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Measure-valued solutions to Fokker-Planck equations
We consider nonnegative measure-valued solutions to the Fokker-Planck
equation

Op—Lp—V-(pB) =0, p|,_,=po,

where B : R? — R is a Borel A-monotone operator, A € R, i.e.

(B(x) = B(y),x —y) > X|x —y[* for every x,y € RY.

(FP)
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A < 0: B is a Lipschitz perturbation of a monotone operator.
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Measure-valued solutions to Fokker-Planck equations

We consider nonnegative measure-valued solutions to the Fokker-Planck
equation

&gp—Ap—v(PB) :07 p|t:0 = po, (FP)

where B : R? — R is a Borel A-monotone operator, A € R, i.e.
(B(x) = B(y),x —y) = A|x — y|2 for every x,y € RY.

(pt)e>0 C P(R?) is a weakly continuous family of probability measures
satisfying the equation (FP) in the sense of distributions

+oo
/0 /Rd (0 + 8¢~ B- V() dpdt =0 V¢ € C(RY x (0, +00)),

and the initial condition lim¢}o pr = po in P(RY).

» No growth restrictions are imposed on B.
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Main problem
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Here we want to study the stability properties of the distributional solutions of
Oep—Dp—=V-(pB) =0 (FP)

in terms of the transportation costs

Gh(p17p2) = inf{// ) h(]x1 — x2|) dp(x1,%x2) : p € .@(Rd X ]Rd)7
RIxR

p is a coupling between p1 and pz}.

where

h:[0,+00) — [0,400) is a continuous and non-decreasing function.

Problem

If p*, p? are two distributional solutions to (FP) find suitable estimates of

Ch(pt, pt) in terms of Ch(pg, Pa).
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The Wasserstein approach to Fokker-Planck in the gradient case
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The Wasserstein approach to Fokker-Planck in the gradient case
When

’ B = VV is the gradient of a A-convex function V : RY — R

then (FP) can be considered as the gradient flow of the relative entropy
functional

Ent~(p) ::/ u(x) log u(x) dx + /]Rd V(x) dp(x) p=uz?
/ dp Iog d*y vi=e V.

in the space ﬁz(Rd) of probability measures with finite quadratic moments
endowed with the so called L>-Wasserstein distance Wa(, -)

Wa(p', p°) = Ca(p", p°),  h(r):=1r?

This remarkable interpretation found by JORDAN-KINDERLEHRER-OTTO

(1998) gave rise to a series of studies on the relationships between certain

classes of diffusion equations and distances between probability measures

induced by optimal transport problems.

General overviews can be found in the books VILLANI 2003-2009,
AMBROSIO-GIGLI-S. 2005.
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Wasserstein distance (l): the point of view of optimal transport

Wasserstein space:

P5(RY) = {p Borel probability measures on R? s.t. /}Rd Ix|* dp(x) < —|—oo}.

RY,
Couplings between p1, p € Z5(R?):
measures p € Z5(R* x RY) whose p
marginals are p1, p2, i.e.

p(AXR’) = p1(A), p(R?xB) = p2(B)

for every Borel sets A, B C R“. p
I(p1, p2) is the collection of all cou-
plings of p1 and pa.

Wasserstein distance:

W3(p1, p2) := min { /d I —xe dp(x1,x2) 1 p € r(PLM)}
R™ xR




Optimal Transportation

“Soft” properties

> (22(R?), W,) is a complete and separable metric space.
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“Soft” properties

Weak convergence +
» Convergence with respect to W2 < convergence of the quadratic
moments.
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Optimal Transportation

“Soft” properties

» Existence of (constant speed, minimizing) geodesics connecting arbitrary
measures po, p1 € P2(R?): they are curves p : s € [0,1] — ps s.t.

