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Abstract

We discuss the existence of periodic solution for the doubly nonlin-
ear evolution equation A(u'(t)) + d¢(u(t)) > f(t) governed by a maxi-
mal monotone operator A and a subdifferential operator d¢ in a Hilbert
space H. As the corresponding Cauchy problem cannot be expected to
be uniquely solvable, the standard approach based on the Poincaré map
may genuinely fail. In order to overcome this difficulty, we firstly address
some approximate problems relying on a specific approximate periodicity
condition. Then, periodic solutions for the original problem are obtained
by establishing energy estimates and by performing a limiting procedure.
As a by-product, a structural stability analysis is presented for the peri-
odic problem and an application to nonlinear PDEs is provided.
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1 Introduction

This paper is concerned with the existence of periodic solutions for the abstract
doubly nonlinear equation

A(u'(t)) + 0 (u(t)) > f(t). (1. 1)

Here, u : t € [0, T] — H is a trajectory in the Hilbert space H and v’ = du/dt,
A is a maximal monotone operator in H, 0¢ denotes the subdifferential of

a proper, lower-semicontinuous, and convex functional ¢ : H — [0,00], and
fe€L?0,T;H).
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The abstract equation (1. 1) stems as a suitable variational formulation of
doubly nonlinear PDEs of the form

~y (?;Z) -V (|Vu\p_2Vu) =f (1. 2)

where 7 is maximal monotone in R, p > 1 and f is given. In case =y is linearly
growing and p is sufficiently apart from 1, our analysis entails in particular the
existence of periodic solutions to the latter. The Reader finds some details in
this concern in Section 6.

Equation (1. 1) is well studied from the point of view of existence for the
related Cauchy problem. Indeed, results in this direction can be traced back at
least to Senba [21] and Arai [7]. Later on the problem has been considered also
by Colli & Visintin [12] in Hilbert spaces and Colli [11] in Banach spaces. Besides
existence, the Cauchy problem has also been considered from the point of view of
structural stability [2], perturbations and long-time behavior [3, 4, 8, 18, 19, 20],
and variational characterization of solutions [6, 5, 22, 16, 23].

The aim of this paper is to address equation (1. 1) under the periodic bound-
ary condition
u(0) = u(T).

To the best of our knowledge, this periodic problem has never been solved before.
Moreover, it is clearly quite more delicate with respect to the correspondent
Cauchy problem. Consider for instance the ordinary differential equation

u'(t) 4+ Ol o (W' (t) +u(t) > f(t) inR

where Ij; 5 is the classical indicator function of the interval [1,2] (namely
Iy o(w) = 0 if 2 € [1,2] and I}; 9) = oo elsewhere). This equation is reduced to
the abstract form of (1. 1) in H = R, and then, one can check all the assump-
tions for A and 0¢ of this paper except only a linear boundedness of A (see
(A2) later). As v’ is constrained to be greater than 1 for all times, no periodic
solution may exist. On the other hand, the Cauchy problem admits a unique
solution for any given initial datum (see [7]).

A second difficulty arises as, being given the solvability of the Cauchy prob-
lem with initial datum ug, the standard approach to periodicity based on finding
a fixed point for the Poincaré map P : ug — u(T) seems here of little use as
equation (1. 1) is known to show genuine non-uniqueness. Even by resorting to
fixed point tools for multivalued applications, one has to confront with the fact
that Pug cannot be generally expected to be convex.

Our strategy in order to prove existence of periodic solutions to equation
(1. 1) is that of tackling an approximating equation possessing a unique Cauchy
solution. This is obtained by replacing A with the strongly monotone operator
ely+ A (14 being the identity in H) and ¢ with its Yosida approximation ¢.. In
particular, the latter approximating problem features an approximate periodicity
condition of the form u(0) = J.u(T) where J. is the classical resolvent of d¢
at level e. Then, periodic solutions for equation (1. 1) are obtained by passing
to the limit as € — 0. Let us note that we move in the exact same assumption
frame as in the existence theory for the Cauchy problem from [12] plus an extra
coercivity assumption for ¢ (usually harmless with respect to applications).



As a by-product of our existence analysis, we devise a structural stability
result for the periodic problem. More precisely, by letting ¢ and A™ be se-
quences of convex functionals and maximal monotone operators, respectively,
such that ¢™ and A™ are convergent as n — oo in some suitable sense, we prove
that the periodic solutions for equation (1. 1) with (A, ¢) replaced by (A™, ™)
converge to a periodic solution for (4, ¢) as n — co.

Before moving on, we shall remark that the second type of abstract doubly
nonlinear equation, namely,

(A(u))" + 0 (u) > f,

has been already considered by several authors from the point of view of the
existence of periodic solutions [1, 13, 14, 15]. See also [17] and [24] for the
perturbation case f = f(t,u).

This is the plan of the paper. Section 2 is devoted to the statement of the
main existence result for periodic solutions. The mentioned e-approximating
problem is discussed in Section 3 and a first passage to the limit for e — 0 under
a stronger coercivity assumption on ¢ is provided in Section 4. Then, Section
5 brings to a general structural stability result from which one can eventually
conclude the proof of the existence of periodic solutions in the most general
setting. The application of our abstract result to the nonlinear PDE (1. 2) is
given in Section 6. Finally, the Appendix contains a technical (Gronwall-like)
lemma on differential inequalities which is used for the estimates.

