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Abstract

This paper deals with a semi-implicit time discretization with variable step of
a three-dimensional Frémond model for shape memory alloys. Global existence
and uniqueness of a solution is discussed. Moreover, an a priori estimate for the
discretization error is recovered. The latter depends solely on data, imposes no con-
straints between consecutive time steps, and shows an optimal order of convergence
when referred to a simplified model.
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1 Introduction

This paper is concerned with the following system of partial differential equations in terms
of the unknown functions ¥, Xi, X, and u

O (cod — LX1) + O((a(¥) — 9o/ (9))Xadivu) — hAY = F,

div (—I/A(div u)J + AdivuJ + Q,UE(’U,) + Oé(i?)XQJ) 1G =0, (1-2)
kat (;2) + (jgg)_d:i ’l)l,> + 8IIC(X1,X2) > (g), (13)

a.e. in Q:=Qx (0,7) where  is a bounded open subset of R® with smooth boundary
0f) and T > 0 stands for some final time. In addition, cg, L, h, A\, i, k, £, and 9" are
positive parameters, J is the identity matrix in R®, and v is a nonnegative constant.
Here, £ denotes the tensor

) — * fori. i —1.9 1.4
gij(u) 5 aijraxi) ori,j=1,2,3, (1.4)
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while 0Ix stands for the subdifferential of the indicator function of a nonempty, bounded,
convex and closed subset I of R2, and o : R — R, F: Q - R, G: Q — R? are given
functions with some properties to be specified later.

The nonlinear system (1.1)-(1.3) is concerned with the behavior of shape memory alloys
subject to thermo-mechanical treatments. These materials are metallic alloys which could
be permanently deformed (avoiding fractures) and consequently be forced to recover the
original shape just by thermal means.

In the microscopic scale, this phenomenon is interpreted as the effect of a struc-
tural phase transition between different configurations of the metallic lattices, namely
the austenite and its shared counterparts termed martensites (see, e.g., [?]). Various
models have been proposed to describe this behavior from the macroscopic point of view
(see [?]). If we assume the phases to coexist at each point of the shape memory sample
and suppose that just two martensitic variants are present besides one austenite (in the
three-dimensional space, up to 24 martensitic variants have been detected), indeed we
may deal with the approach proposed by Frémond [?, 7, ?, ?]. In this context, ¥ has to
be regarded as the absolute temperature of the shape memory body while u accounts
for its actual displacement and ¢ stands for the (linearized) strain tensor. Besides, a(?)
represents the thermal expansion of the system, and thus it vanishes at high temperatures
(cf., e.g., [?, ?]). In our analysis « is also required to fulfill some compatibility conditions
complying with the physical setting (see [?, ?]). Regarding the phases, let £, f2, and
B3 be the volumetric proportions of the two martensitic variants and of the austenite,
respectively. These quantities obviously fulfill the conditions

Pi+B+08 =1, 0<5<1 fori=1,23. (1.5)
Defining the variables X; and Xj as

X1 = Bi+ B, Xy = B — fo,

relation (1.5) implies that
[X1,Xo] € K := {[71,72] € R? such that |y, <7 < 1}. (1.6)

From the constitutive laws coupled with the second principle of thermodynamics and the
universal conservation laws for momentum and energy, one deduces the system (1.1)-(1.3).
Note that equation (1.2) is considered in a quasi-stationary form, that is, the inertial term
uy; is omitted. Indeed, let us stress that the latter small deformations approximation of
the momentum balance equation is a rather standard approach [?, 2, 7, 7, 2 7 7]
Moreover, note that the existence of a solution to the three-dimensional problem with
full momentum and nonlinearities is still an open and extremely challenging question (the
reader is referred to [?] where the full momentum equation is considered along with a
linearized energy balance equation).

On the other hand, we stress that the energy balance equation of the full Frémond
model [?] turns out to be

O (co? — LX1) + 0,((a(9) — 9/ (9)) Xz divu) — RAY = F + a(9)Xy 0,(divu), (1.7)
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while, in our framework, the nonlinearity in the right hand side of the previous equa-
tion is neglected. This simplification of the model has a technical motivation and seems
mandatory in order to perform some error analysis. Indeed, from the analytical point of
view, the choice of considering (1.1) instead of (1.7) is strictly connected with the crucial
possibility of establishing a global in time error estimate, i.e. up to any reference time
T. As regards the physical viewpoint, it is well known that the quantity ||c|| o) turns
out to be very small with respect to the other data whenever a real alloy is taken into
account [?]. In this connection, a reasonable simplification of the model would be that
of linearizing completely the energy balance equation (1.7). The latter was exactly the
original approach to the model proposed and investigated in the paper [?] and we may find
in the literature some contributions dealing just with some of the nonlinearities of (1.7)
([?, ?]). On the other hand, we shall remark that the model (1.1)-(1.3) is still suitable of
describing completely the effect of the phase transition on the energy balance equation
and that our simplification consists in neglecting part of the mechanically induced heat
sources.

Finally, let us refer the reader to [?] for the physical meaning of the constants ¢q, L, h,
v, \, i, k, £, and 9*.

The system (1.1)-(1.3) has to be supplied with suitable initial and boundary conditions.
We prescribe
19(', 0) = ’19(), Xl(', 0) = X1,07 XQ(', 0) = XQ,O. (18)

Denoting by 9, the outward derivative to the boundary 02 and letting {T'g, I'x/} be a
partition of 02 into measurable subsets with positive surface measures, we choose

hopd+n(W—f) = 0 ondQx(0,T), (1.9)

u 0 onlyx(0,7), (1.10)

(—vA(dive) + Adivu + a(9)Xe)J + 2ue(u))n = g on Ty x (0,7), (1.11)
Op(dive) = 0 onodQx (0,7). (1.12)

Here 71 denotes a positive parameter while f : 9Q x (0,7) - R, g: Ty x (0,7) — R?
account for the interaction with the medium surrounding the domain.

Existence of solutions to various problems concerning systems close to (1.1)-(1.3) is
well known (see [?] for a review). Nevertheless, to our knowledge, an existence result
for (1.1)-(1.3) was not yet investigated. In this concern, this paper provides the global
existence and the uniqueness of a solution. Note that, the question whether or not the
full problem (thus keeping (1.7) instead of (1.1)) has a unique solution has already been
positively solved in the paper [?].