Wa(po, p1) = Lolpl,  Wa(ps, ps) = |s1—50| Wa(po, p1), 0< s < s <1
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Wasserstein distance (lI1): the Brenier dynamical approach

In R consider a moving family ps € 92,(RY), s € [0, 1], satisfying the
continuity equation

’ Osp + div (p v) =0; v is the velocity vector associated to p‘

The scalar velocity at time s is given by

1/2
Valos)i= sy = ([ | Mo )

The length of the curve p between sy and s;

eall = [ vildas= [ ([ m@F dn(a) s

0 0

Wasserstein distance W, between py and p;:

Wa(po, p1) := min {Lé[p] Plesg = PO Py = m}-
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Oep +div (pv) =0 (Continuity equation)
o . i
v = —D(E) (Nonlinear condition)

Plig = PO po € L@z(Rd).
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Otto’s approach to Gradient flows through Wasserstein distance
Oep +div (pv) =0 (Continuity equation)
o . i
v = —D(E) (Nonlinear condition)

Plig = PO po € L@z(Rd).

P
Here & : 2,(R%) — R is a suitable integral functional and (;—p is its

Euler-Lagrange first variation
(0]
d(p) = /L(X7 u,Du) dx, (;—p = Lu(x, u, Du) — div Lpu(x,u, Du), p= vz’
In the case of the relative entropy functional
P
®(p) := Ent,(p) = /ulog udx + / V(x)dp, (;—p =logu+ V(x)+1
dep = div (pD (log u + V)) = Ap + div(pD V).
[OTTO, with JORDAN AND KINDERLEHRER '97-'00] showed in many
interesting cases that such kind of equations can be interpreted as

the “gradient flow” of ® with respect to the
Wasserstein distance W, in 2,(R?).
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A new geometric insight
One of the strengths of the Wasserstein approach is a new geometric insight
(developed by OTTO, 2001) in the evolution process: in the case of (FP)

the A-convexity of the potential V reflects a A-convexity property
(also called displacement A-convexity) of the functional Ent., along
the geodesics of Z,(RY).
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A new geometric insight

This nice feature, discovered by R.J. McCANN, 1997, suggests that

one can adapt some typical basic existence, approximation, and
regularity results for gradient flows of convex functionals in
Euclidean spaces to the measure-theoretic setting of %>(R?).

This program has been carried out and among the most interesting estimates,
it provides the A-contraction property

Wa(pt, pi) < e M Wa(pg,p5)  for every t >0,

where pl,p2 are the solutions to Fokker-Planck starting from the initial data
po, Py € Po(RY).
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Optimal Transportation

A new geometric insight

Basic ingredients:
1. Derivative of the squared distance function along locally Lipschitz curves.
2. Displacement convexity of the relative entropy functional Ent..
3. Subgradient inequality for the logarithmic gradient Vp/p + VV g

13
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Wasserstein distance from a fixed measure o along the locally Lipschitz curve p
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Derivative of the squared distance function

The first tool is the formula which evaluates the derivative of the squared
Wasserstein distance from a fixed measure o along the locally Lipschitz curve p
in Z(RY).

Theorem

Let p: (0,4+00) — P»(R?) be a locally Lipschitz curve. Then for £*-a.e.
t > 0 there exists a (p:-essentially) unique Borel map v, € L*(ps; RY) such that

depe +div(peve) =0 in R? x (0, +00)

. Wo( , / oo
’l[no p|th+|h ) / |vt| dpt € Li5.(0, +00).

v: belongs to Tan,, 2»(R?), the closure in L*(p:; R?) of the space generated
by the gradients of C°(RY) functions. Moreover

SaWieo) = [ wx=y)dplxy) for s >0
dt 2 Rd xRd

where p, is an optimal coupling between p; and o.
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Displacement convexity

Definition (Displacement \-convex, McCann ’97)

A functional ® : 2,(R?) — (—o0, +o0] is  displacement convex if each
couple of measures po, p1 € D(®P) can be connected by a geodesic (i.e.

displacement interpolation) ps, s € [0, 1] such that

®(ps) < (1 = 5)®(po) + s®(p1)

Vs e (0,1).
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Displacement convexity

Definition (Displacement \-convex, McCann ’97)

A functional & : 2,(R?) — (—o0, +00] is A-displacement convex if each
couple of measures po, p1 € D(®P) can be connected by a geodesic (i.e.
displacement interpolation) ps, s € [0, 1] such that

®(ps) < (1= 5)®(po) +5O(p1) — 3A (L — s)W3(po, p1) Vs € (0,1).