2 Main result and preliminary facts

2.1 DMain result

Let H be a real Hilbert space with norm |- |z and inner product (-,-)g. Let A
be a maximal monotone operator in H and let ¢ be a proper (i.e., ¢ Z 00) lower
semicontinuous convex functional from H into [0, co] with the effective domain
D(¢) :={u € H; ¢(u) < co}. The graph of a maximal monotone operator will
always be tacitly identified with the operator itself so that, for instance, the
positions [u,&] € A and u € D(A), £ € A(u) are equivalent.

Let us consider the periodic problem (P) given by
A (8)) + 0¢(u(t)) > f(t) in H, 0<t<T, (2. 1)
u(0) = u(T), (2.2)

where 0¢ denotes the subdifferential of ¢ (see §2.2 below for the definition) and
f is a given function from (0,7") into H. We are concerned with solutions of
(P) given in the following sense:

Definition 2.1 (Strong solutions). A function u € C([0,T]; H) is said to be a
(strong) solution of (P) if the following conditions are all satisfied:

(i) uwe WL2(0,T; H) and u(0) = u(T);



(i) u(t) € D(0¢) and v (t) € D(A) for a.e. t € (0,T);
(iii) there ewist n,& € L?(0,T; H) such that
A

)
n(t) € A('(1)),  &(t) € 0(u(t)),
n(t) + &) = f(t) forae te(0,T). (2. 3)

In order to discuss the existence of solutions for (P), let us set up our as-
sumptions.

(A1) There exist constants C; > 0 and Cy > 0 such that
Cylul3; < (n,u)g +Cy  for all [u,n] € A.
(A2) There exists a constant C3 > 0 such that
g < Cs(lulg+1) forall [u,n] € A.

(A3) For any XA € R, the set {u € D(¢); ¢(u) + |u|g < A} is compact in H.

(A4) 0¢ is coercive in the following sense: there exists zg € D(¢) such that

lim inf (&Y 20H (2. 4)
|u| g — o0 |U|H
[u,§]€00

(A5) f e L2(0,T;H).

Our main result reads,
Theorem 2.2 (Existence of periodic solutions). Assume that (A1)-(A5) are

satisfied. Then (P) admits at least one solution.

Let us provide some remarks on the coercivity condition (A4). At first, note
that the condition (A4) can be equivalently rewritten as the following: there
exists 29 € D(¢) such that for any ¢ > 0 it follows that

lulg < 6(&,u—20)u +Cs forall [u,] € 0¢ (2. 5)

with some constant Cs > 0 (see Proposition B.1). Moreover, let us stress that
assumption (A4) follows when there exist p > 1 and C4 > 0 such that

Cylul; < ¢(u)+1 for all u € D(¢). (2. 6)

Indeed, let zgp € D(¢) and [u,&] € d¢. Then by the definition of subdifferentials,
we observe that

(&, u—20)m > ¢(u) — d(20) > Calully — d(20) — 1,

which implies (A4).

The Cauchy problem for equation (2. 1) was studied by Colli-Visintin [12],
and the existence of solutions was proved for any initial datum wg € D(¢) under
(A1)-(A3) and (A5).



Note that the (simpler) equation
u'(t)+0o(u(t)) > f(t) in H, 0<t<T,

(which corresponds to equation (2. 1) in case A is the identity mapping) has
been proved to admit periodic solutions under (A4) and (A5) in [10].

We close this subsection by a proposition on the uniqueness of periodic
solutions in a special case.

Proposition 2.3 (Uniqueness of periodic solutions). Assume that O¢ is linear
and A is strictly monotone. Then any two solutions uy,us of (P) satisfy

ur(t) =wug(t)+v  forall t€[0,T)
with some v € D(0¢) satisfying O¢p(v) > 0.

Proof. Let uy and us be solutions for (P). Then, by taking the difference of the
equations and testing it by v/ (¢) — u5(t) in H, we see that

O (8) = ma(8), 4 (6) — (1)) + (a1 () — wa(8)) =,

where 1; € L?(0,T; H) belongs to A(u/(-)) for i = 1,2, almost everywhere in
time. The integration of both sides over (0,7") and the periodicity condition
(2. 2) yield

T
/0 (71 (8) — ma(t), 4 (1) — wh(£)) gy it = 0,
which implies
(m () = n2(t),ui (t) —uy(t)y; =0 forae. t € (0,T).

Since A is strictly monotone, we deduce that u)(t) = ub(t) for a.e. t € (0,T).
Hence one can write uy () = uz(t)+v with some constant v € D(9¢). By taking
the difference between equations (2. 1) for u; and ug and using the fact that d¢
is linear, we obtain d¢(v) 3 0. O

Henceforth, we shall use the same symbol C in order to denote any non-
negative constant depending on data and, in particular, independent of €. The
value of the constant C' may change from line to line.