On account of the present literature on this model, we notice that the existence of solu-
tions to systems related to the Frémond model rely often on a suitable time-discretization
— a priori estimates — passage to the limit procedure. In this direction, the main novelty
of the present contribution is that of proving an optimal order a priori estimate of the
discretization error of (a variable step version of) such an approximation. This estimate
depends solely on data. In particular, the latter estimate is independent of the regularity
of the continuous solution. Moreover, no constraint between consecutive time steps are
imposed throughout the analysis of the approximation.
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As regards the error analysis of the nonlinear inclusion (1.3) we shall remark that our
technique is not new. Indeed, our argument relies on a careful application of the abstract
analysis devised and fully detailed in [?, ?].

Let us point out that a parallel investigation of the discretization error for the one-
dimensional Frémond model for shape memory alloys is carried out in [?]. In the latter
paper we prove an optimal order error estimate for the one-dimensional version of the
full model (1.2)-(1.3), (1.7), thus retaining all the nonlinearities in the energy balance
equation. We shall stress that the error analysis of the one-dimensional case is entirely
different from the present one and relies deeply in the 1-D structure of the problem. In
particular, we make a crucial use of the possibility of rewriting an equivalent formulation
of the problem which turns out to be completely independent of u,.

This is the plan of the paper. In Section 2 we give a variational formulation of the
continuous problem (1.1)-(1.3), (1.8)-(1.12). Section 3 contains the approximation and
the statement of our main results. The existence of a solution to the system (1.1)-(1.3) is
proved in Section 4, while Section 5 is devoted to deduce its uniqueness. Finally, Section
6 brings to the proof of the error estimate.

2 Continuous Problem

We start by fixing some notations. Let (-,-) and || -|| denote the scalar product and the
norm in L*(Q), respectively, while [-,-] stands for the general pair. We introduce the
following Hilbert space

V= {v e (H'(Q))* suchthatv=0 on Ty, dive € H'(Q)},

endowed with the norm

lv||v = ( /|V (div v) |2+Z/ \VMZ) , v =(v,vy,v3) € V. (2.1)

We also set, for any u,v € V,

3

a(u,v) = /Q (V V(divu) - V(dive) + Adivu dive + 24 Z gij(uw)eij(v )) , (2.2

t,j=1

where e stands for the strain tensor specified in (1.4). It is well known (see, e.g. [?, p
110]) that there exists a positive constant cy depending on A, p and Q such that

a(v,v) > cy|v|} YveV. (2.3)
Moreover, it is not difficult to verify that

a(v,v) > 1/||V(div'v)||%L2(Q))3 + (A +2u/3)||dive|* Yo e V. (2.4)



Error control of a 3-D Frémond model 5

Since the special triangular form of C specified by relation (1.6) is not needed for our
analysis, let K be an arbitrary nonempty, bounded, convex, and closed subset of R?, and
define the (convex and closed) set

K = {[m11,7] € (L*(R))?, such that [yi,7s] € K a.e. in Q}. (2.5)
It is now straightforward to fix a positive constant cx such that
) S\ 1/2
(|")/1(l')| + 72 ()| ) <ck Vi, €K, forae ze€q. (2.6)

We assume that the data fulfill

F e L*(Q), (2.7)

f e wWhi(0,T; L*(69)), (2.8)

G € H'(0,T;(L*())%), (2.9)

g € H'(0,T; (L*(T'w))*), (2.10)
Yo € H'(Q), [X10,X20] € K (2.11)

and ask o to be a smooth function, vanishing in the interval (9., +00), where 9. > 0
stands for the so called Curie temperature. Moreover, we require that

a € C*(R) and the set {£ € R:a/(€) # 0} is contained in [0,9.], (2.12)

and
Ca = ||&"||zo(r) is sufficiently small. (2.13)

The previous condition will be made precise in the sequel (see (2.25)-(2.26)) and is satisfied
by physically realistic data.
We stress that, (2.12) ensures the validity of the inequalities

&), [€a"(E)] < Vecar  [(§)], €/ (§)] < P2 VEER (2.14)
where ¢, is defined as above.

Remark 2.1. We note that some properties of « such as monotonicity (in the sense that
« is a decreasing function) and positiveness, although physically motivated (see [?]), are
not used in our analysis.

For the sake of convenience and owing to (2.3), (2.9)-(2.12) and to the Lax-Milgram
lemma, we introduce the initial displacement uy € V' defined as the unique solution of
the variational equality corresponding to the initial values, namely

a(uo, v) + ((¥9)Xayp, dive) = /QG(-,O) cvdr -I-/F g(-,0)-vdl'  VveV. (2.15)

Thus, a precise formulation of problem (1.1)-(1.3), (1.8)-(1.12) is the following
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Problem (P). Find 9 € HY(0,T;L3()) N L*(0,T; H(Q)), w € HY0,T;V),
X1,Xy € HY(0,T; L3(€)) such that

divu € C°(Q), (2.16)

and the following equations and conditions hold
X1(-,1), Xa(-, )] € K, Vt € [0,T], (2.17)

(0ot — £X1),0) + (B0((@(®) — 9/ (9)) X2 diver), )
—i—h/Vﬁ-Vgpdm + 77/ (9= fledl' = (F,p)

’ Vo € Hl(g;, a.e. in (0,7), (2.18)

VveV, ae. in (0,7), (2.19)
kZ (atxja Xj — ’Yj) + (5(19 — %), X1 — ’)’1)
j=1
+ (a(ﬁ) divu, Xo — ’)/2) <0 YV (v1,7) € K, ae. in (0,7), (2.20)
J(-,0) =9y a.e. in . (2.21)
[Xl, XQ](', 0) = [le()’ X270] a.e. in Q. (222)

An early result for Problem (P) is the following (see [?, Lemma 1])
Lemma 2.2. For any 9,Xs € C°([0,T]; L*()) satisfying
Xao(,t)| <ex  a.e in Q, Vte|[0,T], (2.23)

there erists one and only one solution u € C°([0,T); V) of (2.19). Moreover (2.16) holds
and there is a constant C, depending solely on  cy, ||| Lem), ck, §2,

|G llcoqo,rrc2@)y, gllcoqorrz@aysys vy A, and i, such that
|| div (-, 2)|| o) < C1 VE € [0,T7. (2.24)
Then, our existence and uniqueness result reads as follows

Theorem 2.3. Under assumptions (2.7)-(2.12), and for « fulfilling (2.13) in the precise
sense that

Cy := ¢y — V.cocxcCy > 0, (225)
(9:(20 + 1)cack)” < Co(A + 21/3), (2.26)

Problem (P) has one and only one solution.
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Remark 2.4. Note that, from (1.1) it turns out that the quantity
co — " (9)Xydivu

(coefficient of ¥J; in (1.1)) represents the actual specific heat of the shape memory body.
In this sense, (2.25) has to be regarded as a non degeneracy condition for the energy
balance equation in (1.1). In the same spirit, (2.26) stands for a compatibility condition
among the data.

