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Abstract

In this paper we study a fully implicit time discrete scheme with variable
time-steps for a system of field equations of Penrose-Fife type governing the
dynamics of phase transitions with a nonconserved order parameter. In par-
ticular, Fourier law for the heat flux and zero interfacial energy are assumed.
Uniform positivity, existence and uniqueness of the discrete solution is proved,
several a priori estimates are estabilished, then passage to the limit is reached
via compactness and monotonicity arguments. Optimal order estimates for
the discretization error are shown.
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1 Introduction

Let us consider the initial-boundary value problem

(0 + A00)N(@ 1) — Az, ) = gl 9(w, 1), x(2, )
for a.e. (z,t) € Q,

(
xt + 0I(x) + o'(x) 2 =N(x)/9 a.e. in Q, (
9 _0 aeiny (

ov ’
(

9(-,0) =%y, x(,0)=x0 a.e.in Q.
Here, Q C IR? (d > 1) denotes some bounded domain with smooth boundary 052,

0/0v is the outward normal derivative to 02, and we have set @ := Q x (0,7),
Y =00 x (0,T), where T > 0 stands for some final time.

(*): This work has been partially supported by the Istituto di Analisi Numerica of CNR, Pavia,
Ttaly.



In addition, o, A, g are smooth functions, 9y, xo are given initial data, and 01
denotes the subdifferential of the indicator function I of the interval [0,1]. Namely,
we have that I(x) =0 if x € [0,1], I(x) = +oo otherwise, and consequently

€ (—o0,0] for x =0
£€0l(x) ifandonlyif xe€[0,1] and £ < =0 for 0<x<1.
€ [0, +00) for x=1

The nonlinear system (1.1)-(1.4) is the system of field equations arising from
the Penrose-Fife phase relaxation model of phase transitions. In this system, x
stands for a nonconserved order parameter and 19 for the absolute temperature. No
diffusive effect is assumed for the phase transition, the heat flux obeys the Fourier
law, and the free energy has the (nonsmooth) normalized form

F,x)=9—9logd + 9I(x) + o(x)) + Ax)- (1.5)

Equation (1.1) yields the balance of internal energy, while (1.2) describes the evo-
lution of the order parameter (all physical constants are normalized to unity). For
details about the Penrose-Fife model, the reader is referred either to the original
papers [15, 16] or to the monograph [5] (cf. especially Chapter 4). This system
differs from the standard phase-field model [6, 9] by the presence of the singular
factor 1/9 in the right hand side of (1.2) and of a nonlinear function A(x) in (1.1).
Moreover, we may consider the standard phase-field model as a linearization of
(1.1)-(1.2) around some equilibrium temperature. The main feature of the actual
system (1.1)-(1.4) is that it is consistent with the Second Law of Thermodynamics,
as the Clausius-Duhem inequality is satisfied ((1.1) and (1.2) have been tailored
exactly with that purpose). In this respect, notice that the inclusion (1.2) can be
equivalently rewritten as a pointwise variational inequality, namely

0 <x(z,t) <1 fora.e (x,t)€Q,
=1 < — (000 + XD (x—7) aein @, Vre[1]. (16)

The first inequality in (1.6) forces the order parameter y to attain values only in
[0,1] and x may for instance be regarded as the volume fraction of one of the two
phases between which the phase transition occurs.

This problem has some interesting applications. In fact, nonlinearities A\, o can
be chosen either to describe a solid-liquid phase transition or to recover a Ising model
for ferromagnets as is shown in [8]. In particular, the first choice lead to the double
obstacle potential considered in [2, 3].

An existence and uniqueness result for (1.1)-(1.4) has been derived in [8] by
proving a maximum principle for ¥ and then having recourse to general results for
multicomponent systems without singularities (cf. [7]).

Instead, here our purposes are that of investigating (1.1)-(1.4) via direct approach
based on a suitable time discretization, and especially that of showing convergence
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results and error estimates related to the discrete scheme, in which the time step
may vary. This kind of inversigation has recently received a good deal of interest
as, for instance, the papers [11, 12, 13] addressing analogous problems, show.

Then, it is worth introducing our time discretization. Let P be a partition of
the time interval [0, 7],
P={0=t%¢,.. . "1tV =T}, (1.7)

with variable step 7 :=t* —#*~1. No a priori constraints are imposed on the time-
steps and 7 := max;<;<n 7' denotes the maximum of the time-step sizes. The time
discrete scheme for problem (1.1)-(1.4) relies on the approximation of (1.1)-(1.2) by

P — 9t Xt — Xt i i i i
o N - A0 = g0,
ae. inQ fori=1,...,N, (1.8)
i il _ . N(y?
XX L a1() 3 o) - 20,
a.e.in,fori=1,...,N. (1.9)
Here, ¢',...,¢" stand for suitable time-independent functions discretizing the

nonlinearity g in (1.1). Our arguments run as follows. First, uniform positivity
of the N-tuple (9',...,9") is proved. Then, we will be able to deduce existence
ad uniqueness for the discrete solution. If we term 573, Xp the piecewise linear in
time interpolants of solutions {9}, {x‘} on the grid P, we also prove the strong
convergences

Up — 9 in C°([0,T); L*(Q) N L*0,T; HY(N)),
Xp—x in  C°0,T]; L*(2)),

obtained by virtue of compactness and direct Cauchy arguments. Convergences
allow us to pass to the limit in the equations (1.8)-(1.9). Moreover, under quite
reasonable assumpion on g, we derive a discretization error estimate of optimal
order (cf. also [12, 13]), namely,

19 = Fpllz2@) + lIx = Xplleoqomzz) < CT

The rest of the paper is organized as follows. In Section 2, we formulate the
general assumptions and the main results of the paper. Section 3 brings the proof of
existence and uniqueness of the discrete solution along with its positivity. Section
4 contains a collection of uniform estimates which enable us to pass to the limit in
section 5. Error estimates are deduced in section 6. Appendix contains a technical
convergence result.



2 Statement of the scheme and main results

We make the following assumptions on the data A, g, g, xo, Yo:
A, o ecto,1]; (2.1)

g is a Carathéodory function satisfying g(-,-,¢,r) € L*(Q) for all pairs (p,7) €
IR x [0,1], there exists a constant Cy > 0 such that

‘g(xatagplarl) - g(:E,t, 902;7'2)‘ < Cg (‘901 _QDQ‘ + |7’1 _T2|)

fora.e. (z,t)€Q, V1,02 €R, Vry,rmel01], (2.2)
and let gog := g(-,-,0,0) € L?(Q);
Yo € H(Q), xo € L*(Q); (2.3)
0<x0<1 ae in (2.4)
Y9 >0 ae. in Q. (2.5)

Moreover, the existence of some constant ¥, > 0 is required in order that the three
conditions

Yo >, ae. in Q, (2.6)
g(z,t,o,r) >0 perae. (r,1)€Q, Ve<9,, Vrel01], (2.7)
N2 + o'(r)N(r)d. >0 Vrelo,1]. (2.8)

are fulfilled at the same time. While (2.6) and (2.7) are rather natural constraints
for the initial temperature and the heat source, respectively, inequality (2.8) holds
if either ¢’ X' has the right sign or if |¢’| is not too large when compared with |\|.
In regard to applications, let us recall that there are some physically interesting
nonlinearities (cf. [8]) which satisfy (2.8). The following result is shown in [8].