The geodesic connecting po to p1 can be represented as

ps 1= ((1 — )t + s7r2) p where p is an optimal coupling
#

Pt

>

P1

e —C
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Consider
o) = Bt (7) = [ uG)logu(x)dx+ [ VEdp(x) = uz?

/ Iog d'y yoi=e V!
]Rd

Theorem (McCann ’97)

The relative entropy functional Ent~(-) is A-displacement convex iff

the potential V is A- convex, i.e. D*V(x)& - & > A€ Vx, € eRY.
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Displacement convexity of the relative entropy functional

Consider
o) = Bt (7) = [ uG)logu(x)dx+ [ VEdp(x) = uz?

/ Iog d'y yoi=e V!
Rd

Theorem (McCann ’97)

The relative entropy functional Ent~(-) is A-displacement convex iff

the potential V is A- convex, i.e. D*V(x)& - & > A€ Vx, € eRY.

When A = 0 one can give an equivalent characterization in terms of
v = e~V.2? which holds even in infinite dimensional Hilbert spaces H:

Theorem (Ambrosio-Gigli-S. '05)

The relative entropy functional Ent. is displacement convex iff  is
log-concave

7((1 = s)A+ sB) > v(A)*~(B)* VA, B open subset of H, s € [0,1].
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Subgradient characterization of the (FP)-velocity field

The last ingredient is the “subgradient” property of the vector field v given by
the “logarithmic gradient” of p

Theorem (Ambrosio-Gigli-S. '05)

A measure p € P>(R?) has a Lebesgue density u € W (RY) with

loc
Vu Vu

fivve L(p;RY) e I1,(p) ;:/
Rd

VV) dp(x) < 400

if and only if there exists a (unique) vector field v € Tan,Z»(RY) C L*(p; RY)
such that

[, 60,y = x)dplx,y) < Bty (0) — Bt (s) = 32 W(p.0)

for every o € P(R?); p is the optimal coupling between p and o.
In this case

pv=Vp+ pVV.

The functional 1, is called relative Fisher information.



Contraction and EVI

Wasserstein solutions to (FP)

If p: (0, 4+00) — P2(R?) is a locally Lipschitz curve solving the Fokker-Planck

equation
th

Pt

8tpt =+ diV(ptVt) = 07 —Vi = ( + vv)7 (FP)

and p, is an optimal coupling between p; and o € Z,(R9) we have

d1l
— W3 (pr, 0) :/ (—vi(x),y = x)dp.(x,y)
dt2 R xR
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equation
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Wasserstein solutions to (FP)

If p: (0, 4+00) — P2(R?) is a locally Lipschitz curve solving the Fokker-Planck

equation
. \%
8tpt —+ dIV(ptVt) = 07 —V: = ( ppt

+ vv) (FP)

and p, is an optimal coupling between p;: and o € Z,(RY) we have

d1

55‘/\/2 (Pu )

< Ent, (o) — Ent,(p) — >‘W2(Pv o)

Definition

A locally Lipschitz curve p : (0, +00) — Z2(R9) is a “Wasserstein” solution to
(FP) if it satisfies the Evolution Variational Inequality

1d
2 dt

for every o € Z,(R?).