The forthcoming Sections 4 and 5 are devoted to the proof of Theorem 2.3.

3 Statement of the Scheme and Main Results

Now it is worth introducing our approximation of Problem (P). To this aim, let P be a
partition of the time interval [0,7], namely

P={0=t"<t'<--- <tV <tV =T}, (3.1)

with variable step 7¢ := ¢' — t'"!. No a priori constraints are imposed on the time steps
and 7 := max;<;<y 7° denotes the diameter of partition P. Let us set

F* ::% 't F(,t)dt € L*(Q), f':= f(-,t") € L*(09), (3.2)
ti—1
for +=1,..., N, and
G'=G(.t') € (I’(V)°, ¢ :=g(.t') € (L*(Tn)) (3-3)

for i =0,1,..., N. Note that, by virtue of (2.7)-(2.10), definitions (3.2)-(3.3) make sense.

Moreover, we introduce two families of approximating initial data depending on P
and fulfilling
{’19073} € IJ1 (Q), {[Xl’()'p, ngofp]} e K. (34)

Now, let ugp € V' be the related initial displacement (cf. (2.15)), namely the solution of
the variational equality

a(uop, v) + ((Jop)Xo0p, divo) = / G° - vdx +/ g’ -vdl VvoeV. (3.5)
Q Tnr

Then, the approximating problem can be stated as follows.

Problem (Pp). Find the vectors {©'}Y, € (H'(Q)V*, {U'}Y, € VNt
(X} € (L2(Q)NH, for j = 1,2, fulfilling

60 = 190'Pa UO = Uop, [Xloa XQO] = [XI,O’Pa XQ,O’P]a (36)
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and such that the following equations and conditions hold for i =1,..., N,

(X1, X5] € K, (3.7)

i OQi-1 Xt — xi-t ; ' '
R YLy
Q a0

T

i

. ((a((ai) — 0/(09)) X divU’ — (a(0}) — 0 La/(OF 1)) X divU ! )
,

= (Fl,e) VeeH(Q), (3.8)
a(Ui,v)+(a(@i)Xg, divv = /Gi-vdx+/ g -vdl YveV, (3.9)
Q VY

ki( - X 7j> + e(e*’—ﬁ*,xf—%)

J=1

+ (a(@i)diVUi_l,Xzi —’)/2) <0 Vim,rleK.  (3.10)

By virtue of (3.5), (3.9) and Lemma 2.2, it is straightforward to check that the fol-
lowing estimate holds

|divU||pw@ < C;  fori=0,1,...,N, (3.11)
where C) is the same constant of relation (2.24).

Let us stress that the previous scheme is fully implicit in both the energy and the
momentum equations. Regarding Problem (Pp), we have that

Lemma 3.1. Under assumptions (2.7)-(2.10), (2.12), (2.25)-(2.26), and (3.4), for any
partition P, Problem (Pp) has at least one solution.

Proof. Thanks to (3.4), it suffices to show that, given a quadruple (01, X{~!, X~ U™
€ HY(Q) x I2(Q) x L*Q) x V, the scheme (3.7)-(3.10) has a solution
(@i*1 XL XUt € HY(Q) x L2(Q) x L2(Q) x V, for any value of the time step

. To this aim, we apply Schauder fixed point theorem. As a first step, substitute o’
Wlth © in (3.10) and denote by [X;, Xs] =: [B1(©), B»(0)] the solution to the resulting
elementary variational inequality. Next, by replacing in (3.9) the terms ©° and X with
O and Bg(é), respectively, one may find the unique solution U € V to the variational
equality. Finally, denoting by D (é /E) := div ﬁ it is straightforward to check that the
estimate (2.24) holds for div U as well. We deal with (3.8) by substituting X A3 divU?,
and (a(©') — ©ia/(07)) with X}, XQ,leU and (« (©) — Od/(©)), respectively. The ex-
istence of a unique solution © =: E(@, Xy, Xy, div U) is then ensured by the Lax-Milgram
lemma. Moreover, by testing (3.8) on © with the help of (2.6), (2.12), (2.24), and the
elementary inequality (which will be used in the sequel of the paper without any explicit
recall) ab < (da® + v?/6)/2 for all a,b € R, § > 0, it is straightforward to choose a
constant Cs which depends on ¢, ¢, U, Ct1, ||f*llr200), 15 by [|FY|r2(0), T, L, and Cs,
such that the following estimate

||@||2+ri/|ve)|2dx+ri/ O)dr < Cj (3.12)
Q [519]
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holds. Thus, by defining
S(6) := E(©, Bi(©), B;(6). D(, B3(6))),

it turns out that S maps L2(f2) into a compact and convex subset since we have that
the estimate (3.12) is independent of O. In order to apply Schauder fixed point theo-
rem, it remains to show that S is continuous with respect to the topology of L2((Q).
Indeed, it suffices to prove the Lipschitz continuity of operators B, By, D, and FE. Re-
garding B, By, and D this property has already been proved in [?]. Then, we choose two
quadruples (O, Xy, Xs,divU) and (6, Xy, X, divU). By making use of (2.6) and (2.12),
one may easily find a positive constant Cy, depending solely on L, ., ¢4, cic, C1, Ca, such
that

IE(O, X1, X, divU) — E(©, X1, Xy, divD)||?
< Cu([1© = BI + [| X — X2 + | Xy — X2 + ||div T — divT|?).
Finally, we conclude for a constant C5 which depends only on data and fulfills
IS®) - Ss@)|* < 5|6 -8
for every ©, O € L?(2), whence S is continuous and the assertion is proved. 0

We stress that the forthcoming results of the paper to not rely at all on the uniqueness
of a discrete solution. Indeed, both the convergence result and the error estimate hold for
any discrete solution as well. Nevertheless, in view of numerical implementation, we prefer
to devise here an uniqueness result for Problem (Pp). Namely, by choosing a partition
P fine enough, we also achieve the following

Lemma 3.2. Under assumptions (2.7)-(2.10), (2.12), (2.25)-(2.26), (3.4), and for any
partition P with diameter T small enough, the solution to Problem (Pp) is unique.