Proposition 2.1 Suppose that the assumptions (2.1)-(2.8) hold. Then there exists
a unique triplet (9,x,&) with

9 € HY0,T:L*(Q) n C°([0,T); H'(Q)) N L*(0,T; H*(Q)),  (2.9)
x € HY0,T:I%(@) n I2(Q), (2.10)
£ € L¥(Q), (2.11)
9>0 ae in@Q, 1/9€L'(Q), (2.12)

that satisfies relation (1.1), (1.3)-(1.4) in the sense there specified, and such that
xt + &+ dlx) = =Nx)/9 ae in @, (2.13)
E€0l(x) a.e in Q. (2.14)

Moreover, it turns out that

Xt € L®(Q); (2.15)
9>0, a.e in Q. (2.16)



Observe that in the above setting all terms of (1.1) belong to L?(Q) and that,
by virtue of (2.1) and (2.12), X(x)/9 € L*(Q), whence (1.2) and (1.6) make sense.
Here, in regard of this result, we move along another direction, being interested to
time discretization. In fact, by considering partitions P like in (1.7), our aim is
studying the following discrete scheme

9 — 9! aX —x7! i TR
T AN T A = (X,
ae. inQ fori=1,...,N, (2.17)
X=Xt N YOO
= 4+ & =) - g e inQ,fori=1,...,N, (2.18)
T '
0<x*<1 and & €dI(x’) ae inQ,fori=1,...,N, (2.19)
19i
% =0 ae ind,fori=1,...,N, (2.20)
v
9 =Y5p, X°=xop a.e. in, (2.21)
where, for : =1,..., N, we set
. 1 rt
gl(xa(p:’r) = ;/ti—l g(a:,t, QoaT)dtv
forae. z€Q, VoelR, Vrel0,1], (2.22)

and {Yop} and {xop} are two families of approximating initial data which fulfil

Jop € H*(Q) , xop € H'(Q), (2.23)
0 S Xop S 1 a.e. in Q, (224)
Yop > V. a.e. in Q. (2.25)

We also ask for a constant Cy > 0 independent from P such that

1Yop|lm < Ca, (2.26)
1Pop — Dollr2@)y < Cur, (2.27)
Ixop — Xollz2) < Cart (2.28)

where 7 denotes the diameter of the partition, that is, 7 = max;<;<y 7*. Due to
(2.3), (2.4), and (2.6), it is not difficult to construct examples of {Jop} and {xop}
satisfying (2.23)-(2.28), for instance via convolution.

Let us point out that (2.18)-(2.19) could be conveniently rewritten as a pointwise
variational inequality, namely

0<x(z) <1 forae x€Q, (2.29)
() -0 < (o0 - ) -
a.e. in 2, Yv € [0,1]. (2.30)



Definition 2.2 A N-tuple of triplets (9°,x%,€Y),i=1,...,N, is said to be a solu-
tion to the scheme (2.17)-(2.21) if, for everyi=1,...,N,

1

P eHQ), ¥'>0 aein O, —€ LY(Q), (2.31)
X' € L®(9), (2.32)
& e I2(Q), (2.33)

and relations (2.17)-(2.21) are satisfied.
We have the following existence, uniqueness, and uniform positivity result.

Theorem 2.3 Assume that (2.1),(2.2),(2.7),(2.8),(2.23)-(2.25) hold and let the di-
ameter T of the partition P be small enough. Then the scheme (2.17)-(2.21) has
a unique solution (9%, x', &), i=1,...,N. Moreover, it turns out that

9>, ae inQ, fori=1,...,N. (2.34)

Proof of this result can be found in Section 3. By virtue of Theorem 2.3, we may
introduce the piecewise constant and linear in time functions ¥, xp, ¥p, Xp, ép, gp
interpolating the corrisponding values. For this aim, we use the following position

Definition 2.4 Given P = {0 = ¢ . N1V = T}, for any
{p}N, € (L2(Q)NTL ) for a.e. x € Q, and for t €]t 1, Y], we set

9077(3;’ t) = Qpi(:];)’

priet) = ()~ () o,

Tt Tt
recalling that ' =t — 7', i=1,... N.
Clearly, to specify ¢p we do not need to know the value ¢°. In particular, we

remark that gp acts as a nonlinear functional and is constructed in the same way,
by using the functionals in (2.22).

Thanks to these notations, we may rewrite the scheme (2.17)-(2.21) in terms of
Up, xp, Op, Xp, Ep, gp as

89 0% :
a—tp + X(XP)% — Adp = gp(-,-,0p,xp) ae in Q, (2.35)
ox N )
X &p = —0o'(xp) — (xp) a.e. in @, (2.36)
ot Ip
0<xp<1 and & €0I(xp) ae. in Q, (2.37)
0Vp .
— = .e. 2.
5 0 ae in X, (2.38)
1973(',0) = 190;D ; )?;D(', 0) = XopP a.e. in €. (239)

In Section 4 we prove the following stability result.
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Theorem 2.5 Let 1973,1?7:, X7, Xp,Ep be defined as above. Then, there exists a con-
stant C such that, for every partition P with diameter T small enough, the following
estimate holds

||1§7’||H1(0,T;L2(Q)) N CO([0,T);HY(Q)) N L2(0,T;H2(R))
+  plloworai@) n 2omaze) +  Xellwie(g)
+  pllee@ + lixpllizg < C. (2.40)

In the rest of the paper, the auxiliary scheme in which (2.36) is replaced by

~

o T &p = —d'(xp) — N(xp)p(¥p) ae. in Q, (2.41)

with
/9, if ¢ <49,
plp) = {l/go it o> 9,
will play an important role. Indeed, if we are able to check (2.34), one is allowed to
deal with the scheme (2.35), (2.41), (2.37)-(2.39).