2.2 Preliminaries

We refer the reader to [10] for the definition and fundamental properties of max-
imal monotone operators in Hilbert spaces. Here let us give some preliminary
materials on subdifferentials, their resolvents, and Yosida approximations and
Moreau-Yosida regularizations of convex functionals (proofs can be found in [10]
as well).

Let ¢ be a proper lower semicontinuous convex functional from H into [0, oo
with D(¢) := {u € H; ¢(u) < oo}. Then the subdifferential operator 9¢ : H —
27 for ¢ is defined as follows:

0d(u) :={& € H; ¢(v) —p(u) > (§,v—u)y for all v e D(¢)}



with the domain D(9¢) := {u € D(¢); O¢(u) # 0}. Since 9¢ is maximal
monotone in H, for € > 0, one can define the resolvent J. : H — D(0¢) and the
Yosida approximation (0¢). : H — H of d¢ by

Jo = (Ig+ed9)", (0¢)e := (Ia—J.)/e,
where I; stands for the identity mapping of H. Furthermore, for ¢ > 0, the

Moreau-Yosida reqularization ¢. : H — [0,00) of ¢ is given by

e (u) := vléllg {21€|u —vl% + qS(v)} for all w € H. (2.7)

The following proposition provides some classical properties of ¢..

Proposition 2.4 (Moreau-Yosida regularization). The Moreau- Yosida reqular-
ization ¢. is a Fréchet differentiable convex functional from H into R. Moreover,
the infimum in (2. 7) is attained by J.u, where J. denotes the resolvent of 0¢,
i.e.,

Be(w) = ol — Teully + 6(Jew) = S1(09)e(w)lf + 9w

Furthermore, the following holds.

(i) O(de) = (09)c, where O(¢e) is the subdifferential (Fréchet derivative) of
Pe.-

(i) ¢(Jeu) < pe(u) < @(u) for allu € H and & > 0.
(iii) ¢e(u) — é(u) as e — 04 for allu € H.

Finally, let us recall the chain rule for subdifferentials.

Proposition 2.5 (Chain rule for subdifferentials). Let v € W2(0,T; H) be
such that u(t) € D(0¢) for a.e. t € (0,T). Assume that there exists & €
L2(0,T; H) such that £(t) € O¢(u(t)) for a.e. t € (0,T). Then the function
t — ¢(u(t)) is absolutely continuous on [0,T]. Moreover, the set

Z:={te0,T]; u(t) € D(0¢), u and ¢(u(-)) are differentiable at t}

has full Lebesgue measure and

%qﬁ(u(t)) = (h,u'(t))y  for every h € dp(u(t)) and t € L.

3 Approximate problems

We shall firstly focus on the case that ¢ satisfies a stronger coercivity require-
ment, specifically

(A6) There exists a constant p > 0 such that p|u|?;, < ¢(u) for all u € D(¢).



Note that the latter is stronger than (A4). Moreover, (A6) entails

p
2p0e +1

lul?, < ¢-(u) forall we H and ¢ >0, (3. 1)

where ¢. denotes the Moreau-Yosida regularization of ¢. In this section we
construct solutions for the following approximate problems (P)_ for € > 0:

eu'(t) + A(W/' (1) + 0= (u(t)) > fo(t) in H, 0<t<T, (3.2)
u(0) = Jou(T), (3.3)

where d¢. := 9(¢p.) = (9¢)., J. stands for the resolvent of d¢ and (f:) is an
approximate sequence in L>°(0,T; H) such that

f- — f strongly in L*(0,T; H). (3. 4)

To this end, we also introduce the corresponding Cauchy problem (C)_, i.e.,
(3. 2) with the initial condition,

u(0) =wup € H. (3. 5)

The existence and the uniqueness of solutions for (C)_ has already been proved
in [3]. Hence one can define a single-valued mapping P. : H — H by

P. :ug — Jou(T),

where u is the unique solution of (C)_ with the initial data ug.

€

The main result of this section is the following.

Theorem 3.1 (Existence of approximate solutions). Assume that (A1)—(A3)
and (A6) are satisfied. Then for each € > 0, problem (P)_ admits a solution u..

In order to prove this theorem, it suffices to find a fixed point wug of the
mapping P.. Indeed, let ugy = P.uj and uv* be the unique solution for the
Cauchy problem (C)_ with ug = u§. Then, by the definition of P., we observe
that

€
Jou*(T) = Pouf = ufy = u*(0).

In order to find a fixed point of P., we shall prove the following two lemmas
and employ Schauder’s fixed point theorem.