—W3(pt,0) < Ent,(0) — Ent, (p:) — )\WZ(pt,a) (EVI)




Contraction and EVI

Proof of contraction

Let p', p* be locally Lipschitz curves solving (EVI) (A = 0)

1d

anﬁ(pt, o) < Ent(c) — Ent.,(p:). (EVI)
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1d

5 dtW2(pt7 o) < Ent,(c) — Ent(p:). (EVI)
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Contraction and EVI

Proof of contraction

Let p', p* be locally Lipschitz curves solving (EVI) (A = 0)

1d
anﬁ(pt, o) < Ent(c) — Ent.,(p:). (EVI)
Doubling variables, we write (EVI) for p; choosing o := p?

and the corresponding (EVI) for p? choosing o := p}:

1 0 2 1 2 2 1
i < _

2 arWZ(pmps) = Ent’Y(ps) Ent’Y(pr)
10

595 Walor, p2) < Enty(pr) — Ento (p2)

Summing up
10 2,1 2 10 2,1 2
——W + - —W <
20r 2(pr7ps) 29s 2(praps) <0

20



Contraction and EVI

Proof of contraction

Let p', p* be locally Lipschitz curves solving (EVI) (A = 0)

1d
anﬁ(pt, o) < Ent(c) — Ent.,(p:). (EVI)
Doubling variables, we write (EVI) for p; choosing o := p?

and the corresponding (EVI) for p? choosing o := p}:

10
55, Wa(pr, p2) < Enty (p2) — Ent, (pr)
10
595 Walor, p2) < Enty(pr) — Ento (p2)
Summing up
10 5,1 2 10 2,1 2
-2 -2 <
2 0rW2(Pr7ps) + 2 8SW2(praps) e O
and evaluating the inequality at t =r =s
1d 1,0 0
5> q Walor, o) = 5 (Ewg(pﬁ,pf) + awﬁ(pﬁpf))tﬂzs <0

20



Contraction and EVI

A general existence result

Here H is a separable Hilbert space.

Theorem (Ambrosio-Gigli-S. '05, S. '07)

If®: P2(H) — (—o0, 4] is a proper, lower semicontinuous, and
displacement A-convex functional then for every initial measure
po € D(®) C P»(RY) there exists a unique locally Lipschitz solution to

1d

1
5 e WH(pr,0) < Bty (0) — Bnty (p) — 5AW3(pe,0) Yo € a(H) (EVI)

with lim¢ o pr = po.
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A general existence result

Here H is a separable Hilbert space.

Theorem (Ambrosio-Gigli-S. '05, S. '07)

If®: P2(H) — (—o0, 4] is a proper, lower semicontinuous, and
displacement A-convex functional then for every initial measure
po € D(®) C P»(RY) there exists a unique locally Lipschitz solution to

1d

1
57 Wa(pe, 0) < Ento (o) — Enty (p) — SAW:(pe,0) Yo € P5(H) (EVI)

with lim¢ o pr = po.
The map po — St(po) := p: defines a continuous semigroup of A-contractions
in D(®).

In the case H = RY when ® = Ent.,, p is a distributional solution to
Op — Ap —div(pVV) =0 (FP)
and satisfies the regularization property

Ly(pe) = /Rd

th
Pt

+vv‘ dpe < Ct 262

21



Contraction and EVI

Stability: an example in infinite dimension
Let H be an infinite dimensional Hilbert space and v € &(H) be a

log-concave non degenerate measure.
Take a family of finite n-dimensional spaces H" with a log-concave measure

Yp=e""" -,Z”‘Hn € P(H") and suppose that

”y" — v weakly in Z(H). ‘

29
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Take a family of finite n-dimensional spaces H" with a log-concave measure
Yp=e""" -,Z”‘Hn € P(H") and suppose that

”y" — v weakly in Z(H). ‘

Typical example: v" = (7") gy = e_an"‘Hn are the marginals of v with
respect to the finite dimensional orthogonal projections 7" : H — H" C H.

On each finite dimensional space H" we are solving

Oepi — Dpe —div(piVV") =0 p"| _ = po = (7")%po.