Now, we estabilish two theorems, which entail convergence of the discrete solution
to the continuous solution as 7 — 0 and yield estimates for the discretization error.
In addition, the first one, applied to some subsequence, could provide an alternative
proof of the existence result in [8]. Namely we have

, (2.42)

Theorem 2.6 Let (9,x,&) be the solution to (1.1)-(1.4) given by Proposition 2.1
and let Vp,Vp, Xp, Xp,Ep be as in Theorem 2.5. Then, we have the following strong
(—) and weak star (=) convergences

Ip — 9 in  L*®(0,T;L*(Q)) N L*0,T; H(Q)), (2.43)
Ip 0 in L°°(0 T; H'(Q)) N L*(0,T; H*(2)), (2.44)
Jp =¥ in  C°([0,T]; L*(Q)) N L*(0,T; H()), (2.45)
Op 29 in HY0,T;L*Q)) N L®(0,T; H'(Q))

(
N L*(0,T; H*(Y))
xp—=x i L=(0,T;L*Q),
xp—=x i L®(Q),

xp—=x i C[0,T]; L*(Q)),
Xp=x i WH(Q),

&p =& in L¥(Q)

for any sequence of partitions P with diameters tending to 0.

Y

Detailed proof of this result can be found in Section 5. Let us remark that, for the
validity of this theorem, conditions (2.27), (2.28) may be replaced by the weaker
assumptions

|Yop — 190||L2(Q) — 0 and ||xop — Xo||L2(Q) — 0 for 70,

7



thus without specifying any order of convergence for the initial data.

The derivation of our error estimates requires a certain time regularity to the
function g. For instance we ask, for all u,v € BV (0,T; L?(2)) such that 0 <v <1
a.e. in Q,

g(-,-,u,v) € BV(0,T; L*(Q)). (2.52)

Besides, letting Varj r;r2(q) [u] denote the total variation of the function u consid-
ered from [0,7] to L2(Q2), we assume that, for any bounded subset A of
BV (0,T; L*(Q)), there exists a positive constant C4 such that, for every u,v € A
with 0 <v <1 a.e. in @, one has

Varp e (9055w, 0)] < Ca. (2.53)

Remark 2.7 Recalling (2.2), let us point out that, in the case when g is uniformly
Lipschitz continuous with respect to ¢ as well, then conditions (2.52)-(2.53) are
plainly fulfilled. On the other hand, a sufficient condition for the validity of (2.52)-
(2.53) is, e.g., the following

9(z,t,0,7) —g(x,8,0,7) < C(1+p|) |t — s
Vt,s € [0,T], Vo € R, Vr € [0,1],

in which C' stands for some positive constant.

We have the following result.
Theorem 2.8 Let (9,x,€) and 9p,0p, xp, Xp,Ep be as in Theorem 2.5 and as-
sume (2.52)-(2.53). Then there exists a constant C such that, for every partition

P with diameter T small enough, the following estimates hold

19— Iplla + lIx — XpllooqorLa @)

t
+ sup / (@ — 9p)(-, 5)ds < o, (2.54)
tefo, 7] 1/0 H1(Q)
|9 — 7§P||cO(o,T;L2(Q))nL2(0,T;H1(Q)) < Cy/T. (2.55)

We point out that the constant C in (2.54)-(2.55) depends solely on the data.
Hence, since the above a posterior: estimates impose no constraints between con-
secutive time-steps, they allow the use of adaptive procedures for the choice of the
time-steps. Moreover, let us note that estimate (2.54) is optimal with respect to the
order of convergence (see [13, 14]). In conclusion, (2.54)-(2.55) look rather helpful
for further numerical investigations.



3 Discrete solution

This section brings the proof of Theorem 2.3 in two steps. First we prove the
positivity property (2.34) for all solutions to the scheme (2.17)-(2.21) and then
existence and uniqueness of one solution.

3.1 Positivity of ¢
Owing to (2.25), we can reason by induction and show that
91>, aeinQ = >0, ae inQ
In fact, multiplying (2.17) by the function
—(¥" —9,)” =min{¢' - ¥,,0} € L*Q),

and integrating over ) and by parts, we infer

10 = ) Wy + 7 [ V(0 = 0.) ) = D01 (3.1
j=1
where
_ i—1 I -
L= =07 - a)@ -0
o= = [ g6 = 0.)
1 i—1
(.1 X —X i —
s = [ NOOEF— ' —.) (32)

As 971 > 99, a.e. in € by assumption, we have that I; < 0. Also, it is not difficult
to check that I, < 0 because of (2.7) and (2.22). Now, rewrite I3 as

13:I4+I5+16,

where

i el
o= [ XA -0
{0<xi<1}

Tt
i—1

o= = XX @)

5= ) NO 0

1_Xi—1 ) 3
I :/ N(1)—X (i — v,
R R e N

with obvious notations for the measurable subsets of Q in which 0 < x* <1, x* =0,
and x' = 1. Regarding I, note that (2.30) yields the equality

i i—1
- X
i

X = —o'(x) = N(x)/¥ ae in {0<x <1},



and consequently

Iy = _/{0<xi<1}wj_q)#)_(ﬁial(xi))‘l(v) + XA

Taking advantage of (2.8), one verifies that I, is nonpositive. Indeed, we have
Do’ (XN (xF) > 9.0 (x)N(x*) as soon as both ¥ < ¥, and o'(x))N(x*) < 0,
otherwise the inequality (9 —,)~9%0’(x*)\'(x*) > 0 holds. Then, with the help of
(2.8) we conclude that

(& —0,)"
192'

whence I, < 0. Notice that I5 and Is have the same sign of I, if \'(0) > 0 and
N (1) < 0. On the other hand, thanks to (2.30) it is straightforward to infer that

(P (N + INOAP) > 0 ae in {0<x <1},

i—1 !
X > —a'(0) — w a.e. in {x' =0},
Tt ¥
_ il ' .
! X < —0'(1) - A (1) a.e. in {x'=1}.
Tt L

Let A'(0) < 0 and M'(1) > 0. Then, multiplication by A'(0) and A'(1) implies

Eo< -f U wsoxo - xon,

7

7

Iy < ‘/{Xizl}(w;%m_(ﬁ"o’(lﬂ’(l)+\X(1)|2),

respectively. We may now argue as for I, and conclude that I5 and Ig are nonposi-
tive. Therefore, in each of the possible cases it turns out that I3 < 0. Consequently,
from (3.1) we deduce that

19" = 9.) 7 Nlz2y = 0,

and then '
¥ >, a.e in Q.

Slight modifications to this argument entail (2.34) also for the solution to the
auxiliary scheme related to (2.41), that is, the scheme in which (2.18) is substituted
by

) i—1

X =X

Tt

+&=—d'(x") = NOp(®¥) ae inQ, fori=1,....,N. (3.3)
Indeed, in this case, by (2.42) we even have that
(1/p(0))a" ()N () = Duo’ (XIN (X')

whenever ¥ < 9,.
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3.2 Existence and uniqueness of (¥, ', &)

Our aim is now proving the existence and uniqueness of the solution (¢, ¢, &%) to
the system (2.17)-(2.20) for a fixed 7, where the values 9! and x* ! are already
known. First, we verify that the problem (2.17), (3.3), (2.19), (2.20) has a unique
solution. Then, we show that the found triplet (9, x*, &%) uniquely solves (2.17)-
(2.20) as well.