Lemma 3.2 (P. is a self-mapping). There exists a constant R > 0 such that
P. is a self-mapping on the set

Br :={u € D(¢); ¢(u) <R},
that is, P.(Br) C Bg.
Proof. By testing (3. 2) by «/(¢) and using (A1) and Proposition 2.5, we have
d
el (O + Crlu' ()]Fr = Co + o=(u(t)) < (fo(t),w/(#)u

C
< IR+ S ),



which implies

Gy

() + SO+ Souu®) < CULWR+1) (3.0

for a.e. t € (0,T). Moreover, we test (3. 2) by u(t) and exploit (A2) and (3. 1)
in order to get

e (u(t))

IN

¢(0) + (9¢c(u(t)), u(t)) n
¢<(0) + (fe(t), u(®))m — (eu' (&), u(®)) m — (n(t), u(t))m

C (1Fe0)s + W () + 1) + 56:ult))

IN

where 1 := f. —eu’ — 9¢:(u(-)) € A(w/(+)) almost everywhere in time and C. is
a constant depending on €. Thus we obtain

e (u(t)) < 2C (|f()[F + [/ (O +1) (3.7)

for a.e. t € (0,7). Hence, by multiplying (3. 7) by some suitably small constant
and adding it to (3. 6), we deduce that

d

0= (u(®) + acoe(u(t) < B

where the two constants a.,0: > 0 possibly depend on e, provided f. €
L>(0,T; H). Therefore, by virtue of Proposition A.1 one can take a constant
R > (./a. > 0 such that

¢e(u(T)) <R if ¢c(ug) < R,

which together with the fact that ¢(J.u) < ¢-(u) < ¢(u), (see Proposition 2.4)
also implies

o(Ju(T)) <R if ¢(ug) < R.
Consequently, we deduce that P. maps the set By into itself. O

Lemma 3.3 (Continuity of P. in H). The mapping Pe is continuous in H.

Proof. Let ug pn,uo € H be such that ug, — ug strongly in H and let u,, and
u be the unique solutions for (C), with initial data wug, and wug, respectively.
Subtract (3. 2) for u, from that for v and put w, := u — u,,. We have that

ew, (t) + A’ () — Auy, () 5 —0¢< (u(t)) + Ode (un(t)).

By testing the latter by w, (¢) and exploiting the 1/e-Lipschitz continuity of
Yosida approximations (see [10]), we obtain

el (O)f < (~00:(u(t)) + 0 (un(t)), wy, () n < élwn(t)lHl%(t)lH

for a.e. t € (0,T). Noting that (d/dt)|w,(t)|g < |w),(t)|, we deduce that

d 1
&|wn(t)|H < €—2|wn(t)\H for a.e. t € (0,T),



which together with Gronwall’s inequality yields

2
|wn (T) | < |ug — uo7n|HeT/€ — 0.

Therefore u,(T") — u(T') strongly in H as n — oo, and hence, P: is continuous
in H, since J; is non-expansive in H. O

Now, we are ready to prove Theorem 3.1.

Proof of Theorem 3.1. We note by (A3) and (A6) that the set B is compact in
H. Moreover, By is convex because of the convexity of ¢. Therefore combining
Lemmas 3.2 and 3.3 and applying Schauder’s fixed point theorem to P. : B —
Br, we can take a fixed point uf € Bg such that P.ug = ug. This completes
the proof of Theorem 3.1. O

4 Estimates and limiting procedure

In this section we establish a priori estimates for solutions u. of (P)_ and finally
derive the convergence of u. to a solution u of (P) as € — 0 under the stronger
coercivity condition (A6).

Theorem 4.1 (Existence of periodic solutions under (A6)). Assume that
(A1)—(A3), (A5)—(AG) are satisfied. Then problem (P) admits at least one so-
lution.

Let u. be a solution of (P)_. We shall firstly present a useful inequality
stemming from the fact that u.(0) = Jou(T).

Lemma 4.2. It holds that ¢-(us(0)) < ¢ (ue(T)).

Proof. By (ii) of Proposition 2.4, since u.(0) = J.u.(T), it follows that
9e(us(0)) < ¢(us(0)) = ¢(Jeue(T)) < de(us(T)).

O
Next, we are in the position of establishing the following estimate.
Lemma 4.3. There exists a constant C' independent of € such that
T
/ lul (t)|%dt < C. (4. 1)
0

Proof. Test (3. 2) by ul(t). Then, inequality (3. 6) follows with u = u.. Hence,
by integrating both sides over (0,7T), we deduce that

T C T
[ o+ G [ o o ()

T
§¢a(u6(0))+c</0 |f8(t)|%{dt+1> )

which, together with Lemma 4.2, implies (4. 1). O



Moving from estimate (4. 1) we deduce by (A2) and a comparison in equation
(3. 2) that

A

T
/0 OBt < C, (4.2)

T
A|wwammm550, (4. 3)

where 7). 1= f. —eul — ¢ (u:(+)) € A(ul(+)) almost everywhere in time. More-
over, we also note that, by (4. 1),

/

since J; is non-expansive in H (see [10]).

d 2

— Jeue(t)

T
ag/|¢@@aga (4. 4)

H

Let us get to the crucial estimate, namely an ordinary differential inequality

for ¢e(ue(t)).
Lemma 4.4. Let y.(t) := ¢e(ue(t)). Then,

dye
dt

(t) +y-(t) < ge(t)  fora.e. t€(0,T)
where the functions g. are uniformly bounded in L*(0,T).