Theorem [Ambrosio-S.-Zambotti]

If p§ — po in Po(H) then pf — p: in F>(H), and p; is the unique solution of
the gradient flow generated by Ent, in & (X) starting from pq.
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Stability: an example in infinite dimension
Let H be an infinite dimensional Hilbert space and v € &(H) be a
log-concave non degenerate measure.
Take a family of finite n-dimensional spaces H" with a log-concave measure
Yp=e""" -,Z”‘H" € P(H") and suppose that

”y" — v weakly in Z(H). ‘

Typical example: v" = (7") gy = e_an"‘Hn are the marginals of v with
respect to the finite dimensional orthogonal projections 7" : H — H" C H.

On each finite dimensional space H" we are solving

Oepi — Dpe —div(piVV") =0 p"| _ = po = (7")%po.

Theorem [Ambrosio-S.-Zambotti]

If p§ — po in Po(H) then pf — p: in F>(H), and p; is the unique solution of
the gradient flow generated by Ent, in & (X) starting from pq.

Application:

The Dirichlet form [, [|Vul7 dv is closable.




Outline

B A duality approach to contraction for general monotone drifts
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Goals

» Prove contraction for general A-monotone drifts which are not
necessarily gradients.
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Goals

» Prove contraction for general A-monotone drifts which are not
necessarily gradients.
> Extend the estimates to more general transportation costs
» Avoid any time-regularity assumption (like Lipschitz continuity) and use
just the notion of distributional solution.
Difficulties:
» Lack of entropy and metric formulation
» The velocity field
\%
vii=—-t_ B ¢ Tan,, 2>(R?)
Pt
is not the natural “Wasserstein velocity”, since B is not a gradient

» We cannot directly differentiate the Wasserstein distance.

24



General transportation costs

We consider a function
h: [0, +00) — [0,400) continuous and non-decreasing, h(0) = 0,

and an associated cost function c(x1,x2) := h(|x1 — x2|).
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General transportation costs
We consider a function
h: [0, +00) — [0,400) continuous and non-decreasing, h(0) = 0,

and an associated cost function c(x1,x2) := h(|x1 — x2|). We then introduce
the cost functional

Ch(p', p?) = inf {/ h(|x1 — x2|) dp(x1,x2) : p € P(R? x RY),
RY x Rd

p is a coupling between p1 and pz}.

—— -
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General transportation costs
We consider a function
h: [0, +00) — [0,400) continuous and non-decreasing, h(0) = 0,

and an associated cost function c(x1,x2) := h(|x1 — x2|). We then introduce
the cost functional

Cu(p', p) |nf{/d y h(|x1 — x2|) dp(x1,%2) : p € Z(R? x RY),
X

p is a coupling between p and p }

R™ i
Interesting cases:
R

p2{|| t > h(r) = rP, Cu(p*, p?) induces the
P ,' (1 = x2[) =0 p-Wasserstein distance W5
B /

P2{ I

’
’
—— -
¢ —— —~— Rd




General transportation costs

We consider a function

h: [0,

+00) —

[0, +00) continuous and non-decreasing, h(0) = 0,

and an associated cost function c(x1,x2) := h(|x1 — x2|). We then introduce

the cost functional

Ca(p', p%)

'”f{/ h(lx1 — x2|) dp(x1,x2) : p € 2(R? x RY),
RY x RY

p is a coupling between p and p }

Interesting cases:
> h(r) = rP, Cn(p', p°) induces the

|X1 —x|)=0 p-Wasserstein distance W5

> h bounded, concave, strictly increasing:
Cu(p*, p?) is a metric on P (RY)
inducing weak convergence.

75



Main result
Assume that B : RY — R is a Borel monotone drift
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/ / |B(x) — Ax|dpe(x)dt < +o00  for every 0 < to < t < 400,
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then
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Arguments

» Dual Kantorovich formulation of the cost functional Cx(-, ).
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Arguments

» Smooth solutions of the backward Kolmogorov equation.
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Arguments

» 4 “regularization” steps (for the cost, the Kantorovich potentials, the
drift, and the A-monotonicity)
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Arguments

» Variable-doubling technique and maximum principle to get refined
comparison results for smooth solutions of the backward equation.