Let us consider the space (L?(Q2))? with scalar product
<[U, U]a [’f', 8]>(L2(Q))2 = (’U,, U) + (Tv S): Vu, v, 7,8 € LQ(Q)7

where [-,-] denotes the pair and (-,-) stands for the usual scalar product in L?((Q).
Set H = {u € H*(Q) such that du/0v = 0 a.e. in 00} and K = {v € L?(Q)
such that 0 < v <1 a.e. in Q}. We define the operators T} : L?(Q) x K — K |
Ty: L*(Q) x K — H,and T : L*(Q) x K — L*(Q) x K as follows

Y[u,v] € L?(Q) x K

Tiu,v] = (I +70I)" ( X =1 (o' (v) + /\'(v)p(u))) :
Tou,v] = (I-7A) (07 = XN@)(w—x"")+7g(u),
Tlu,v] = [Tolu,Thlu,v]], T1u,v] ].

Monotonicity and maximality of the operators —A : L*(Q)) — L?*(Q2) and 01 :
L*(Q) — L?(R), respectively with D(—A) = H e D(0I) = K (see, e.g., [4, Exem-
ple 2.3.4]), enable us to achieve

HHQWJ—-ﬂwwﬂhm2_HBWMM%WM—EW#Mwwm;@

HTl[SOb V1] — Ti[po, ¢2] < Nf+ N3, (3.4)

L2(0)
for all [p;, ;] € L?(Q) x K, i = 1,2, where
N = | =Tilpr,en] N(Tilipr, ta]) + Talia, o] X (Tilipa, )

+ X" N (Tafepr, ta]) = N (Tal2, ¥2)))
+ Ti(g('a%,Tl[SDl,%]) -9(, 902,T1[€02a1/12])) L2(@)’

7 (') — o' (1) + X () pler) — X (2)o(2))

N2 -

L2(q)’

For the sake of convenience, we introduce the notations M} and L, to specify
supp ;j |h| and the Lipschitz constant of a function h € C%'[0,1]. Relations (2.1),
(2.2), (2.29) and definition of K ensure that

Ny < |(@len ] - Tilgs, wa)) X (Tifion, 1))

L)
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+ | Tl v (X (Tilor, 1)) = X (Tl v
N (T [ep1,91]) = N (Th[pa, o)) + Tng (HSOI - €02||L2(Q) + Nz)

< Tng“SDl — @allz2() + (Mx + 2Ly + Tng) Ny,

+

L)

Ny < 7('(¢1) — &' (1)) + (N (1h1) plep1) — N (h2) p(s02)) Il L2y

. L ! M 7
< 7 (LUI + 19/\ ) [l — ¢2||L2(Q) + 7 79;\ llor — <P2||L2(ﬂ)'

Squaring and substituting in (3.4), it is straightforward to deduce

2

(L2(Q))2 S (7"")2 (012“@1 - QO2||%2(Q) + 022||7,b1 — ¢2||%2(Q)) ,

| Tlir, 4] = Tl )|

where

My 2 My \?
C? = 2(<Cg+0—;(2LN+MN+TCg)) +<1’TA> )

* *

Ly\?
c? = 2 (L,,, + 1;) ((ZL,\, + My +T0g)2+1).

*

Therefore, by choosing 7 < (max{Cy;Cy})™", it turns out that T is a con-
traction mapping from L?(Q) x K to L?(Q2) x K. Moreover, the set L*(Q) x K is
closed in (L%(€))?. Hence, the equation T[99, x*] = [, x'] admits one and only one
solution in L?(Q2) x K and auxiliary scheme (2.17),(3.3),(2.19)-(2.20) has a unique
solution provided that 7, diameter of the grid P, is smaller than a fixed constant.
Consequently, in view of the property (2.34) holding also for the auxiliary scheme,
if we choose N ) ; .

i 1o X X —X

= -0d(x") g .

the triplet (9%, x*, £') reduces to be a solution to the scheme (2.17)-(2.21) thanks

to (2.42). Morover, since ¥ € D(—A) = H, (2.32) is satisfied. Recalling (2.1) and
(2.34), relation (2.33) follows from a comparison in (3.5).

(3.5)

In conclusion, assuming by contradiction the existence of two distinct solutions
to the scheme (2.17)-(2.21), both of them have to satisfy (2.34), and then they solve
the auxiliary scheme too. Therefore, they must coincide. The proof of Theorem 2.3
is now complete.

4 A priori estimates

In this section we prove Theorem 2.5 by deducing the uniform stability estimate
(2.40) from several a priori estimates independent from the grid P.
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Remark 4.1 In the rest of the paper, C' stands for any constant which may depend
on Mgl, M)\I, L)\l, Cg, ||900||L2(Q)a 19*, Cd, ‘Q‘, T, but not on P.

4.1 First a priori estimate

We set
Y(p,r) = —=o'(r)=XN(r)/¢ Ve e, Vre0,1],

Y =9 X)-
Due to (2.1) and (2.34) we have that [|v"[|z(q) is uniformly bounded with respect
to 7. Letting p > 2, we multiply (2.18) pointwise by [£¢|P72£%, obtaining
i il . . o .
XX jpre 4 6P = Al ae i,

As I(r) =0 for all r € [0,1], (2.19) and the definition of subdifferential (cf., e.g., [4,
Exemple 2.1.4, p. 21]) imply that the first term above is non negative (on account
also of (2.21) and (2.24)). Therefore we have

€ < P
By virtue of Young’s inequality one easily derives
€7 < P

Hence, integrating over ), multiplying by 7¢, and adding for i = 1,..., N, one
obtains
1€plle@) < llvellra,

where vp is the piecewise constant function defined according to Definition 2.4.
Passing to the limit as p — oo, from the boundedness of ||vp||z=(q) it follows that

1€pllz=@) < C. (4.1)

Then, by (2.36) we have that

|

and, recalling (2.29) and Definition 2.4, we finally obtain

oxXp
ot < épllzeq) + llvellze) < C,

L>(Q)

IxPlle@) + [IXpllwie@ < C- (4.2)
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4.2 Second a priori estimate

We multiply (2.17) by 7¢9" and integrate over €. Thanks to (2.20), it results that

Lo Lo i— Loie i i
S22y + 119" =9 o) — 19 e + 7 [ (VPP =Ts + I,  (4.3)
2 2 2 9)

where
I = — [ X0 =X,
I, = Ti/gi(.,ﬁi’xi)ﬁi_
Q

We may control I as follows

Iy < /Q|)\'(Xi)| 1O¢ = XY < Myllx® = XMz 9] 2o

9 ) Xz _ Xz—l Tt ]
SR e T A

Loo(Q)

