zs(t), as(t)) —
(U(t), z(t),a(t)) strongly in L*(Q,R3) x L1 (Q,R3*3) x L?(Q,R) for all t € [0,T],
where (U, z,a) is an energetic solution associated with (Go,D), and Go : [0,T] %
L2(Q,R3) x LY(Q,R3*3) x L?(Q,R) — R U {oo}, is defined by

1

i/ﬂ(s(U)—z):(C:(s(U)—z)das—l—/QFSA(z)dx

Go(t, U, 2, ) := —(£(t),U) + Var(z) if (U,z) eU x Z and o =0,

oo else.
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