27



Kantorovich duality

Our argument strongly relies on the dual Kantorovich representation of Cx(,-)

(o' o?) = sup { [ w'a)an'(a) + [ 7 0a)dp’ ()

Rd

W9 € G(RY), %) + 9 (x) < hlx —xel) |
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Kantorovich duality

Our argument strongly relies on the dual Kantorovich representation of Cx(,-)

(o' o?) = sup { [ w'a)an'(a) + [ 7 0a)dp’ ()
W9 € G(RY), %) + 9 (x) < hlx —xel) |

Kantorovich duality reduces the estimate of the cost Gh(p%, p%) of two
solutions of (FP) at a certain final time T to the estimate of

5 17 Z;T:: ldl 2d2
@\ 0Ty = [ asks [ wtas

for an arbitrary pair of functions wl,wz satisfying the constraint

' (x1) + Y2 (x2) < h(|x1 — x2|)  for every x1,x2 € R,

28



Backward Kolmogorov equation
Assume for a moment that B is bounded and smooth. In order to estimate

(4!, 9% T) ::/ wlde/ PRApd, ' (xi) + 92(x) < h(Jx1 — xal),
Rd R4

we can solve the final-value problem for the adjoint backward
Kolomogorov equation

aﬂ/)l’2 n Awm _B. vq/)l,2 —0 inR?x (0, T), w1,2(" T):= ¢1’2 (BKE)
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Backward Kolmogorov equation
Assume for a moment that B is bounded and smooth. In order to estimate

(4!, 9% T) ::/ wlde/ PRApd, ' (xi) + 92(x) < h(Jx1 — xal),
Rd RrRd

we can solve the final-value problem for the adjoint backward
Kolomogorov equation

aﬂ/)l’2 n Awm _B. vq/)l,2 —0 inR?x (0, T), w1,2(" T):= ¢1’2 (BKE)

If 42 belong to CZ*(R? x [0, T]), the distributional formulation (FP) yields

(b, 2 T) = S(4, 98;0) = /rr Yhdob + /R w2 dpk

If we could prove that wé, 1[)5 satisfy the constraint

Yo(x1) + Ph(x2) < h(lx1 — xa|),

then we would get the uniform bound in term of the initial cost

Sk v ) =S w0 = [ vidah+ [ vl o) g
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4 regularization steps

» Regularization of h: we can assume that

his C', Lipschitz, Hn h(r) = +o0, and Ch(p(l),pﬁ) < 400
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4 regularization steps

» Regularization of h: we can assume that

his C', Lipschitz, Hn h(r) = +o0, and Ch(p(l),pﬁ) < 400

Yosida regularization, convolution, I'-convergence for the cost functional
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4 regularization steps

> 1,[)1,1/;2 can be assumed smooth with compact support:
eno' ) =sup{ [ 0M)dol )+ [ w7x) do(er)
R R
WLyt e CORY), ¥ 0) + 4 (xa) < h(x —xel) |
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4 regularization steps

> Rescaling argument: it is sufficient to consider the case A = 0.
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4 regularization steps

> Rescaling argument: it is sufficient to consider the case A = 0.
The time-rescaled measures

1 .
t(s) := o) log(1 +2Xs), pL(A) = pt(s)(e*At(s) A)

solve a (FP)-equation with a monotone (time dependent) drift.
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4 regularization steps

» B can be assumed bounded and smooth.
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4 regularization steps

» B can be assumed bounded and smooth.
Combine the FITZPATRICK-PHELPS approximation of B by bounded montone

maps with convolution.