Regarding Iy, with the help of (2.2) and (2.29), we deduce

IN

o< [5G0~ 91,0,0) +.,0,0)| 9]

Ti/gzcg(lﬁil + DI+ 1g'(-, 0,0)] 9]

IN A

IN

Noticing that

_ 1 tt tt
' 0. 0y < s -, ., Nl ) syt

we easily obtain

Iy <T'C(1+ ||19i||%2(n)) + ||900||%2(ti*1,ti;L2(Q))'

Then, combining (4.4) and (4.5) with (4.3) we infer

1 P2 1 7 i—1112 1 i—1112 1 7|2
§||T9 720y + §||19 —? ||L2(Q)._ §||19 720y + 7 /Q|V19 |
<7C(1+ ||79Z||%2(Q)) + ”900”%2(&*1,&@2(9))7

by virtue of (4.2). Setting
1 m < 7 7
am = 10" ey + 7 [ |0,
i=1 79

14

Tng(Hﬁi”L?(m + ”Xi“L?(Q))“ﬁi”L?(Q) + 714 (-, 0, 0)||L2(Q)||ﬁi||L2(Q)

i i i i T T gi
Tyl ||%2(Q) + QU | L2(@) + 5“9 (',an)”%%m + §|W ||%2(n)-

(4.4)

(4.5)



the sum of (4.6) for i =1,...,m yields

1 1 LI : mo
§||19m||%2(9) - 5”19079”%2(9) + ZTZ/QWWP <CT+ 0272”192”%2((2) + ”900”%2((,2)’
i=1 i=1

and from (2.26) and (4.7) it results that

am§C<1+Z'riai) form=1,...,N.

i=1

At this point, we can let 7 < (2C)~!, where C is just the constant of the previous

relation, and clearly have

m—1

am§20<1+27iai) form=1,...,N.

i=1

Hence, applying Gronwall’s lemma in a discrete form (see, e.g., [10, Proposition
ymng

2.2.1]), we recover the bounds

||191||%2(Q) SC fOIiZO,...,N ,

N . .
S fIver < c
=1 7
that is,
197 |, rs220) 0 20013010 < C
4.3 Third a priori estimate
Multiply (2.17) by the function ¥ —¥*~" and integrate over , getting
Lo oie 1 i 1 i gie
;Hﬂ -1 1”%2(9) + §||V19 ||i2(n) + §||V(19 -4 1)”%2(9)
1 .
—EHVT?FIH%;(Q) = Lo + Iy,
where L2(€) stands for (L*(Q))%, and
i el .
Io = _/ N A X - 9,
Q T
I, = /Qgi(.’ﬁi’xi)(,ﬁi_ﬁifl).

On account of (4.2), we may deal with I, as follows

i _ il . '
Ly, < My % ||'l9z_/l9271||L2(Q)
T £2(9)
< T_i(MA)2\Q| X = x + L 920
= ! - 4 o - L2(Q
2 T Lo (9) 2T

IN

% 1 i i—1112

15
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Performing similar calculations for I;; (cf. also (4.5)), we obtain

I < g G X z@ll9* = 9 ez
lg° (59", X") = 9 (-,0,0) + g°(-, 0, 0) | 2@ I¥* — 9"~ | z2(e

< Cy (19llz2) + I Nlz2@) 19 = 9 22(e)

N

+

]' 7 7—
ﬁ||900||L2(ti*1,ti;L2(n))||19 — 9" |12

IN

) 1 i i—
C7* + llgooll72si-1 4,20 + 4—TZ~||79 A [P (4.11)

because of (2.2) and (4.8). By virtue of (4.10) and (4.11), from (4.9) we deduce

2

191’ _ 191'—1

7_1
4 Tt

1 1, 1
+ —||V791||%2(n) + SV = 1)||%,2(n) — S|V 1||i2(n)
a2 2 2

< OT" + [lgoollT2si-1 5,120 (4.12)

Then, adding for i =1,...,m, we find

9 — gi-t 2

T

1

m 1
2||V79 120) — §||VU°07>||%2(9) < OT +lgoolI72(g)»

+
L*(Q)

lmi
12"

whence, owing to (2.26), we conclude that

mo|l9f — 9i-1]?
Yl + ||V19m||i2(n) < C form=1,...,N.
i=1 T L2(Q)

Taking the maximum with respect to m, we obtain

+ ||V,'~9'P||L°°(O,T;L2(Q)) S C (413)

L2(0,T5L%(%2))

07
ot

4.4 Conclusion of the proof of Theorem 2.5

Arguing as in (4.11), we observe that

N
lgp (s 99 xp) iz = 279" (9 X E2
i=1
< O (I9pl2a@ + Ixpliey ) +2lgool(o)-
Then, with the help of (2.1), (2.2), (4.2), (4.8), (4.13) and by comparison in (2.35)

we get
||A19P||%2(0,T;L2(Q)) < C. (4.14)
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Consequently, (2.38), (4.8), (4.13) and standard elliptic estimates ensure that
|19 L2052 < C. (4.15)
On the other hand, by Definition 2.4 and (2.26) it is straightforward to verify that
195 coqor 1)y < C
while (4.15) directly yields
||7§P||L2(0,T;H2(Q)) < C.

Therefore, recalling also (4.1), (4.2), and (4.8), it turns out that estimate (2.40) is
completely proved.

5 Passage to the limit

This section is devoted to the proof of Theorem 2.6. Thanks to well-known com-
pactness results, from (2.40) we obtain existence of 9,9, x, X, such that, at least
for a sequence of partitions P of [0,7] with diameter 7 — 0, one has

9p 20 in  L®0,7;H'(Q)) n L*0,T; H*(Q))

Op =29 in  HY0,T;L*Q)) n L®(0,T; H'(Q)
N L*(0,T; H*(Q)),

xp—x in  L%(Q),

Xp—=X in  WH(Q),

p €& in LP(Q).

, (5.1)
)

ot Ot v Ot
U W N
—_— — — ~—

(5.
(5.
(5.
(5.

We are now interested in controlling the differences 373 —dp and Xp — xp with
respect to suitable norms. Regarding ¥p — 9¥p, we infer

~ 2 [ (1=
10p = Iplli20mii2@) = Z/t T

ti 2 ] —1112
) 19— 0 oyt

N (riy g — it 72 095 |
= Z < —||l== .
i=1 T L2(Q) 3| ot L2(0,T5L2(5))
Then, by (4.13) we deduce that
||1/9\73 - 1973||L2(0,T;L2(Q)) S Cr. (56)
Since
N . 9 — 9i-l 2
Op — Op||reo(0.1:12 < sup ||9F -9 <7y 7|l——
19 = dpllieori@y < SZ_SPNH 220 Z T
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and (coming back to (4.12))

N i
> TR i
199 — 9pl| 720 mmr0)) = D g”ﬁ — 9 oy < Cr,

i=1

we also point out that

197 = Ol i@y + 197 = IpllZ20rm@y < CVT. (5.7)
Regarding Xp — xp, we argue as above and exploit (4.2) to get

Ixp

< . .
5 Cr (5.8)

L>2(0,T5L2(2))

IXP — xPlle@r2@) <7

Hence, recalling (5.1)-(5.5), a first consequence of (5.6) and (5.8) is that

192@, X=X a.e. in Q.