Proof. We just sketch this argument, since it is very close to other proofs which will be
detailed in the sequel of the paper. Let us reason by contradiction assuming that, given
a quadruple (0", X7 Xt U 1) two solutions to (3.7)-(3.10) (at level 1) exist. We
term the latter two solutions as (@ Xl,é\,’g, U) and (@ Xl,é\,’g, U) and set

~ ~

626—6, ?1:.%:1—)?1, ?2:/?2—‘5(\2, ﬁ:U—U

Next, we write relations (3.8) and (3.9) for both the solutions, take the difference and test
the resulting equations on ¢ = © and v = U, respectively. Owing to (2.3)-(2.4), (2.6),
(2.12), and (2.24)-(2.25), one easily obtains

CollO| + Tih/ VO |%dx + rin/ |©/2dT
Q L o N o o
< 202, Chl| X O] + 202cack|| divU||]O]], (3.13)
(A +2p/3)
2

v 77 o v g
S 1Tl + [divT[* + SV (divO)I[Ezz(aye

< decal| Xl [|divT|| + Yecack|O]] || divU|l. (3.14)
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Since relation (2.26) ensures that

A+2u/3 —
A28 v,

_ _ 3
Decack (29. + 1) 1O | divU || < ZCQH@II2 +

by taking the sum of inequalities (3.13)-(3.14) we easily infer that
Cy = V77 (A+2p/3) . =
e + Loy + v o)
< 2G| X[ + decal| X[ divT]|

e A+2u/3), | _
< Zopr + YE2E o 1 o (3.15)

where
8(9%c,C1)? 3(0%¢c, )?
Cy (A+2u/3)

As regards the variational inequality (3.10), arguing as above we infer

06 =

[ o N
;Z 15017 < LB [XL + JecaCrllO] || X2,
j=1
thus, it is straightforward to fix a positive constant, say C7, which depends on &, ¢, 9., c,,
and (', and fulfills
2
M < Ferle)”, (3.16)
7j=1

Finally, looking back to (3.15) and choosing
Ti S T S 02/(160607),

we conclude that o
2132 CV 17712
2l + YT <o
Hence, J = 0, U = 0 and, recalling (3.16), X; = Xy = 0 as well. O

By virtue of Lemma 3.1, we may fix some convenient notations. Given {W}N  in
the linear space W, set

Wp(t) = Wp(t) ;=W fort <0,

o ) ) Wz _ Wz'—l )
W'p(t) = WZ, Wp(t) =W + T(t - tz)
forte (¢ 1,¢], 1=1,...,N. (3.17)

Moreover, we define an operator Tp related to the partition P . If ¢ : (0,7 is a piecewise
constant function on P, namely ¢(t) = ¢’ for t € (71, ¢],i=1,..., N, we set

(Tpo)(t) :=¢"*  for te (%], i=1,...,N. (3.18)



Error control of a 3-D Frémond model 11

Owing to (3.17) and (3.18) we may conveniently rewrite relations (3.8)-(3.10) as
(8t <co@7> + ((oz(@) — 0d/(9)) X, div U) P) , go)

+ h/V@p-Vgoda: + n/ @p — Fp)pdl = (Fp-i-LatXl,p,(p)
Q o0N

Vo € H'(Q), a.e. in (0,7), (3.19)
a(ﬁp,v) + (a(@p)yg,p, diV’U) = /Q@p"vd.f + /1—: EP-UdF
N
VveV, ae in(0,7), (3.20)

2
k Z (@Xj,%yj,? - %‘) + 5<6P — 95, X1p — 71)

j=1

+ (a(@p)% diVﬁp,yz,'p — ’)/2) <0 V[’Yl,")/z] € K, a.e. in (OT) (321)

The derivation of our error estimates requires additional regularity for the function
F'. More precisely, we ask

F € BV([0,T]; L*(2)). (3.22)
From assumptions (2.8)-(2.10), (3.22), and definitions (3.2)-(3.3) we deduce the existence
of a positive constant Cy such that
|F = Fplloiore) + 1f = Frlloioreon)
+ IG = Grllzpre@) + 119 = Fpllzor@eanys < CsT, (3.23)

as easy calculations provide. Besides, we choose initial values such that
2
190 = dopll + Y I1X0 = Xj0pll < Cor, (3:24)
j=1

for some positive constant Cy. Moreover, as a consequence of (3.24), taking the difference
between (2.15) and (3.5) and choosing v = ug — ugp, relations (2.3)-(2.4), (2.6), (2.24),
and (2.14) ensure

||’U,0 — ’U:()P”V + || diV’UI() - diVUOp|| < 010 T, (325)

for a proper constant C'g, depending on V., co, C1, Cy, A, i1, and cy .
Now, we state our error estimate.

Theorem 3.3. Under assumptions (2.8)-(2.10), (2.25)-(2.26), (3.22) and (3.24), let
(0, u, X1, Xy), {0, U*, X, X'}N be solutions to Problem (P) and Problem (Pp), re-
spectively, and Op, Op, Xip, Xop, Up, be as in (3.17). Then, there exists a positive
constant C4y, depending only on data, such that, for every partition P the following
estimate holds

[0-8nas

|9 — ©pllr207:02(0)) + sup
t€[0,T] H(Q)

2
+lu=Upllzorv) + Y I1X — Xiplloogomrae) < Ci (3.26)

=1
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Remark 3.4. We point out that the a priori estimate (3.26) is optimal with respect
to the order of convergence, since the backward Euler method to approximate Problem
(P) is used. Moreover, our estimate is optimal with respect to the regularity of the phase
variables Xi, X in the sense of [?]. Since no a priori constraints between consecutive
time steps are imposed in our analysis, (3.26) ensures the possibility of implementing a
step-by-step choice of time step sizes as shown in [?]. However, let us point out that Ci;
depends exponentially on 7', as Gronwall lemma is used in the proof of (3.26).