Proof. Recall again that

C d
elul ()| + 71|U/s(t)|%1 + g Pelust)) < C(If-()F +1). (4.5)
On the other hand, by testing (3. 2) by u.(t) —vg with any vg € D(¢) and using
(A2) and (3. 1), we have, for any € € (0, 1),

Pe(uc(t)) < ¢e(vo) + (0¢e(uc(t)), ue(t) — vo)u
< o(wo) + (fe(t) — 5“;(75) —Ne(t), uc(t) —vo)u
< O (o) + )y + L)+ 1) + 502 (a0,

which yields
e (ue(t)) < 20 (|fe () + [l ()7 + lul ()7 +1) (4. 6)

with some constant C' > 0 independent of €. By adding (4. 6) to (4. 5), we have

(1) + 9 (t) < CULO)F + ()7 +1) = ge(t)

dt

with some constant C' > 0 independent of . Moreover, by (3. 4) and (4. 1), the
function g. is bounded in L(0,T) for all £ > 0. O

Hence, by Proposition A.2 and Lemma 4.2 the following estimates follow
immediately.
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Lemma 4.5. There exists a constant C' independent of € such that

sup ¢e(uc(t)) < C. (4.7)
t€[0,T)
By (A6), it also holds that
sup |Jeue(t) g < /C/p. (4. 8)
t€[0,T]

From these a priori estimates, by extracting a sequence ¢, — 0, which will
be also denoted by € below, we can derive convergences of u..

Lemma 4.6. There exist u € W12(0,T; H) and n,& € L?(0,T; H) such that

Jeus — u strongly in C([0,T]; H), (4. 9)

Ue — U strongly in C([0,T]; H), (4. 10)

weakly in W2(0,T; H), (4. 11)

Ne =N weakly in L*(0,T; H), (4. 12)

0 (ue(-)) — & weakly in L*(0,T; H). (4. 13)

Moreover, [u(t),£(t)] € 0¢ for a.e. t € (0,T).

Proof. By (A3) and Lemma 4.5, the family (J.uc(t))e>0 is precompact in H for
each ¢t > 0. By estimate (4. 4), the function ¢ — J.u.(t) is equicontinuous in H
on [0, 7] for all € > 0. Therefore Ascoli’s compactness lemma yields the uniform
convergence (4. 9). Moreover, by exploiting the bound (4. 7), we deduce that

sup |ue(t) — Jeus ()3 < 26 sup ée(u-(t)) < Ce — 0,
te[0,T) te[0,T

which leads us to obtain the strong convergence (4. 10). Furthermore, the weak

convergences (4. 11), (4. 12) and (4. 13) follow from the estimates (4. 1), (4. 2)

and (4. 3), respectively. Finally, from the demiclosedness of maximal monotone

operators, one can infer from the convergence (4. 9) and (4. 13) that u(t) €

D(0¢) and £(t) € 9¢(u(t)) for a.e. t € (0,T). O
Next, let us prove the periodicity of u.

Lemma 4.7. It holds that u(0) = u(T).

Proof. Since both u.(t) and Jeu.(t) converge to u(t) strongly in H (uniformly)
for all ¢t € [0,T], we deduce by u.(0) = Jou.(T) that u(0) = u(T). O

We finally check that n(t) € A(u/(t)) for a.e. t € (0,T).
Lemma 4.8. It holds that [u/(t),n(t)] € A for a.e. t € (0,T).

11



Proof. Test n:(t) € A(uL(t)) by u.(t) and integrate this over (0,7"). We obtain
T
| ooyt
T . .
- /0 (fe(t), uc(t)) pdt — 5/0 |l (t)|3dt — /O (Do (ue (1)), il (£)) prdlt
T
= /0 (fs(t), 'UJIE (t))Hdt,

since we deduce by Lemma 4.2 that

T
- / (06 (e (D)) (1)) dt = 6o (e (T)) + b (1 (0)) < 0.

Therefore, as ¢(u(0)) = ¢(u(T)), it holds by convergence (3. 4) that

T T
timsup [ (.00t < [ (0 )0
£— 0 0

Consequently, by Proposition 2.5 of [10], we conclude that u'(¢t) € D(A) and
n(t) € A(u/(t)) for a.e. t € (0,T). O

Combining these lemmas, we have proved the conclusion of Theorem 4.1.

5 Structural stability

In the last section, we proved the existence of solutions for (P) under (A6),
a stronger coercivity condition of ¢. In order to replace (A6) by the weaker
condition (A4), we shall establish a structural stability result for solutions of
(P). Indeed, for n € N, define a functional ¢" : H — [0, c0] by

¢"(u) = o(u) + %M?{ for u € H, (5. 1)

which converges to ¢ (precisely, in the sense of Mosco on H) as n — oco. Then,
@™ complies with (A6) as well as all assumptions of Theorem 4.1. Hence, we
have the existence of solutions u,, for (P) with ¢ replaced by ¢". If one can
obtain a structural stability result, i.e., the convergence of u™ to a solution of
(P) as n — oo, our proof of Theorem 2.2 will be completed.

We shall work here in a more general setting of possibly independent interest.
Let (A™) be a sequence of maximal monotone operators in H and let (¢™) be a
sequence of proper lower semicontinuous convex functionals from H into [0, 0o].
Assume that

A" — A in the sense of graph on H, (5. 2)
Q" — ¢ in the sense of Mosco on H (5. 3)

as n — oo. Here we recall the definitions of graph-convergence and Mosco-
convergence.