2()
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such that
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Kantorovich

A comparison result for the backward equation

Let
» h:[0,+00) — R be C' non-decreasing function,
» B::RY — R? be a smooth family of bounded and monotone operators
» ol p’ e CS’l(Rd x [0, T]) be solutions of the “backward” inequality
O+ Ah— B -Vip >0 inRY x [0, T]

such that

P (x1, T) 4+ 9?(x2, T) < h(jx1 — xa|) for every x1,x2 € R?.
Then

' (x1,0) + 92(x2,0) < h(|x1 — x2|) for every x1,x2 € RY. ‘




Kantorovich

The maximum-principle argument

If ", ¢2 satisfy the strict inequality | 0:) + Ly > 0|, Lyp := Ay — B - Vp,

then the function ) )
f(x1, %2, t) := 7 (x1,8) + Y7 (x2, t) — h(|x1 — x2)

cannot attain a (local) maximum in a point (X1,X2,t) with t < T.
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The maximum-principle argument

If ", ¢2 satisfy the strict inequality | 0:) + Ly > 0|, Lyp := Ay — B - Vp,

then the function ) )
f(x1, %2, t) := 7 (x1,8) + Y7 (x2, t) — h(|x1 — x2)

cannot attain a (local) maximum in a point (X1,X2,t) with t < T.
By contradiction, if (X1,X2, t) is a local maximizer of f with ¢ < T then

atf()_(h)_(ZvE) S 07 vXl f(il,)_(z,f) = 07 VXZ f()_(17)_(27?) = 0;
Ouip* (%1, T) + Oep? (%2, ) < 0
7. W (% — %)

V' (%1, F) = h(%1 — %2) = —Vxpyp?(%2,F), h:=————2 >0
%1 — X2
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The maximum-principle argument

If ", ¢2 satisfy the strict inequality | 0:) + Ly > 0|, Lyp := Ay — B - Vp,

then the function ) )
f(x1, %2, t) := 7 (x1,8) + Y7 (x2, t) — h(|x1 — x2)
cannot attain a (local) maximum in a point (X1,X2,t) with t < T.
By contradiction, if (X1,X2, t) is a local maximizer of f with ¢ < T then
8t)‘-()_(17)_(27 f) <0, Vx; f(i1,)_(2, f) =0, Vx, 1‘-()_(17 )_(27f) =0;
Dutp' (1, F) + 0 (Re, B) < 0
o _ (% —x%)

V' (%1, F) = h(%1 — %2) = —Vxpyp?(%2,F), h:=————2 >0
%1 — X2

It follows that

B(x1) - Vxy¥0' (%1, F) + B(%2) - Vxpp? (%2, T) = h (B(%1) — B(%2)) - (X1 — X2) > 0
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RY > z— ' (%1 4 2, 1) + (X2 + 2, T) — H(X1,%2) = (X1 + 2, %2 + 2, T)

has a local maximum at z = 0 so that ’ Axy ' (%1, T) + Axph* (X2, T) < 0. ‘
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The maximum-principle argument

If ", ¢2 satisfy the strict inequality | 0:) + Ly > 0|, Lyp := Ay — B - Vp,

then the function ) )
f(x1, %2, t) := 7 (x1,8) + Y7 (x2, t) — h(|x1 — x2)

cannot attain a (local) maximum in a point (X1,X2,t) with t < T.

Dutp' (1, F) + 0 (Re, B) < 0

It follows that

B(x1) - Vxy¥0' (%1, F) + B(%2) - Vxpp? (%2, T) = h (B(%1) — B(%2)) - (X1 — X2) > 0

’Amwl(ihf) + Axp 9’ (%2, ) < 0. ‘
Combining the previous inequality we obtain the contradiction

(e’ + L") (51, B) + (09 + L*)(%2, ) < 0.
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Open problems

v

Find a “natural” Wasserstein-metric notion of solution.
» Prove suitable regularization estimates

> Prove general Trotter-Kato approximation formula for the solution

» Extend the theory to operators defined in a bounded domain
» Extend the theory to the infinite-dimensional case.
>

kX'
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