Now we deduce further convergences from (5.1)-(5.4), which, in particular, entail

o, 0 in L2
o0p = 20 and  Avp =AY in L(Q).

Moreover, the compactness result in ([17, Corollary 4]) and (5.2) ensure that
Op =9 in C°([0,T);V) N L*0,T; H'()), (5.9)

for every Banach space V such that H'(Q) C V with compact embedding. In
particular, using also (5.7), we have

Jp =9 in C°([0,T]; L*(Q)) N L*(0,T; H(Q)), (5.10)
Ip — 9 in L°(0,T; L*()) N L*(0,T; H(Q)). (5.11)

At this point, we only have to show the strong convergences (2.47) and (2.49),
which cannot be inferred by compactness from (5.3), (5.4). Then we prove them
directly following an argument devised and fully detailed in [14]. We start by ob-
serving that (2.36) and (2.37) yield (cf. (2.30))

ox . oy ~
(ﬁ— (ﬁP,XP);XP—U> < <§— (197>,X7>),X7>—X7>>

a.e. in (0,7), Vv € K, (5.12)

where y(p,7) = —0'(r) = X(r)/¢ for ¢ € R,r € [0,1] and K is the convex set
of functions v € L?(Q2) such that 0 < v < 1 a.e. in Q (as in Subsections 4.1
and 3.2, respectively). We may now consider two partitions Py, Py, with respective
diameters 71, 7». In the following calculations we semplify notation by dropping the
subspript P and using subscripts 1,2 to refer to Py, P,. If we write (5.12) for both
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P1, Py and choose v = Xy, v = X1, respectively, by adding the two inequalities we
infer

th”( )(t)”%%m < (7(791,961) — (2, X2), X1 — )?2) + Ri(t) + Ra(t), (5-13)

where

o
Integrating over (0,t), due to (2.1), (2.34) and (5.8), we obtain

195% I .
Ri(t) := ( X (93, Xi), Xi — Xz'), 1=1,2.

t
(X1 — X2) O 1720y < Csll91 — DallZ20, 20 + C/O (X1 — X2) (5) 1720y
T T
+ CT12 + 07'22 + /(; Rl(S)dS + A RQ(S)dS + ”X(),l - XO,Z”%Z(Q); (514)

for some constants C3 and C depending only on data. Our next aim is estimating

the quantity [T R(t)dt (with obvious notation), for a generic partition P with

diameter 7. Let ¢ €]t*"',¢'] and set 6" = (x* — x*™ 1) /7%, v = v(¥, x*) for i =
., N; then R(t) can be rewritten as (see Definition 2.4)

R(t) = (& =+, (®)x' '+ (1 —a®)x' - x)
= —O!i(t) (52 - ’71" Xi - Xi_l)’ (515)

where «;(t) := (¢ — ¢)/7". Since «;(t) > 0, the inequality (2.30) ensures that
R(t) > 0. For i > 2, we consider (2.30) at the previous step, multiply by —a;(t),
and have

—oz,(t)( §i—1 _ 71‘-1’ Xi—l —w ) > 0.

Choosing v = x* and adding to (5.15) yield
_O“/’L(t)TZ(((SZ - 5i715 51) - (fYZ - ’Yiila 5Z))

< _ai(f) 2 ((5Z . (51‘—1’ 5i) _ (’Yi _ 72'—1, 51)) whenever 7 > 1,

Tt

0 < R@)

IN

by virtue of (7/7%)*> > 1. Now, we integrate R over [0,7]. In view of (2.1), (2.34),
(4.2), (4.13), by the Lipschitz continuity of the function v we deduce

7_2

/OT’R(t)dt < _ ?g( _ i1 51) (v i ,}/z’—l’(si))
L2 (@8 - (1, 0)

2
. i—11]2 Lot
< ;g(mmmﬁ|W<vmmrywnm@
1=
L’Y 191 z 1 7 51 5
T Z | 2@ + 716 2@ ) 16|22

1=2
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1
+ 51 I8 2
2N i . L2 N i 19i_19i—12
< =7 2 (10 — 167 M) + S5
i=2 i—2 T L2(0)

N
+ Lyt S5 ey + 52 6 e
1=2

Noticing that the first sum in last inequality telescopes and recalling (2.1), (4.2) and
(4.13), one infers

. ) A
/ Ryt < o2 |22 9p
0 ot ot 12(Q)

This estimate can be estabilished either for Ry or R, so that (5.14) entails

2 2

+ +||’Y||ioo(Q)> < CT2
L=(Q)

(X1 = X2) D720y < Csll9r — Dalliz0,00200))

t
+ O [ = R)(5)e) ds
+ Ot + C15 + |Ix01 — Xoz2

|22(0)- (5.16)

for all ¢ € [0,7]. Now, (2.28), (5.11), and Gronwall’s lemma (see, e.g., the version
reported in [1, Thm 2.1]) ensure that {Xp} is a Cauchy sequence in C°([0, T7]; L*(Q)),
which is complete. Therefore, the convergence Xp — x in W1*°(Q) allows us to
conclude

Xp—x in C°([0,T]; L*()), (5.17)
and, thanks to (5.8),
xp — x in L=(0,T; L*(Q)). (5.18)

We now prove that & € 9I(x) a.e. in Q. Relations (5.5) and (5.18) imply

linTn\S(l)lp//prxP = //QSX,

whence it suffices to recall, for instance, ([4, Proposition 2.5, p. 27]).

The convergence
gP('a ) 19737 XP) — g('a Y 19) X) in L2(O: Ta L2(Q))a

turns out to be a consequence of the technical lemma proved in the Appendix.
Regarding the nonlinearities X' (xp), o'(xp), N'(xp)/Jp in equations (2.35), (2.36),
we observe that they are bounded and Lipschitz continuous with respect to their
arguments yp,Jp thanks to (2.1) and (2.34). Then, due to the convergences (5.11)
and (5.18), we have that

X(xp) = X(x) in L=(0,T;L¥(Q)), (5.19)
a(xp) = o'(x) in L*>(0,T;L*)),
N(xp)/0p — N(x)/9 in L®(0,T;L*Q)).
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Moreover, (5.19) and (5.4) entail

N0) 222 5 X0xe = (M), i L(0,T, (@),

We are now able to pass to the limit in scheme (2.35)-(2.39) and to verify that
limit functions ¥, x, ¢ yield a solution to (1.1), (1.3), (1.4), (2.13), (2.14). In this
way, an alternative proof of the existence result in [8] has been obtained. In addi-
tion, referring to Proposition 2.1 for uniqueness of such solution, it results that the

convergences of this section hold not only for a suitable sequence of partitions, but
for the whole family of grids as 7 — 0. This completes the proof of Theorem 2.6.