12



Definition 5.1 (Graph-convergence and Mosco-convergence). Let H be a Hilbert
space. Let (A™) be a sequence of mazimal monotone operators in H and let (¢™)

be a sequence of proper lower semicontinuous convex functionals from H into
[0, T7].

(i) The sequence (A™) is said to graph-converge to a mazimal monotone op-
erator A : H — H (or A™ — A in the sense of graph on H) if for any
[u,€] € A and n € N, there exists [un, &) € A™ such that

Up —u  Strongly in H, &, — & strongly in H as n — oo.

(ii) The sequence (¢™) is said to Mosco-converge to a proper lower semicon-
tinuous convex functional ¢ : H — [0,00] (¢™ — ¢ in the sense of Mosco
on H) if the following (a), (b) hold:

(a) (Liminf condition) Let u, — u weakly in H as n — co. Then

lim inf ¢™ (uy,) > ¢(u).
n—oo
(b) (Ezistence of recovery sequences) For every u € D(¢), there exists
a recovery sequence (uy) in H such that u, — wu strongly in H and

Remark 5.2. Let ¢,¢" : H — [0,00] be proper lower-semicontinuous and
convex. Then it is known that 0¢™ graph-converges to d¢ if ¢" Mosco-converges
to ¢. We refer the reader to Theorem 3.66 of [9].

Now, let us consider the following periodic problems (P)":

A" (1) + 0™ (u(t)) > fu(t) in H, 0<t<T, (5. 4)

u(0) = u(T), (5. 5)
where (f,,) is a sequence in L?(0,T; H) such that

fn— f strongly in L?(0,T; H) as n — oo. (5. 6)

The main result of this section is concerned with the asymptotic behavior of
solutions u,, for (P)" as n — ooc.

Theorem 5.3 ( Structural Stability). In addition to (5. 2), (5. 3), and (5. 6),
assume that (A1) and (A2) are satisfied with A = A™ and constants independent
of n. Moreover, suppose that

(A3)" every sequence (uy) is precompact in H whenever ¢™(u,) + |un|g is
bounded as n — oo,

(A4)’ for each n € N large enough, there exists zo, € D(¢™) such that for any
6 > 0 sufficiently small it holds that

|U"H S 5(57“’ - ZO,n)H + 05 fO?” a’ll [uaf] S 8¢)n

with some constant Cs > 0 independent of n. Moreover, |zon|g < By for
all n € N with some constant B; > 0.

13



Let u, be a solution of (P)". Then, there exist a subsequence (n') of (n) and a
solution u of (P) such that

Uy — U weakly in WH2(0,T; H),
strongly in C([0,T); H) asn’ — oo.

Before proceeding to a proof, we set up a couple of lemmas.

Lemma 5.4. Assume that (A4)' is satisfied and set H := L*(0,T; H) with
lully = (foT lu(t)|2,dt)Y/? for u € H. Let (u,) be a sequence in WH2(0,T; H)
such that u,(t) € D(0@™) for a.e. t € (0,T). Let (&,) be a sequence in H such
that

En(t) € 09" (un(t)) for a.e. t€(0,T) and ||énlln < Bz forallneN
with some constant Bo > 0. Then there exists a constant C independent of n
such that

lunlln < C(lu |l +1)  for all neN.
Proof. By (A4)', it follows that
[un ()| g < 0(&n(t), un(t) — zon)m +Cs  for ae. t € (0,T).
Integrating this over (0,7, we find that

T T
/ | ()| rdt < 5/ (En(t), un(t) — 20.0) gdt + C5T
0 0

< dllgullae (Ianlloe + 20,0 0 TY2) + C5T
< 6B, (||unHH + BlT1/2) + CsT. (5. 7)

On the other hand, by Holder’s and Sobolev’s inequalities for vector-valued
functions, there is a constant M > 0 such that

T
ullp < M (/ lu(t)|grdt + |u’n> for all w € WH2(0,T; H). (5. 8)
0
Hence combining this with (5. 7) and taking 6 > 0 sufficiently small, one can
deduce that "
[ lual®lmdt < € s+ 1)
0

with some constant C' independent of n. O

The next lemma is well known (one can prove this lemma as in Proposition
3.59 of [9] with slight modifications).

Lemma 5.5. Let (A™) be a sequence of maximal monotone operators in H such
that A™ graph-converges to a maximal monotone operator A. Let [v,,n,] € A™
be such that

vy — v and My —n  weakly in H,

lim sup(nn, vn)g < (0,0) 1.

n—oo

Then [v,n] € A and (Nn,vn)g — (n,v)H.
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Now, we are ready to prove Theorem 5.3.
Proof of Theorem 5.3. By testing equation (5. 4) by u/,(¢) and using (A1) with
(1, independent of n, we deduce that

a

5 lul, (t)|3 + %qﬁ"(un(t)) < Co+COlfa(t)|3  forae te(0,T). (5.9)

Integrating this over (0,7) and using periodicity (5. 5), we have

T
/ y(8) Byt < €, (5. 10)
0

which, together with (A2) with C3 independent of n, implies

T
| mopae<c. (5. 11)
0

where n,,(t) denotes a section of A™(u/,(t)) as in equation (2. 3). Moreover, by
comparison in equation (5. 4), it follows that

T
| e <c. (5. 12)
0

where &, = f, — nn is a section of 9¢™(u,()). Therefore, by Lemma 5.4, we
have

T
/ (1) 3t < €. (5. 13)
0

which together with the estimate (5.10) entails that (u,) is bounded in
Wh2(0,T; H). Hence, sup;e(o. 7y [un(t)|r < C.