Remark 3.5. Let us stress that the same error estimate still holds if we replace the terms
||19 __®P||L2(O,T;L2(Q)) and ”u - U’P||L2(0,T;V) with ||19 - ®P||L2(07T;L2(Q)) and
lu — Upl|r20,r;v), respectively (see the following Lemma 4.1).

4 Existence

In this section we prove the existence result of Theorem 2.3. This proof follows closely
the argument devised in [?], so that it will be just sketched, referring to that paper for
the details.

First of all, we establish some estimates for the approximating solutions which are
independent of P. More precisely, one finds two constants 7* and Cj, which depend
on ||of|zee(r), 2, T, v, L, Ue, cq, C1, Cy, and T, such that, for every partition P with
diameter 7 < 7*, one has (see [?, Lemma 3.1 and eq. (4.27)])

192l g0 ri2@) + 1OpllLe@rri@) + 1Upllmory) + ||divUsp|lL=(q)

2
+ (| divUp|| gm0 (02)) + Z | X2l 1 0,m502) 0 Lo(@) £ Cha. (4.1)

j=1
Indeed, relations (2.12) and (4.1) ensures also that

| (a(©) — 6/ (0)) is bounded independently of P. (4.2)

Pl

For the sake of convenience, we collect here some convergence results which will be
useful in the sequel.

Lemma 4.1. Let Op, Op, Up, Up, Xjp, X;jp for j=1,2 be defined as in (3.17) and
fulfill (4.1). Moreover, let Tp be defined in (3.18). Then we have

107 — Ol < Cr, (4.3)

10p — Op|l=ri2) < CVT, (4.4)

U» = Upllporyv) < O, (4.5)

IUp = Upllixpmrv) < CVT, (4.6)

| divUp — Tp div ﬁ’P”LQ(O’T;Hl(Q)) < Cfr, (4.7)
1%p -~ Tiplizg < Cr fori—1,2 (1.9
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Proof. Note that the proofs of (4.3)-(4.6), and (4.8) follow easily from (4.1). Let us just

check (4.7). We have that

||d1V U’P - 7-’P diV UP||%2(O,T;H1 (Q))

N /ti
=1 /!

aiv U — (ay(t) div U + (1 - 0 (1)) div ™) |

dt (4.9)

HY()

where «;(t) = (t — 1) /7% for ¢t € [t*71,¢"], i=1,..., N. Thus, due to (4.1), one has

N i
. . FF T . i . i
||d1VU7D—%leUP||%2(0’T;H1(Q)) S E g”leUZ— divU* 1”%11(9) S CTQ.
i=1

0

By taking the limit in equations (3.19)-(3.21) as the diameter of partitions tends to 0,
one shows that Problem (P) has at least one solution. Indeed, the estimates (4.1)-(4.2)
and well-known compactness results (see, for instance, [?, Cor. 4]) ensure that there exist
Y, u, and v such that, possibly taking subsequences (not relabeled),

@p—)ﬁ

Up —u
divUp — divu
(a(©) —©/(0)), — ¥

weakly star in H'(0,T; L*()) and
strongly in  C°([0, T; L*(Q2)),
weakly in H'(0,T; V),

strongly in  C°([0, T; L*(Q2)),
weakly star in Wh*°(Q),

as the diameter 7 tends to 0 (clearly much more is true). Moreover, the previous con-
vergences, along with Lemma 4.1, entail that [?, Sect. 5]

X, p and X,p are Cauchy sequences in C°([0,T]; L*(Q)) (4.14)
and we obviously deduce from relation (2.12) that
a(0) — 0d/(0) — a(d) —9a'(¥9) strongly in C°([0,T]; L*(Q)). (4.15)

It remains to prove that 9, X, Xy, and dive fulfill (2.18). To this aim, note that easy
calculations yield

8t((oz(®) — 00/(0)) X div U)P = 9,(a(©) — 0!(0)),, Xop div Uy

—{—7;3 (a(@p) - @730!’(@73)) ath,p div ﬁp + 7;: ((Of(@p) - @p&'(@p))Xg;p) 8,:( div Up)

Referring to [?], we only have to deal with the first term in the right hand side above since
the passage to the limit in the other two terms is ensured by the above listed convergences.
In particular, let us prove the following useful lemma
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Lemma 4.2. Let E and F be normed linear spaces. Moreover let g: E — F bea
Lipschitz continuous function of Lipschitz constant L,, {u'}Y, € EN*1 and ( (u ))
and up be defined as in (3.17). Then, we have that

1(9(w)p = 90u)|| ooy < V215 Lo TlOupllizorim). (4.16)
Proof. Fix t € (t71,#'] for i =1,..., N, and let a;(t) = (t — t*"1)/7%; we have that
1(9(w)5(8) = g(ur®))]|
= Haz(t )g(u) + (1= u(t)g(u' ™) — g(aa(t)u’ + (1 — eu(t))u' ") ||,
a;(t)g(u’) + (1 — ai(t)) g(u'™") — i) g0 (t)u’ + (1 — ci(t))u'™")
- (1-a®)g (e + (1 - as()u )|
< 2Lg0;(t) (1 — ai(t)) ||’ — v Y| s

P

(v
(u'

since we have that both «;(¢) and (1 — ;(t)) are nonnegative. Owing to the previous
inequality and taking into account easy calculations, we have

—
=
N
SN—
N

ﬁ
lQ

00 sy = | 10050 stup) [

N
< 4L§Z ( / 1 of () (1 — ayu(t )) ) |u* — u“_1||2E>
i=1 i
9 N
< EL?;ZT%”UZ - uz_1||2E = 1_5L§ 2”875“73”%2(0,T;E)
i=1
whence the assertion follows. O

An application of the previous result (along with (2.12) and (4.1)) ensures that

((©) — 0a/(0)), — (a(Op) — Opd/(Op)) — 0 strongly in L*(Q)

P

so that, owing to (2.12), (4.10), (4.13), and (4.15), we have that ¢ = «a(d) — 9/ (1),
whence, recalling (4.13), one in particular infers that

0, ((©) — ©a/(0)), — dy(a(¥) — Vo' (9))  weakly in L*(Q).