6 Error estimates

In this section we derive estimates (2.54) and (2.55), and thus prove Theorem 2.8.

6.1 First error estimate

Recalling (2.28) and passing to the limit as 75 — 0 in (5.16), we have

(Xp — X)) < Csll9p — V7200200
t
+ [ G =0 ds + O (6.)

for any partition P with diameter 7. We may now integrate (1.1) over (0,t) and
get

ﬂ(’t) _190+)‘(X( XO / Aﬁ dS— / ('5550(',8):X('58))d8a
for t € (0,7). Integrating (2.35) over (0,t), easy calculations provide
~ N t
Dp(1) = Vop + A(%p(-1) = Aoxop) = [ Adp(-,5)ds
b, v
= [ (NV®p(9) = Nxp( ) 22, 5)ds
0 t
t
+ [ 9p (.05 (- 5) xp (- 5))ds.

By subtracting the last two equations, multiplying by the function ¥ — ¥p, and
integrating over € x (0,t), we infer

< Z I (6.2)

1=12

19 — 92|72 00200 + 2/‘V( (9 —dp)(, dS)
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for any t € [0, 7], where
t
L, = //\79073—190|\19—197>|;
By = [ [ A0wr) = A0l 9= s,

he = [ [ M) = A00112 = 95,

Lis = //|19P—’§P|\19—19P|
0Jo

L = /t/ (/SP\I()?P) "(xp |‘8XP

) |19 - 1973‘7

o= [ ([ 196000 = oo 0m 30 ) 10 =05,

Ly = ( 19(,-, 9, xp) — gp (-, aﬁPaXP)D 9 = Jp|.
Conditions (2.1), (2. 27), (2.28), (5.8), (5.6) allow us to control Iis, I13, 114,115 as
follows

I, < _”79 79P||L2 o2 T 4T ||[9op — 190“%2(9)
< _”79 79P||L2 0,502() T cr?, (6.3)
L; < 11_6”19 - 797>||L2(0,t;L2( Q)) +4TL Ixop — XOH%Z(Q)
< 11_6”61 —Ip||T20 20y + CT (6.4)
Ly < i”ﬁ — Ipl T2z + ALANIX — Xl Z200522 ()
< —||79 Op720,200)) + ALXIX = X2 720,502 + CT°, (6.5)
Li; < E”ﬂ - 79P||L2(o,t;L2(Q)) + 4| dp — 1973”%2(0,13;L2(Q))
< 1oll9 = OplBa ey + O7 (6.6
Regarding I, from (4.2) and (5.8) we have that
e < C [ [ ([ 1e = xe)C) 10 = 9p)C)ldr) ds
< O ['Itp = xpBrarands + 110 = 90 g oy
< %6”19 - 19P||%2(o,t;L2(Q)) + C7°. (6.7)

Owing to (2.2), we may control I 7 as follows

// (/ (0 = 9p)(, )+ [(x = x») (7)) I(ﬁ—ﬁp)(-,S)ldr)ds
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= G [ ([ 1= xe)e.nI 10 = 09,1 ) s
w0 [ ([10=92)0110 = 99 5)lar ) ds

By means of easy calculations we obtain
1
Iz < g”ﬁ - 79P||%2(0,t;L2(Q)) + Cllx - X7>||%2(o,t;L2(Q))

t
+ [ 19— Ol umads: (6.8)

Regarding I3, we have that
L < [ ([ 19095, x7) = 90 (1,99 30 2| (0 = 95) () 20y ) ds
< /Ot ||9('a Up, XP) - 973(', Up, XP)HLI(O,T;L?(Q)) ||(19 - 19?)(8)||L2(Q)d8
< %Hﬁ — pllZ20nz2) + CllaC 9, xp) — gp (9, x2) |21 0,1:22(02)) -

From (4.13) we deduce that ¥p € BV (0,T; L%(Q)). In particular, note

<C.

N .
i o0

Varpay,ze)[dp] = sup 3_ [0 = 9" l12) < sup | =
o= r LY(0,TL2(@)

In the same way, by virtue of (4.2) we also recover that xp € BV(0,T;L*()).
Therefore, owing to (2.52)-(2.53) we infer

||g(-, 197>,X7>) - 97>(' Up, X7>)||L1 (0,T;L2(Q2))

. 1 t o
- Z/ 9(s, 7 x) - ~g(r, 9, X")dr ds
’ e L2(Q)
<>zl (/ﬂ a6, 90) = o0, ) s
S ZT Var tl_l,tl];[ﬂ(ﬂ)[ (., - 19,P’ X'P)]

i=1
< 7Varpme [g(,+ PP, xp)] < CT.
Thus, we obtain
1
Iig < E”ﬁ - 197’”%2(0,1%2(9)) +Cr”. (6.9)

Hence, collecting (6.3)-(6.9) and recalling (2.27)-(2.28), inequality (6.2) finally
yields
2

19 = 95ls0asan + [V ([ 0= 02),)ds)

<C (/0 “19 - 197’||L2(o,s;L2(Q))al$ + ||X - X7>||%2(0,t;L2(Q)) + 72> .
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Now we multiply (6.1) by 1/(2C3), add it to (6.2), and deduce

2

1
319 = Oels0aan + 3= ROl + [ |7 ([0 = 0m) 5)ds)

t
S C (/0 ||/l9 - 19/P||L2(0,5;L2(Q))d5 -+ ‘/0 ||(X — X’P)(S)“%Q(Q)ds + 7_2) ,

for all t € [0,7]. Gronwall’s lemma now help us to provide the estimate

< CT.

19 = Ipll22 ) + [[(X = XP) ()| 220 H/ (9 —dp)(-, 5)ds
HI(9)

Consequently, thanks to (5.6) we readily derive (2.54). We observe that this esti-
mate is optimal with respect to the order of convergence, with respect to regularity
for the phase parameter (refer to [13]), and it involves only computable quantities
which depend solely on data (in particular, note that they depend also on the fi-
nal time 7T"). Moreover, no a priori constraints restrict the choice of consecutive
time-steps, which could be tailored according to other a posteriori error estimates
(depending on the discrete solution as well).

6.2 Second error estimate.
We take the difference between (1.1) and (2.35), multiply by the function ¥ — Oop,
and integrate over Q x (0,1).