We next prove the uniform boundedness of ¢™(u,(t)) on [0,T]. Let vy €
D(¢). Then, one can take vg,, € D(¢") such that ¢™(vo,n) — ¢(vo) and vg ,, —
v strongly in H, since ¢ — ¢ in the sense of Mosco. We observe that

¢"(un(t)) < ¢™(vo,n) + (&n(t), un(t) —von)u

= ¢H(U0,n> + (fn(t>7un(t) - UOJ’L)H - (nn(t>7un(t> - UO,n)H
< @™ (vo.n) + C (IFn ()i + lup (07 + lun ()3 + [vo.nlfr +1)

with a constant C' independent of n. Hence, by adding the latter to inequality
(5. 9) we deduce that

67 (un(6)) + 67 (1)
< galt) 1= 6" (W0) + C (1Sa (O + (O + lun (O + 1003 +1)

with a constant C' > 0 independent of n. From already obtained estimates we
notice that g,, is uniformly bounded in L*(0,T). Therefore, by Proposition A.2
we conclude that

T
swp 0"(un(0) < (7+1) [ (o< c G- 19

te[0,7]
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By (A3)’, we note that (u,(t)) is precompact in H for all ¢ € [0,T]. Hence
one can derive the following convergences:

Up — U weakly in W12(0,T; H),
strongly in C([0,T]; H),

&, — & weakly in L*(0,T; H),

— weakly in L*(0,T; H).

Here we also obtain u(0) = u(T), since u,(0) = u,(T). From Lemma 5.5, one
can prove £(t) € 0¢(u(t)) and n(t) € A(u(t)) for a.e. t € (0,T) by a similar
argument to that of Sect. 4. Thus u solves (P) and it completes our proof. [

Eventually, let us complete the proof of Theorem 2.2.

Proof of Theorem 2.2. Define a sequence (¢™) of functionals from H into [0, oo
by
1
¢" (u) = d(u) + %|u|fq for ue H

with D(¢™) = D(¢). Then ¢™ satisfies (A6). Hence by Theorem 4.1, one deduce
that (P) with ¢ replaced by ¢™ admits a strong solution u,,. We can easily check
that ¢ — ¢ in the sense of Mosco on H as n — oo, and moreover, we derive
(A3)" and (B4)" with g, = z, since ¢ complies with (A3) and (A4). Therefore
due to Theorem 5.3, u,, converges to u as n — oo and the limit u solves (P). O

6 Application to PDEs

This section is devoted to a typical application of the preceding abstract theory.
Let  be a bounded domain in RY with smooth boundary 9. We are concerned
with the following periodic problem:

y(ug) — Apu s f in Qx(0,7), (6. 1)
u=0 on 0N x (0,7, (6. 2)
u(-,0) =u(-,T) in Q, (6. 3)

where u; = Ou/0t, v is a maximal monotone graph in R?, f = f(z,t) is a given
function, and A, is the so-called p-Laplace operator given by

Apb(x) i= V- (V@) 2V(x)), 1<p< oo
To state our result, we assume that
(H1) There exist constants C5 > 0, Cs > 0 such that
Cs|s|* < gs+Cs  forall [s,g] €.

(H2) There exists a constant C7 > 0 such that

lgl < Cz(|s|+1) forall [s,g] €.
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Remark 6.1. Assumptions (H1) and (H2) allow + to be degenerate and mul-
tivalued. Indeed, y; and =9 given below satisfy the assumptions:

S if s<0, s if s<0,
m(s)=1 0 if 0<s<1, s)=< [0,1] if s=1,
s—1 if 1<s. s+1 if 0<s.

Furthermore, one can check (H1) and (H2) if -y satisfies these assumptions only
for |s| > R with some constant R > 0 and v € W1 (=R, R).
Our result reads,

Theorem 6.2 (Existence of periodic solutions for a nonlinear PDE). Assume
that f € L*(0,T;L*(Q)) and (H1), (H2) are satisfied. Moreover, suppose that
p > 2N/(N + 2). Then problem (6. 1)—(6. 3) admits at least one solution.

Proof. We set H = L*(Q) with the norm |- |z := |- |2 = ([, ] |2dz)/? and
define a functional ¢ on H by

_ %/{JW(@\W if uwe W, ”(),

00 otherwise.