Then, owing to the latter convergence and arguing as in [?], one easily checks that relation
(2.18) is fulfilled and the proof is complete.

5 Uniqueness

The following proof follows closely the argument investigated in [?]. In this respect,
we just suggest how to proceed, and omit most of the computations. We reason by
contradiction. Let (9%, X{, X3, u') and (9%, X2, X2, u?) be two solutions to Problem (P)
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and set 9 := 9 — 92, X; := X} — X2, Xy := X} — X3, w := u! — u?. Let us take the
difference between equation (2.18) written for (9%, X} X3, u!) and the same equation for
(9%, X2, X%, u21), integrate the resulting relation on (0,t), choose ¢ = 9(t), and integrate
once more over (0,t). Owing to relations (2.6), (2.12), (2.14), (2.24), Holder inequality,
and the mean value theorem, one infers that

h
+ =

t
— IV </ 5(s)ds>
2 ‘ 0 @) 2

t
< Qﬁzcac,C/ | diva(s)|| ||9(s)]|ds + 013/ ZHX ()]|?ds, (5.1)
0

2 2

Ui

11 — t
502”19”%2(0,@2(9)) + ﬁ(s)ds

L2(89)

where the constant Cj3 depends on ¥, ¢, L, Ci, and , C'Q. Next, we write relation
(2.20) for (9%, X} X3, ut) (letting [y1,72] = [X3(t),X3(t)]) and (92,X2,X3,u?) (letting
[v1, 2] = [Xi(t), X3(¢)], respectively). Taking the sum of the two inequalities, integrating
in time, and owing to relations (2.24) and (2.14), one easily finds a proper constant C4
depending on 9., co, A, u, £, C1, and , Cs, such that

ko C
_ y
EZ“Xj(t)“Q < ﬁ||79||%2(o,t;L2(Q))
j=1

A+2u/3
+ OBy il + O [ an s 652

Finally, we write (2.19) for both (', X}, X}, u') and (ﬁQ,X%,Xg,'u?) take the difference
between the two resulting equalities, choose v = w, and integrate in time. Owing to
(2.3)-(2.4), (2.17), and (2.14) one has

Vo v L 1T(A+2p/3), ..
7||U||%2(o,t;V)+§||V(leU)“%?(o,t;(LZ(n))S) + T“leU“%?(o,t;m(n))
t t
< Ducocr / [9(s)|| | diva(s)|| ds + Cis / %o (s)|2ds, (5.3)
0 0

where Ci5 properly depends on 9, ¢4, A, 1. Now, we take the sum between (5.1), (5.2),
and (5.3). Since (2.26) ensures that

t
(9e(20 + 1)cac) / 19(s)|| || divaz(s)|| ds
0
3, = (A+2u/3) _
< ZC2||79||%2(0¢;L2(Q)) + f”dlvu”%‘l(o,t;m(n))a

one infers, for all ¢ € (0,7,

2 2

Co 11 h ‘s ane
E”ﬁ”Lz(O,t;Lz(Q)) + 5 \Y 19(8) ds + 5 19(3) ds
0 (L2(2))? 0 £2(59)
(A+24/3)

Cy 14 . _
+ 7||u||%2(0,t;v) + §||V(dlvu)”%Z(O,t;(L2(Q))3) + T“leU”%z’(o,t;m(n))

ke =
FESIBOI < G [ an (5)|Pds,
7j=1
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where Cig := 3max{Ci3, Ci4, Ci5}. Hence, applying Gronwall lemma (see, e.g., the
version reported in [?, Thm. 1]) it follows that the solution to Problem (P) is unique.

6 Error Estimates

Henceforth, C stands for a positive constant depending eventually on data but inde-
pendent of P. Of course, C' may vary from line to line. Moreover, in the sequel
of the paper, where no confusion arises, we will drop the subscript P from functions

677: @'Pa Xl P> XZPa Xl Py X?PaUP: UP: FP?f’Pa GP; and g’P

Let us start up by handling the variational inequalities (2.20) and (3.21). To this
end, we refer the reader to [?, ?] where this analysis is devised in an abstract setting,
and to [?, ?] where it has been applied. We choose [y1,72] = [X1(t), Xo(t)] in (2.20),
[71,72] = [X1(t), X2(t)] in (3.21) and sum the corresponding two inequalities. By means
of easy calculations one infers

ki: (at(Xj - &), (X; = Xj)) + ki (6th, (& - X,-))
Jj=1 j=1
+ E(ﬁ —-0,X; — ?1> + (04(19) divu — a(0)TpdivU, Xy — ?2> < 0.

Taking the integral over (0,t), we have

Z ®)? = ZI (6.1)

wlw

for all ¢t € (0,7), where

2
k
L =5 E 1:||Xj,o—Xj,07>||2,
]:

B = k[ 3003504~ T)() ds.
L) = —ﬁ/t(ﬁ—(%,xl ~F)(s) ds,

L) = — /0 ((a0) dives - a(®) divD) (s), (Xa — o) (s)) ds.
L) = — /0 (a@)(divT — T divD)(s), (Xo — a)(s)) ds.
Clearly, position (3.24) ensures that

Il < 07'2. (62)
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Our next aim is to control the residual quantity Ir(t). Let ¢t € (¢!,¢'], for some i =

., N. We have that

2 _ 2 [ xi— xit . . .
> (05, X - X)) () = Y (%’O‘i(t)xf + (1) X7 - Xf)
=1

j=1
2
= 041 —1 Z

where, once again, a;(t) = (t — t'7')/7* (note that |a;| < 1). Then, one infers

XZIQ

M-

(0,2, % —X;)(t) <0 Vte(0,T),

1

J

and, consequently,
Li(t) <0 vVt € (0,7).

Regarding I5(t) and I4(t), by virtue of (2.14), (4.3), and (4.8), one infers

C t
B < G210 - Ol ey + C ([ 106 - 2)IPds + 72)),

L(t) < /Ot

+ /Ot (divﬁ(aw) — (@), X —?2)

(A+24/3)
24

o[ oa-aias + 7).