21

—||(19 9p)(1)l[%20 +/||V19 9p) (1) |22y < —||190 Jopli2@) + > 1, (6.10)

=19

where

t ~
L = [ |gp<-,-,ﬁp,xP)—g(-,-,ﬁ,xnw—ﬁp\,

= [

N~ X(xp) X2 9~ ),

A(ﬁp ~ 9p)(0 = D)

Arguing for g as for Iy7, I1g, by virtue of conditions (2.1), (2.2), (2.52)-(2.54),
(4.2), (4.14), (5.6), and (5.8) it is straightforward to obtain
Ly < C(II9 = 9plliapray + X = X2 li20s12(0)
+ C||19 - {9\P||%2(O,t;L2(Q)) + 07'2 < CT2
Cll9 = Dol 102y < ClO = Opll2oni2@y) < CT,
T ~ 1 -
§||A(797> — 9p)|[720) + g“ﬁ — Ip|l72q < CT.

Iy

IN

121

IN
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Then, recalling (2.27), estimate (6.10) implies

1 - t -
S = 9p) D72 +/0 IV(9 = 9p) (1) [L2(@) < CT,

and (2.55) immediately follows.

7 Appendix

For the sake of completeness, we include the following technical result, which is used
in Section 5 to pass to the limit in the right hand side of (2.35). In fact, we do not
know whether its proof is reported in the literature.

Lemma 7.1 Let Q be an open set of RN (N > 1), T > 0, and Q = Q x (0,7).
Consider a Carathéodory function g : Q@ x (0,T) x R — IR such that there ezxists a
constant A > 0 fulfilling

g(-, -, u) € L*(Q) Yue R, (7.1)
‘g(xvtaul)_g(mvtal@” S A ‘ul_u2|
for a.e. (z,t) € Q, Vui,us € R (7.2)

and some element v € L2(Q). Let P = {0 =t ¢t,... tN "1 tN =T} denote an
arbitrary partition of [0,T] with diameter T = maxi<;<ny 7%, where 7" = ¢* — "~ 1.
For i=1,...,N we define

1t

f@w=—/

. 1g(x,{f,u)al{-“, for a.e. z€Q, YueTR,
7t Jyi-
and, for everyt € (11,1, x € Q, u € R, set
973(% t? U’) = gZ(x’ U’)
Then, for any family of functions vp € L?(Q) such that

vp —r v in L*(Q),

we have
g’P(':'aUP("')) —>g(',-,1}(-,-)) in L2(Q)

whatever is the sequence of partitions P with diameters tending to 0.

Remark 7.2 In particular, this result justifies the passage to the limit within the
nonlinearity gp(-,-,9p, xp) in (2.35).
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Proof. Let us consider the application G : (0,T) x L?(Q) — L?(Q) defined by
G(t,u)(z) = g(x,t,u(x)) for a.e. x € Q.

Owing to (7.1) G is well defined for a.e. ¢t € (0,7) and all u € L?>(Q2). Moreover,
(7.1) and (7.2) entail

G(-,u) € L*(0,T; L*(R2)) Vu e R, (7.3)
|G (t,u1) = G(t,u2) |2y < A lur — us||z2(e)
for a.e. t € (0,T), Vuy,us € L*(Q). (7.4)

Next, we construct Gp exactly as G, but starting from g¢gp. Note that the func-
tion Gp satisfies (7.3) and (7.4) either, with the same constant A. Namely, it is
immediately clear that

Gp(-,u) € L*(0,T; L*(R?)) Vu € IR, (7.5)
Gp(t,u1) — Gp(t,u2)llz2) < A lJur — uollz2o)
for a.e. t € (0,T), Vuy,us € L*(Q). (7.6)

Separability of L?(€2) allows us to fix a dense and countable subset D of L?().
Referring now to [4, p. 140], for instance, and letting u € D, it is not difficult to
realize that

Gp(t,u) — G(t,u) in L*(Q), for a.e. t € (0,7T),

as well as (using, e.g., an extension of Lebesgue’s dominated convergence theorem,

see below)
GP(',U’) —)G(,U) in LQ(OaT; L2(Q))

Then, let us term N, the subset of (0,7") where there is no pointwise convergence,
namely

N, = (0,T7)\ {t € (0,T) such that Gp(t,u) — G(t,u)}.

Taking the union N = {,cp N, , it turns out that |N| = 0, because N is a countable
union of subsets with zero Lebesgue measure. Moreover

vt€ (0,T)\ N, Gp(t,u(t)) — G(t u(t)) in L*(Q),
for all w € L*(0,T;L?(Q2)) such that for every ¢t € (0,T) one has u(t) € D. At
this point, let u,u, € L?(0,T; L*(2)) such that u.(t) € D for every t € (0,T) and
besides, for a.e. t € (0,7), ||u(t) — u.(t)|[z2(@) —> 0 as € = 0. We call M the set
(of zero Lebesgue measure) which contains ¢ € (0,7") such that wu.(t) = u(t). The

choice of such sequence {u.} is possible due to density of D in L?*(Q2). Thanks to
(7.4) and (7.6), we have

1G(t; u(t) = Gt ut)) |l 20) < |G (L u() = Gp(t, ue(t)l]r20)
+ [1Ge(t ue(?)) = Gt uc(t)le20) + 1G R, ue(?)) — G ult))l 20

< 2 uelt) - u(®)lzae) + Gt 0e8)) — Gt ()0,
for a.e. t € (0,7).
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Our next aim is showing that, for a fixed t € (0,7) \ (VU M), the second member
of the previous inequality tends to zero. In particular, for any § > 0, we may take
¢ such that, for every ¢ < & the first term of the previous inequality is controlled
by /2. Now we select 7 such that, for every 7 < 7,

1Gp(t,ue(t)) — Gt ue(t) L2 (@) <

N S

We conclude that, for every u € L?(0,T; L*(2)), there holds
Gp(t,u(t)) — G(t,u(t)) fora.e. t € (0,7). (7.7)

Conclusion of the proof is now plainly obtained. Indeed, from (7.6) we obviously
infer

1Gp (- vp () = G (5 0()) 2@
<GR(5vp() = Gr(v( )l + 1G(5v() = G v()lze)
< Allvp —vllzag) + [1Gp(50() = G 0())llz2 g (7.8)

and the last term can be handled as follows,

1GR(t,0(2) = G(t, v(®)llL2@) < [Gp(E,v(t) — G (E,0)]|L2@)
+ [1Gp(t,0) = G(t, 0)[l2@ + [G(Z,0) = G(t, v(t)) | 2
< 2M[p@ 2@ + G (8,0) = G2 0)]| 20,
by means of (7.4) and (7.6). Hence, as it is well-known that Gp(-,0) — G(-,0) in

L?(0,T; L*(Q)) and a.e. in (0,T), property (7.7) and the application of an extended
dominated convergence theorem (cf., e.g., [18, p. 1015]) yield

Gp(v()) — G(,v(-) in L*(0,T;L*(%)).

Thus, owing to (7.8), the lemma is completely proved.
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