¢(u)

Define an operator A : H — H by
A(u) :=={n e H; n(z) € y(u(z)) for ae. z € N}

with the domain D(A) := {u € H; A(u) # 0}. Then, we observe that
0é(u) = —A,u with the homogeneous Dirichlet boundary condition in H, and
A is maximal monotone in H. Thus (6. 1)—(6. 3) is reduced to (P). Now, (A1)
and (A2) follow immediately from (H1) and (H2). Moreover, since W, () is
compactly embedded in L%(Q) by 2N/(N + 2) < p, every sublevel set of ¢ is
compact in H. Hence (A3) holds true. Furthermore, thanks to the Sobolev-
Poincaré inequality,

lulg < Cpl|Vul| ey forall ue Wy P(€), provided that p > 2N/(N +2),
we see that

(0¢(u),w)n _ ”quZl),P(Q

|ul B u| b

V> oot for all w e D(9g),

which implies (A4) with zg = 0. Therefore, by applying Theorem 2.2, we
conclude that the system (6. 1)—(6. 3) admits at least one solution. O

As for uniqueness we have the following.
Proposition 6.3. In case p = 2 and vy is strictly monotone, the periodic solution

for (6. 1)—(6. 3) is unique.

Proof. Along with the same positions as in the proof of Theorem 6.1, if p = 2,
then O¢ = —A is linear and (9¢)~1(0) = 0. Furthermore, A is strictly monotone,
since v is so. Hence by Proposition 2.3 the solution of the system (6. 1)—(6. 3)
is unique. O
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A Some tools on ordinary differential inequali-
ties
In this appendix we provide two types of estimates for solutions to ordinary

differential inequalities. Let us start by recalling without proof an elementary
estimate, for the sake of completeness.

Proposition A.1. Let T > 0 and let y : [0,T] — R be an absolutely continuous
function satisfying

%(t) +ayt)<B forae te(0,T) (A. 1)

with constants o > 0 and 3 > 0. Then it follows that

sup y(t) <R if y(0) <R
t€[0,T)

for any constant R > (/.

The following proposition is exploited in the limiting procedure for solutions
of (P), as ¢ — oo in Section 5 (see also [17]).

Proposition A.2. Let T > 0 and let y : [0,T] — [0,00) be an absolutely
continuous function satisfying

%(t) +ay(t) <g(t) forae te€(0,T), (A. 2)
y(0) < y(7), (A. 3)

where a is a positive constant and g € LY(0,T). Then it follows that

1 T
sup y(t §(+1)/ g(t)|dt.
e O =<\ -7 ; lg(t)]

Proof. By integrating the ordinary differential inequality (A.2) and using con-
dition (A. 3), we have

T

T T
y(T) + a / y(r)dr < y(0) + / lg(r)ldr < y(T) + / lg(P)ldr,

which implies
T 1 [T
/ y(r)dr < —/ g(T)drT =: M.
0 @ Jo

Let tmin and tmax be a minimizer and a maximizer of y = y(t), respectively.
Then we find that

T
y(tmin)T S / y(T)dT S M;
0

which gives y(tmin) < M/T.
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In case tmin < tmax, Dy integrating inequality (A. 2) over (fmin,tmax); We
observe that

T T
itma) < oltoin) + [ la(Oldr < 55+ [ la(lar

In case tmin > tmax, the integration of (A. 2) over (0, tmax) yields

Y(tmax) < y(0) + /O ().

Moreover, the integration of (A. 2) over (tmin,T) gives

T
Y(T') < y(twmin) —|—/ g(T)dr.

tmin

Since y(0) < y(T'), we conclude that

T T
) < oltuin) + [ ar)ar < o+ [ gty

Thus we have proved this proposition. O

Remark A.3. By repeating a similar argument to the above, one can also
verify the following: if an absolutely continuous function y : [0,7] — R satisfies

T
y(t) < g(t) forae. te(0,T), / y(rdr < M, y(0) < y(T),

it then follows that

M T
sup y(t) < 5+ [ la(n)lr
t€[0,T] 0

B Equivalence of coercivity conditions

In this section we prove the equivalence of two coercivity conditions.

Proposition B.1 (Equivalence of coercivity conditions). Let ¢ be a proper
lower semicontinuous convez functional from H into [0,00] and let zg € D(¢).
Then the following two conditions are equivalent:

(i) liminf (& u—z)n _
lul g —oo |u| g
[u,£]€0¢

(i) For any 0 > 0, there exists a constant Cs > 0 such that

lulg < 6(&u—z20)g +Cs  for all [u,€] € do.

Proof. We first show that (i) implies (ii). Assume on the contrary that one can
take dg > 0 such that for all n € N there exists [uy,, &,] € 0¢ satisfying

‘un‘H > 60(€n7un - ZO)H +n.
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Then it follows that
|un | > —00¢(20) +n — 00

and
(gna Un — ZO)H 1

Hence, by passing to the limit as n — oo, we derive
— 1
hm ll'lf (gna Un, ZO)H <
Rl Junla 5
which contradicts (i).

Let us next prove that (ii) implies (i). From (ii), one can immediately deduce
for u # 0 that

< (& u—20)H Cs

1
- forall § >0 and |[u,&| € 9¢.

Taking a liminf in both sides as |u|g — oo, we deduce that

1 _
0 <L < pimins &¥ =200
|u] g — o0 ‘U|H
[u,£]€dd

Hence by letting § — 04, we complete our proof. O
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