(a(ﬁ)(divu — divD), X — ?2) () ds

(s)ds

: . FF &
< | dive — div U“%?(O,t;L?(Q)) + 5—2“79 - ®||%2(0,t;L2(Q))

(6.5)

Please note that the constant Cs in the calculations above is exactly the one appearing in
(2.25). Moreover, let us stress that the choice of the quantity Cy/52 and (A + 2u/3)/24,
although it is not straightforward at the moment, is strictly related with assumptions
(2.25) and (2.4), respectively, as will be clear in the sequel. Due to relations (2.14) and

(4.7)-(4.8), it is possible to control I5(t) as follows

I(t) < (1920")

1 [t —
T = T div Doy + 3 | 106 = Ba)(s) P

< C(/O |(Xo — Xo)(s)||?ds + 72>.

(6.6)

In order to get a control of the function 9, —Op with respect to the norm of
L?(0,T; L*(€)) we consider the integral of (2.18) and (3.19) over (0,¢) for ¢t € (0,7),
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and obtain, respectively,

co((ﬁ(t)—ﬁo),g0> + h/QV (/Otﬁ(s)ds) Vedr + 77/39 (/Ot(ﬁ—f)(s)ds>godl“
- /Ot (F(s),gp) ds + L((Xl(t)—xl,o),go)

+ ((190/(19) — a(ﬁ))Xg div u(t), <p> — ((1900/(190) - &(ﬁo))xz,o div u, 90),
Vo € H'(Q), (6.7)

co<(®(t) —ﬁop),go> + h/QV (/Ot@(s) ds) -Vodx
s o[ ([@-Deas)edr = [ (Fo).e)as
¥ L((Xl(t)—Xl,op),go) + ((@a'(@)—a(@))x2divu(t),so)

- ((190730/(1907;) —a(ﬂop))xzw diVUo%@) + (R(t),go),
Vo € HY(), (6.8)

where the residual term R(t) is defined by
t
R(t) = / <((@a'(@) — a(0)) X, div U)P — (09 (0p) — a(Op)) Xy, p div Up>.
0

Taking the difference between (6.7) and (6.8), choosing ¢ = (¢ — ©)(¢) and integrating
over (0,t), one infers

h ¢ —
olld = O uarey + 5 Hv ( /0 (9 — @)(S)ds)

n
+2

/Ot(ﬁ —8)(s)ds

200 il
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for all ¢ € (0, T), where
) = [ (i = or) = 060 = Xaar), (0 B)(5)) s,
H) = [ (w0 -0)6). @ - 0)))as,
Ko = [ (- 206,08
w) = [ ([ @-Pwno-o)6s),
) = [ [ ([¢-Der)o-e)aras,
) = — /0 t ((1900/(190) . 04(190))><2,O div ug

_ (ﬁopa'wop) _ awop)) Xo.0p div ugp, (0 — ©) (s)) ds,

Lo(t) = /0 t ((190/(19) - a(ﬂ))XQ divu(s) — (@a'(@) - a(@))XZ divU (s),
(0= 8)(s) ).
Ls(t) = /0 t (R(s). (9~ ©)(s) ) ds,

Our next aim is to control the right hand side of (6.9). To this end, due to (3.24) and
(4.3), we handle I4(t), I(t), and Ig(t) as follows

) < 2210 - Olronmy

+ C(I190 = Bop 2 + X1 = X072 + 7°)

e (6.10)
B#) < S219 - Olagumy + O7 (611)

C t
R() < G210 = Ol ey + © ([ 0w = 2)@lFds + 7). (612
Next, we control Io(t) by virtue of (3.23) and (4.3) as

Cy
Lit) < Enﬁ—@”%%o,t;m(m)

+ C<||F_F”%1(O,T;L2(Q)) + 72)

IN

&
5“19 - ®||%2(0,t;L2(Q)) + 07'2. (613)
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Regarding Io(t), relation (3.23) and an integration by parts yield
t
ho(t) < 1 (/ (= Hyis) ([0~ 8)spis)ar
0
+ (f= (s (/( o)(r )dr)drds
a0
77 — —
< 7 (19 — O)(s)ds + C\f = FliZ o200y
4 L2(09)
+ 77/ I(f = H)Slzaey || [ (9 —O)(r)dr ds. (6.14)
0 0 L2(50)
In order to bound I;;(t), we reason as follows
Ln(t) = hLa(t) + Ls(t) + Le(?)
where
t
114(t) = —/ (((19001/(790) — 01(190)) (79()7)0( (7907) — 1907) )Xgodlv Uy,
0
t
115(t) = —/ ((1907)01,(’[907)) — 01(7907))) (XQ 0— Xg ()'p) div Uo, (’19 )(8)>d8,
0
t
]16(t) = —/ <(19073a”(’l90'p) — Of(?%yp))ngo’p(diV Uy — diVUop), (79 — @)(8)>d8
0
Hence, owing to (2.6), (2.14), (2.24), (3.11), (3.24)-(3.25), and (4.3), one obtains
t
Ia(t) < ﬁcCaC/ccl/ 190 — dop || [|( — ©)(s)]| ds
0
< Sy_op2 Cr? 6.15)
< 5—2“ = Ol 0pr2) + O, (6.
t
Lis(t) < 2793%01/ 1X2,0 = Xa,0p || [| (9 — ©)(s)|| ds
0
C
< 5—22||19— Oll720 1120y + CT7 (6.16)
t
Lig(t) < Qﬂgcac;c/ || div g — divugpl| ||(9 — ©)(s)]| ds
0
< Zy_gp Cr? 6.17
< 5—2“ = Ollz20p12(0)) + CT° (6.17)
Thus, collecting (6.15)-(6.17), we have
3C
Li(t) < 2“79 @||L2 o502(Q) T Cr?. (6.18)
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The same analysis exploited for I;1(t) applies to I12(t) as well. For instance consider

Iip(t) = Dr(t) + Lis(t) + T(?)

where
La(t) = /Ot ((( @) — (0 (@)))deivu(s),(19—@)(3)>ds,
Ls(t) = /;(( ( )x2 ) divu(s ),(ﬁ—@)(s))ds
Lo(t) = /Ot (( o(©)) Xa( dives — divU)(s), (19—@)(3))ds.

By virtue of relations (2.6), (2.24), (2.14), and (4.3), one infers
t
La(t) < T9ccacic01/ 10 = ©)(s)[[ I — ©)(s)l| ds
0

t
— JucackCh (nﬁ - Olioaa + [ 100 - )@~ B ds)

IN

C
(’lgccaC]CCH + _2> ||/l9 @”Lz 0tL2 Q + 07_2, (619)

Ls(t) < 20%.Cy / 106 — A2)()] (9 — B)(s)]) ds

C t
< 5—22”19— @H%2(0,t;L2(Q)) + C (/0 1(Xs — X)(s)||°ds + 7'2) ’ (6.20)
t
Iy(t) < 219’g’cac;c/ [(diva — divO)(s)]| [|(9 — ©)(s)| ds. (6.21)
0

The reader should notice that the term 9J.c,ccCy||9 — ®||%2(0,t;L2(Q)) in (6.19) is to be
handled by means of the non-degeneracy assumption (2.25). On the other hand, let us
stress that the term I19(¢) will be controlled jointly with the forthcoming term I5y(¢) by
making a crucial use of (2.26). Moreover, according to (6.19)-(6.21), we conclude for

C
Ilg(t) < <'l9 CaC]c01 + —2) ||19 ®||L2(0tL2(Q))
t
+ Qﬁgcac,c/ |(diva — divU)(s)|| ||(9 — ©)(s)|| ds
0

+C (/0t||(X2—X2)(s)||2ds + 72). (6.22)

Finally, we deal with the residual term I;3(¢). It is straightforward to obtain that

Cs
Ii3(t) < 5“79 — OllZ20.22(0)

c( H ((@a’(@) — 0(0)) X, div U)P — (050/(0) — a(07)) Xop div U

+ 7'2)
LY(Q)
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and, recalling (2.6), (2.12), and (2.24), an application of Lemma 4.2 with the choice
E = (L*Q))® and F = L*(Q), yields

&
I]_3(t) S 5_2”79 - ®||%2(O,t;L2(Q)) + 07_2. (623)

Regarding the displacements, let us consider the difference between (2.19) and (3.20)
and set v = (u — U)(t). One has

a(u -U,u— ﬁ) + (a(¥)Xs — a(©)X,, divu — divO)

_ /Q(G—é)-(u—ﬁ)dx+/ (9-9)- (w—T)dl ae. in (0,7T).

Tn

Now, we take the integral over (0,¢) for ¢ € (0,7). Since we have (2.3)-(2.4), it is
straightforward to deduce that

Cy =
<5 1@ =T)Olz20v)

23
A+2u/3 . . T
+ %H(dlvu — div U)(t)||%2(0,t;L2(Q)) < le(t), (624)
1=20

where
Io(t) = — /0 t ((0(9) — a@)Xals), (divu — divT)(s)) s
In(t) = — /0 t (@) (%o — ) (s). (dives — divT)(s) ) s,
In(t) = /Ot/Q(G—E) (w—T) dads,
Ls(t) = /Ot/m(g-g) (u—T)dlds.

The previous terms may be controlled with the help of (2.6), (2.14), (3.23), and (4.3) as
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follows
1
In(t) < ﬁccac,c/ |(¥ — ©)(s)]| ||(dive — divT)(s)|| ds, (6.25)
0
(AN+2u/3), .. e
121 (t) < T” leu — le U||%2(0,t;L2(Q))
t
+ C(/ |(Xe — &) (s)||’ds + 72>, (6.26)
0
Cy —_— —
In(t) < §||u— Uli:0uv) + CIG = Glliz0.rz200)0)
Cy _—
< Ylu- Tl + O (6.27)
Cy = —
Is(t) < Yor |u — U||%2(O,t;(L2(FN))3) + Cllg - g||%2(0,T;(L2(FN))3)
v 3 _
< §||u —Ul204vy + Cllg = 8l2207.2 02
Cy =
< Ylu-Tligu) + O (6.28)

where the constant C, stands for the norm of the trace operator from V to (L*(Ty))3.
Once again we choose the arbitrary constants in the right hand side of relations (6.26)-
(6.28) in order to fit the forthcoming analysis.

Next, we take the sum between (6.1), (6.9), and (6.24). At this point the role of
assumption (2.26) becomes clear since the latter assumption and (4.3) ensure that

(196(219,; + 1)cac;c> /0 19 = ©)(s)|| || dive — divT)(s)|| ds

3C,,  ~ (N +2u/3) . .
< e ”19_@”%2(0,15;L2(Q)) + 3 |divu — div UH%Q(O,t;L?(Q))
3C, (A+2u/3) . . -
< T||T9—@||%2(o,t;L2(n)) + f”d“’u_ divU|[72(0,2(0)) + O

A first consequence of the previous inequality we have that the sum I9(t) 4 I5(t) is con-
trolled by the right hand side above (provided that the constant C is properly modified).
Thus, by virtue of (2.25) and taking into account (6.2)-(6.6), (6.10)-(6.14), (6.18),
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(6.22)-(6.23), and (6.25)-(6.28), one obtains for all ¢ € (0,7).

2

5—2”19 = OllL20 220y + 5 Y% (0 —©)(s)ds
0

(L2(2))®
t 2
n = Cv =
+ 5| (0—=0)(s)ds + —llu=TUlliz0uv
4 4
0 £2(6Q)
2
(A +2u/3) .. .z k
+ THdWU — div U”%Q(O,t;L?(Q)) + 5 Z 106G = X)) (@)1

j=1

/05(19—@)(7«) dr

< C(/O 1(f = F)($)ll200)

> [ e - 2yeieas + )

Finally, an application of Gronwall lemma along with relations (3.23) and (4.5), concludes
the proof of Theorem 3.3.
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Remark 6.1. Let us briefly comment the technical motivation for neglecting the term
a(9)X20;(divu) in (1.7). The latter motivation is connected with the former paper
[?]. In this contribution the author deals with the uniqueness of a solution to the full
three-dimensional Frémond model by reasoning by contradiction. The presence of the
nonlinear term «(9)X20;(divu) forces the author to establish a local in time Gronwall
type estimate. Thus, the uniqueness of a solution is proved in the time interval [0,7*) for
a suitably small time 7™ < T and the argument is iterated to ensure uniqueness on the
whole interval [0,7"). Unfortunately, the latter local in time procedure is not adequate
for the purpose of the error analysis and we need to establish a Gronwall estimate up to
the reference time 7. In this respect (see also [?]), it turns out to be possible to prove
such a global in time Gronwall estimate by neglecting the term «(9)X0;(divu) in the
full energy balance equation (1.7).



